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Durdiyev D.Q., Abdusalomova A.
Talabalarning ijodiy tafakkurini rivojlantirishda oddiy differensial tenglamalar 200
sistemalarini muammoli texnologiyalar yordamida o’qitishni takomillashtirish
G’affarova D.
Oliy ta’limda matematika fanini o’qitishning zamonaviy yondashuvlari 202
G’ulomov U.
Iqgtisodiy ta’lim va shaxsning iqtisodiy madaniyatini rivojlantirish masalalari 203
Mubhitdinov D.F.
Median teoremasi 205
Muxamedkulova A.A., Qarordinov S.R.
Topologik fazolarning zichlik tipidagi xossalarini o’qitishda ilmiy izlanishlar 207
metodidan foydalanish
Muxamedkulova G.A., Qarordinov S.R.
Topologik fazolarning turli salmoqlarini o’qitishda algebraik metodlardan 208

foydalanish



MaTemaTndeckas ¢u3MKa UM CMEXHHE BOIPOCH COBPEMEHHOTO aHamu3a, Byxapa-2025

11

Sadullayeva 1.

Integrativ.  yondashuv asosida talabalarning matematik savodxonlik
ko’nikmalarini shakllantirish metodikasini takomillashtirish

TypaeBa H.A.

['eomeTpraeckoe MeCTO TOUEK B IIPOCTPAHCTBE

To‘rayev Sh.F.
Didaktik birliklarni yiriklashtirish texnologiyasi asosida o‘qitish metodikasi

To‘rayev Sh.F., Avazxonova M.A.

Mustaqil ta’lim samaradorligini oshirishga qaratilgan web ilovalarning
ahamiyati

Turgunbayev R., Umaralieva D.

Methods of working with educational mathematical information

Umedov Sh.K., Rajabov B.H.
Ta’limda kompyuter modellashtirishining roli

Xolikov S., Absalomova A.

Oddiy differensial tenglamalar sistemasini o’qitishda muammoli ta’lim
texnologiyalaridan foydalanish

Xonkulov U. X.

A visual-genetic approach to studying trigonometric formulas involving inverse
trigonometric functions

Yusupova A.K.

Ehtimollar nazariyasi va matematik statistika fanini o‘'qitish jarayonida
tabaqalashtirilgan yondashuv

Apsukynos C.., Cadapo 2K.III.

MeTO,ILI/I‘{eCKI/Ie ACIIEKThI IIpelloJaBaHud pa3aejia HpeO6paBOBaHI/IH Jlamiaca

Cadvapos 2K.I11., A6aueBa 3.A., Xurramova M.J.
O HecTaH APTHBIX METOJIAX PeIIeHHil HEKOTOPBIX Jud depeHnaabHbIX YPaB-
HEeHUM

210

211

213

215

218

220

222

225

227

229

230
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MATEMATUYECKA Y YKMN3HD
NI.K. IYPIUEBY — 60 JIET

10 oxTsabpsa 2025 roma MCIOJIHSI-
ercd 60 JieT U3BECTHOMY MaTeMaTU-
Ky, TIpodeccopy, JTOKTOPY (HUBHUKO-
MaTeMaTUIECKNX HAyK, 3aBeJlylolle-
My Byxapckum orjiesieHueM HHCTUTYTA
Maremarukn nmenn B.M. Pomanoscko-
ro Akajiemun Hayx PecrnyOsiukn ¥3-
oekucTaH, npodeccopy byxapckoro ro-
cyJapcTBeHHOro yHuBepcurera Jypin-
Mypojy Kananpaposuay JLyp/nesy.

Ero pomurenun - Jlypaues Kasan-
nap u Hypamesa Ilymarryn - Oblin
TPpyzKeHUKaMu KoJixo3a umeHun Habon

Anarckoro paitona Byxapckoit ob6.ia-
ctu. OHu BOCIUTAJIN CBOEI'O ChIHA TPY-
JIOJTIOOUBBIM, 1IEJIEYCTPEMICHHBIM U UCKJIOUUTE/THHO TOPSIOUHBIM YEJTOBEKOM.

B 1972 roxy dypanmypos KamangapoBud IOIIET B NMEPBLINH KJIacc cpejiHeit
mKobl Ne12 umenn @yprara Astarckoro pafiona. Yuéba B 9-10 kjaccax, 110
ero MPU3HAHUIO, CTaJia TOBOPOTHBIM MOMEHTOM B €ro MpodeccuoHaJ bHON KU3-
HU: IMEHHO TOTJIa B €0 YKIU3HU OTKPBLICS "MUP YBJIEUEHHOCTH HayKoit". Yaure s
MaTeMaTnki Biyzax Tyxraes n duznkn Yopn Ouniios, a TakzKe HX KOJUJIETT ChIT-
paJii BayKHYIO poJib B (GOPMUPOBAHUN B IIIKOJIE aTMOCKHEPDI JIPYKECKOI KOHKYPEH-
1. Biiarogapst 9ToMy y OOBIYHBIX, B IIEJIOM, TIOJPOCTKOB YCIIEITHO Pa3BUBAJINCDH
NHTepec K HayKe, CTpeMJIeHne K MO3HAHNIO HOBOT'O M HABBIKUA CAMOCTOSITEIHLHOTO,
TBOpPUYECKOIro MblieHusi. MHTepec Kk Maremaruke n (pusnke, BOSHUKIINN elIé B
ITKOJIbHBIE TOJIbI, BIOCJEJCTBUM MPUBET €ro K HaydHOH JiesiTeJIbHOCTH B cdepe
BBICIIICHT MaTEeMaTUKU.

B 1982 romy, okoHYuB MIKOJIYy ¢ 30/0T0# Mejaabio, JI.K. Jdypanes moctynmi
Ha OTJIeJIeHNe TTPUKJ/IAJIHON MaTeMaTuKn (paKy/abTeTa IMPUKJIAJIHON MaTeMaTuKN 1
MexaHUKH TalrkeHTCKOro rocyapcTBeHHoro yansepceurera (Hbiae - Hannonasib-
HBIi yHUBepcuTeT Y3bekucrana uMenn Mupso Yiyrbeka). "Vaédba B yHUBEpCH-
Tere cTaja JJIsi MeHs CBOEro POJia MPOJIOJI?KEHIEM IIKOJIBI - TOJBKO Ha HOBOM,
60J1ee BLICOKOM YPOBHE, - BCIIOMUHAJI Oy y1nii yaénblit. - C 0J1HOI CTOPOHBI - BbI-
COKOKJIACCHBIE, TpeboBaTeIbHbIE TIPEoaBaTe i, ¢ JPYroil - 1e/ieycTpeMIEHHbIE,
OpUEHTHPOBaHHbIE Ha yIEOy CTYIeHTHI".

[Tocse cimyk0n1 B apmun B 1983-1985 rojiax oH Npogo/zKII yIeédy B TOM Ke YHU-
Bepcutere. B 1986 roxy /I.K. lypaues nepeBéics Ha MeXaHUKO-MaTeMaTHIeCKIi
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dakynbrer HoBocubupcekoro rocyiapcrsennoro ynusepeurera. C rerioroit n 6Jia-
rogaproctbio dypaumyposa KananmapoBud BerioMnHaeT, Kak B 9TOM YHUBEPCHTE-
Te BeJIN 3aHsITHs BbIJIAIONINECs MaTeMaTUuKN 1 TajaHTauBble megarorn: M.M. Jlas-
pentwen, C.K. I'ogynos, B.I'. Pomanos, B.H. Bparos, A.B. Kaxxuxos, I'.B. /Ilemu-
nenko, B.I. Axno, C. 1. Kabauuxun u jgpyrue. OcobeHHO OH OTMedaeT BEJIMKO-
JIEITHBIE CIIEIIKYPChI, "'B KOTOPBIX 00yda/il caMbIM COBPEMEHHBIM METOaM TeOPUN
HEKOPPEKTHBIX U 00paTHBIX 3aj1a4d J/ist D depeHnaibHbIX ypaBHEHN KOTOPhIe
gprain M.M. JlaBpentben, B.I. Pomanos, B.I'. fxuo, C.I1. Kabanuxum.

Crynendeckasi, Kak U MKOJIbHA, YKI3Hb TPOSBUIA JIyUITIe YePThl XapaKTepa
K. JlypiueBa - rapMOHUYHOE cOUeTaHue OTIMIHON YyIEObI, TTIOMOIIN OJIHOKYPC-
HUKaM, aKTHBHON HMCCJIeI0BATETHCKON pabOThl U APKOl IParkKJIaHCKON TTO3UIINN.
OcobeHHO BbIJIEJISIIICH €I0 OPraHu3aTOPCKUE CIIOCOOHOCTU: TPHU I'0Jia MOJAPSL - B
1987, 1988 u 1989 rojyiax - oH OBLI KOMAHIUPOM CTYJIEHUYECKOTO CTPOUTE/HLHOIO
orpsana "Jlygo" mpu HoBocumbupckom rocypapcrsentHoM yauBepcurere. Iloj ero
PYKOBOJICTBOM OTPsJI, CCDOPMUPOBAHHDIN U3 CTYJIEHTOB YHUBEPCUTETA, B JIETHHE
KaHUKYJIBl Y9aCTBOBAJ B CTPOUTENBLHBIX padboTax B Axkyrun, Ha Jaasnem Cesepe
Poccun. J.K. lypaues okonuni HoBocubupckuii rocyiapcTBeH bl YHUBEPCUTET
B 1990 roay. B ToMm ke rojly OH yCHEITHO cliajl BCTYHHUTE/IbHbIE SK3aMEHBI 1 ObLI
IPUHAT B acUPAHTYpy Mpu 3ToM yHUBepcuTere. CBOIO HAYIHYIO JEATETHHOCTD
OyyIuit yI€HbIil HAUa €IIe B CTYyAeHYeCKne ToJIbl, 3aHNMAasICh MCCIeIOBAHNSAMI
110]T PYKOBOJICTBOM BBIJIAIONIEr0Cs MaTeMaTlKa, JlaypeaTa ['ocy/1apcTBEHHBIX TTIpe-
muit, wiena-koppecrnongenta PAH (Brociencreun akagemnka), mpodeccopa B.T.
Pomanosa. Pannune nayunbie paborsr JI.K. JlypaueBa OblLan HOCBSIEHBI 00paT-
HBIM 3aJladaM JIJIg UHTerpo-anddepeHnnajlbHbIX YpaBHEHNI IUIepOomIecKoro
TUTIA - OJJHOMY U3 HOBBIX HAIPABJIEHUII B TeOpUM OOPATHBIX 3ajad JIJId ypaBHe-
Huii Maremarudeckoit pusuku. B 1992 rony, 1.K. [dypianeB ycHenHo 3aiiuTu
KaHIMIaTCKyo jguccepranuio 1o creruaabaoctn 01.01.02 - JTuddepennnanbabie
ypaBHeHns - Ha Temy "OOpaTHble 3ajadu JJjIs THIepOOJIMIecKuX ypaBHEHUT ¢
namMATbI0" Ha crienuam3npoBaHHoM coBere HoBocHOMPCKOro rocyapcTBEHHOIO
YHUBEPCUTETA U JJOCPOTHO OKOHYMJI ACITUPAHTYPY.

On ¢ 1993 roga Hauaa paboTaThb JOIEHTOM Kadeaphbl MaTeMaTHIecKoro aHa-
nm3a byxXapcKoro rocygapCTBEHHOIO YHUBEPCUTETA, & 3aTeM 3aHsdJ JIOJZKHOCTD
3aBejIytoniero Kadeapoit MmaremaTnkn. Hapsty ¢ nejarornieckoil u aMUHACTPa-
TUBHOI JiedTesibHOoCcThIO 1. K. JIypaues rnpogosKaa ak THBHYIO HAYIHYIO Pa0OTy B
Byxapckom rocy1apcTBeHHOM YHUBEPCUTeTE. Pe3yIbTaThl CBOMX UCC/ieI0BaHUIT OH
obcyzkta co ceouM HactaBHukoM B.I'. PomanoBbiM n3 mactuTyTa MartemaTukn
Cubupckoro otjyenienust PAH, a tak:ke ¢ y9éHBIMU JIPYTUX aBTOPUTETHBIX HAY Y-
HBIX yUpexkjeHnii. Ero nHaydmble m3bICKaHUS B 3TOT INEPUOJ, SBJISABIIHECH IPO-
JTOJIZKEHNeM KaHIUJIATCKON TUCCEePTAINH, OBLIN TMOCBAIIEHBI UCCIEOBAHIIO MTPO-
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IIeCCOB PACIpPOCTPaHEHHsI BOJH B Cpejlax ¢ MOCJeAeificTBUEM 1 M3YYEHUIO CBOMCTB
stux cpej. Ecim nepseie padorsl . K. JlypaueBa ObLin MOCBSIIEHBI U3YYEHUIO
3aJ1a4 OlpeJIeJIeHNs OJTHOMEPHOIO sA/Ipa MHTErPaJbHOIO OllepaTopa, BXOJIAIIErO B
ruIepOoInIecKoe YypaBHEHNE ¢ MHTEIPAJIbLHBIM YJIEHOM, TO BIIOC/IE/ICTBUU aHAJIO-
I'UYHbIE UCCJIeIOBaHUsT OBLIN BBIIOJJHEHBI JJIsi ropa3io 0oJiee CJI0XKHOIO CJIydasd,
KOIJIa $1JIpDO 3aBUCUT HE TOJIbKO OT BPEMEHHOI, HO M OT IIPOCTPAHCTBEHHOI Iie-
peMenHoii. MccienoBanbl 3a1aun 00 ompejie/IeHNH HeCKOJIbKUX KO3(MDUIIIMEHTOB,
BXOJISIIINX B pasymaHble JuddepeHnnalibible ypaBHeHusi. Bo Bcex m3ydaeMmbixX
3a/1a4aX YCTAHOBJIEHBI TEOPEMbI €JMHCTBEHHOCTU U OLEHKU yCTONINBOCTH.

[Tosryuennbie pe3y/ibTaThbl JEIJIM B OCHOBY JOKTOPCKOI JIMCCePTAIUN, YCIIEITHO
sarmuiiénnoit B 2010 roay Ha crnermuasansupoBanoMm yuénom cosere HMNM Mare-
MaTuky n Undopmannonnoix Texnosoruii AH PY3 noj npejcenarenscrsom aka-
nemuka [II.A. Aroroa 1o criennasabnoctu 01.01.02 - Jdunddepennnaibabie ypas-
nenusi. Tema gucceprannu - "ObparHble 3a1a491 i cpel ¢ mocaeaeiicrsueM’ . Pe-
3yJIBTAThI JUCCEPTAIMOHHONI PAbOThI OBLIM TaKKe OIYOJIMKOBAHBI B OJHOMMEHHOI
monorpadun I.K. dypanesa, nsnanuoit B 2014 msmarenscrsom "Typon-Mkoan"
B Tarkenre.

C 2012 ropa on coBmecTHO co cBoeit yuenunneit w3 Poccun 2K. 1. TorueBoit na-
YJaJI TPOBOJIUTH UCCIEIOBAHNS B 0OTACTH TPAMBIX 1 OOPATHBIX 38189 JIJIsT CUCTEMBI
ypaBHEHU{T BA3KOYIIPYTOCTH, OCHOBaHHBIX Ha Mojien Bosbiimana. OcHOBHOIT 0co-
OEHHOCTHIO PADOT B 9TOM HAIIPpABJIEHUH CTAJIO CUCTEMATUIECKOe HCIIOJIHL30BaHNIe
JIOKAJIN30BAHHBIX B TOUKE WM Ha TPAHNIE UCTOYHUKOB, NHUITUUPYIOIIUX MTPOIECC
pacripoctpanennst BojH. C o/lHO#l CTOPOHBI, 9TO TOBBIMIAJIO MPUKJIATHYIO 3HATH-
MOCTb PacCMaTpUBAEMbIX 3a/1a4, a C JIPYroil - O3BOJINJIO TOBOPUTH O (DOPMUPO-
BaHNN HOBOI'O HAyYHOI'O HAIPABJIEHUS B TEOPUH OOPATHBIX 3aJlad /I WHTErpO-
nuddepeHnaibHbIX YpaBHEHMIA.

Pesysibrarsl 3TUX HCC/IeI0BaHN ObLIN [IPEICTABICHBI B MEXKIYHAPOIHON MO-
norpadmun I.K. Iypmuesa u zK.JI. Toruesoit Kernel Determination Problems
in Hyperbolic Integro-Differential Equations, omyOIMKOBaHHONH W31aTETbCTBOM
Springer B 2023 roxy. Kpome toro, coBmectHo co ceouM yuernunkoM 2K.I11. Cada-
POBBIM OH IPOBEJ MCCJIE0BaHUSI 110 OOPATHBIM 3aJiadaM OIpPeJeIeHIs CBEPTOU-
HOTO sijIpa It OoJiee o0IMUX MHTErpo-auddepeHInajlbHbIX YPaBHEHU, BayKHO
0CODEHHOCTBIO KOTOPBIX sIBJISIETCS HAJTUIHME B MPUHITUITNAIBLHON 9acTH YPaBHEHMS
00IIIero rurepooJIMIecKoro oepaTopa BTOPOro Mnopsjka. PaccMaTpuBaimucs ciy-
gau, B KOTOPBIX IpsiMas 3a/a4a (popMy/InpoBaJiach Kak 3aja4da Ko, Tak u Kak
HAYAJIbHO-KpaeBasl 3a/1a4a.

YpaBHeHus, n3ydaeMble B JIAHHOM HAITPABJIEHUN, TECHO CBI3aHBI C JIPOOHBIMI
nuddysnonno-sosiHOBbIMEU ypaHeHusaMmu. J.K. Jlypaues, onupasich Ha HM3BeCT-
nyio dpopmysry Xuaie-Tamapkuna-/[>kpbalsina, 1oKa3aj, 9TO €CId AP0 B UHTe-
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rpajiax nHTerpo-nddepeHiaibHbIX yPaBHEHU TEIJIOIPOBOHOCTH U BOJTHOBBIX
ypaBHEHUIT BLIOpaTh B crieluabHoil (popme yepes pynknuun Murrara-J/ledpdiiepa,
TO TaKHe YpaBHEHHUS OKa3bIBAIOTCs SKBUBAJIEHTHBI JIPOOHBIM (P PY3MOHHO-
BOJTHOBBIM yPaBHEHUSIM € IIpou3BojHOl ['epacumoBa-KaryTo 110 BpemeHnu.

C 2021 roga JI.K. dypianeB cOBMECTHO CO CBOUMU yYEeHUKAMU aKTHUBHO 3aHU-
MaeTcd 0OpaTHBIMU 3ajladaMi Jijisd JuddepeHnnalbHbIX ypaBHEHNI ¢ IPOOHBIMU
[IPOU3BOHBIME, IIPEUMYIIECTBEHHO JIJIst APOOHBIX UG DY3MOHHO-BOJTHOBBIX yPaB-
HeHnii. M ObLIM aJlallTupOBaHbl METO/IbI UCCJIeI0BaHUST OOPATHBIX 3a/ad4, [IPIMe-
HSIBIIIECS paHee JJIsi KJIacCuuecKux ypaBHeHuii guddy3un n kosgedbanuii, Kk 6oJee
CJIOYKHOMY CJIy9alo - YPaBHEHUSIM C JIPOOHBIME ITPOU3BOIHBIMI PA3JIMIHBIX THIIOB.
B pesysbrare ObLIM 110JIyYeHbl HOBbIE TEOPEMbI CYIIECTBOBAHUS U €/IMHCTBEHHOCTI
pelieHnil, a TakzKe OIeHKHN YCTOWIMBOCTU. Pe3ysibTaThl MPOBEJIEHHOTO INKJIA NC-
cjejloBaHnil HalLIM oTparkenue B moHorpadun: D.K. Durdiev, Inverse Problems
for Fractional Diffusion Equations, Springer, Singapore, 2025.

I.K. dypaueB uccienoBas psij 00OpaTHbIX 3a/ad, CBA3aHHBIX C OIIpeeIeHIneM
HEN3BECTHBIX KOI(MDMUIIMEHTOB IIPU MJAJIINIEM YjJeHe B YPaBHEHHUAX CMEIIaHHOIO
11apaboJI0-ruIepooJIMIECKOro TUIIA, C XapPaKTEPUCTUIECKIMU U HEXapaKTePUCTHIe-
CKUMU JINHUSIMI M3MeHeHns Tuia. VM qoKa3aHbl HOBbIE TEOPEMbI O KOPPEKTHOCTH
TAKNX 33829 B CMbIcjIe AamMapa [Ipyu pas/ndHbIX YCIOBHUAX IEPeOIpe e eH .

OH aKTHUBHO 3aHUMAaETCs HayIHBIM PYKOBOJICTBOM CTY/IEHTOB, OaKaIaBpOB, Ma-
IUCTPAHTOB, conckaresieil crenenn PhD, a Takzke 1oKTOpaHTOB, TEeM caMbIM chOop-
MUPOBaB KPEIKYI0 Hay4dHYyIo IIKoJ1y. [0 ero pyKoBOJACTBOM YCIIEITHO 3allliTH/IN
CBOM JiMCCepTAIlN OJIMHHA AT KaungaTos (PhD) u tpu gokropa Hayk. Muorne
U3 €ro YYeHUKOB - JIOKTOPAHTHI, MAarUCTPAHThI U CIEIUAJIICTDI - B HACTOAIIIEE Bpe-
Msl SIBJISIFOTCSI IIPeIojiaBaTe IsIMI Pa3/JInIHbIX BY30B ¥Y30ekucrana u Poccuu. Onu
B IIOJIHOIT Mepe CJIeIyI0T OCHOBHBIM IIPUHIUIIAM CBOEI'O HACTABHUKA: BHICOKOI Tpe-
60BaTEJILHOCTU K cebe M CBOMM yUE€HUKAM, IPEJIaHHOCTH JIeJTy, JJ0OPOCOBECTHOCTH,
CcaMoOT/Iaue U BLICOKOMY TTPOECCUOHATNBMY.

J.K. Hypanes ¢ 2020 roga BosriiasisieT byxapckoe otnenenne Macturyra Ma-
remaTukn numenn B.J. Pomanosckoro Axkagemun nayk PecryOukn Y30eKucTaH.
3a 6osiee uem 30 JieT aKTUBHOIM HaydHON J€SITE/JIbHOCTH OH OIyOJIMKOBAJ CBBI-
e 200 HaydHbIX paboT, OOJIbIIAs YaCTh KOTOPBLIX BBINLIA B BbICOKOPEHTHHIO-
BBIX MEYKJIyHAPOJIHBIX KypHa/axX, Takux kak Physica D, Fractional Calculus and
Applied Analysis, Mathematical Methods in the Applied Sciences, Cubupckuit ma~
TeMaTnueckuil xypuaJy, Maremarudeckue 3amerku, Juddepennnaabubie ypas-
Hernst n Ap. OH BXOANT B COCTaB PEIAKIIMOHHBIX KoJuternit KypuajiaoB SOCAR
Proceedings, Uzbek Mathematical Journal, Becmnux [loroykozo 2ocydapcmeen-
HO20 YHUBEPCUMEMA, & TAKIKE Psijia HAyIHbIX n3/1annit Byxapckoro rocypapcrseH-
HOI'O YHUBEPCUTETA.
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[Tenarornueckas kapbepa 1. K. lypauesa nagasace 5 auaps 1993 roja, koraa
ero MpUIIACHIN IpernojaBaresneM Ha kKadenpy "Maremarmdecknii anaans" By-
XapCKOI'o ToCyIapCTBEHHOIO YHUBEpcuTeTa. 3a 32 roja padoThl OH HPOIIET Iy Th
OT acCHCTEHTA JI0 Mpodeccopa, 3aHIMall JIOJXKHOCTH 3aBeIyIomero kadeapoit, jae-
KaHa (bU3NKO-MaTeMaTHIecKoro gakyibrera 1 aKyabTeTa SKOHOMUKHI, a TaKKe
npopekTopa 1o yueoHoit padore byxI'V. B 2019 roay 6bura nznana kaura JI.K.
Hypanesa "YpaBHeHusI B 9aCTHBIX ITPOU3BOIHBIX peKOMeHjoBaHHasi Munucrep-
CTBOM BBICIIIETO U CPEJTHETO CIEIUaIbHOro obpaszoBanus PecryOmku Y306eKncTan
B KadecTBe yueOHMKa JJIsI CTYAeHTOB DakajaBpuaTa 1o HampapieHnaM "'Marema-
tuka" u "llpukiannas maremarnka u mwHMopMmaruka' yHusepcureron. Kpome
TOT'O, OH SIBJIETCSI ABTOPOM HECKOJbKUX yYEOHBIX U yIeOHO-METOUIECKIX I10-
cobuit o nuddepeHaJlbHbIM ypPaBHEHUsIM, [IPeJHAa3HAYeHHbIX JIJId CTYIeHTOB
OakaJiaBpraTa U MarucTpaTypbl. B HacTosinee BpeMsi OH IIPOJIOJIXKaeT IeJIaro-
I'IYECKYIO JIeITeIbHOCTh B ByxXapckoM rocy/1apcTBEHHOM YHUBEPCUTETE, sIBJISASICh
npocdeccopoM Kadeipbl auddepeHnnaabHbIX YpaBHEHUI.

Bceerna psgom ¢ dypaumypogom KastanmapoBuueM HAXOsTCs caMble OJIM3KIE
eMy JIO/IH, TOJIHOCTBIO Pa3essdioliie ero HaydHble HHTEPEChl U I'PayKIaHCKYIO
nosunuio (xxena Mapamkan Kajnposa - jomnenT Kadeapbl 3eJIEHON SKOHOMUKN
Byxapckoro rocynapcTBeHHOIO yHUBEpCHTeTa; ChiH ¥ MuKaH lypaues - 3aBeiy-
foruii kadepoit guddepeHnaabHbIX YPaBHEHNN TOr0 »Ke YHUBEPCUTETA, ChIH
Hwmmon ypaues - MOCTIOKTOPaHT-UCCIe0BaTe/ b B JlapMInTaIrTcKkoM yHIBED-
cutere ['epmanunm; nous Jdwanosa Jlypauesa - MmaructpanTka Y 30€KCKOTO TOCy1ap-
CTBEHHOI'O YHHBEPCUTETa MHUPOBBIX sI3bIKOB; J1049b ypaona lypauesa - ydeHura
gactHoit Kem6Gpupkekoit mkosisr B Byxape). 1. K. Jlyp/ues - u3BecTHbIil yIEHbIIT,
TaJIAHT/IUBBIN 11€J1aror, TpeboBaTeIbHbII PYKOBONTE/Ib 1 MY/IPbIil HacTaBHUK. B
Oecejie ¢ HIM BCerJia OIILYIIAETCS IOCTOSHHBIN IIOTOK HOBBIX HayJHBIX Uil 1 cBe-
JKUX MbIcseit. B st gam on ormedaer cBoit 60-1eTnnii roomieii.

Ot Beeit aymm nosapasiseM dypanmypoga KananmapoBuda U yKejaeM eMy
KPEIKOI'o 3/I0POBbs, PAJIOCTH B »KU3HU, HOBBIX TBOPUYECKUX YCIIEXOB M OJ1arojiap-
HBIX yIEeHIKOB!

Cagpapos 2K.III., Tomuesa X.J[., Bosopos 3.P., Mepascosa LI B., Arumos
X.H., Hypuddunos X.3., Paxmonos A.A., Kymaes 2K.2K., Typdues X.X., /lyp-
dues V. /., Xoauxos C.X., Boamaes A.A., Amoes J[./].!
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CEKINA 5. MATEMATNYECKOE MOAEJIMPOBAHUE N
BBIYCJINTEJIBHBIE METO/IbI

SECTION 5. MATHEMATICAL MODELING AND
COMPUTATIONAL METHODS

Calculation of the coefficients of optimal quadrature formulas in
space Ky, (P))

Akhmadaliev G.N.

Tashkent State Transport University, Tashkent, Uzbekistan;
ahmadaliyev78@Qmail.ru

In the present work we use the methods of functional analysis to get a new
numerical integration formulas of high accuracy.
We consider the following quadrature formula

/f dfﬁ—zcﬁsﬁ ) (1)

with the error functional
f( —801 ZCﬂCSSU—IB (2)

where Cj are the coefficients and zp are the nodes of formula (1), x5 € [0, 1],
£[0,1)(z) is the indicator of the interval [0, 1], § () is Dirac’s delta-function, function
f(z) belongs to Hilbert space K, (P;). The norm of functions in this space is
defined by the following equality

1 1/2

le@lKauP) = [ (#1(e) = we(0) dot, wherew £0. (3

0
The error of the quadrature formula (1) is the difference

1
o0

o= [ 1 dx—gcw o) = [ tw)pt)is @)

—00
0

The error of the formula (1) is a linear functional in Ky ,,(Py), where Ky, (Fy)
is the conjugate space to the space Ks,(P)):
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By the Cauchy-Schwartz inequality

(€, 0)| < N f1Kaw(Py)l| - 10120 (Fa)]

the error (4) of formula (1) is estimated with the help of the norm

[ Kow(Py)|| = sup  [(4, )]
0| K20 (Py)]|=1

of the error functional (2). Consequently, estimation of the error of the quadrature
formula (1) on functions of the space Ks,,(Py) is reduced to finding the norm of
the error functional ¢ in the conjugate space Ko, (Fy).

The main aim of the present paper is to solve the Sard problem in the space
K5 ,(Py) using S.L.Sobolev’s method for any number N + 1 of the nodes xp, i.e.
finding the coefficients Cy satisfying the following equality

0120 (Pl = it 1] Koo (P (5)

Thus, in order to construct the optimal quadrature formula in the sense of
Sard in the space Ky, (Ps) we need consequently to solve the following problems.

Problem 1. Find the norm of the error functional £ of quadrature formulas
(1) in the space Ko, (Py).

Problem 2. Find the coefficients Cs which satisfy equality (5) when the
nodes xg are fived.

In the prezsent paper we have solved Problem 1 and 2.

We have found the explicit form of the optimal coefficient, Furchermore, using
the optimal coefficients we have calculated the norm of the error functional for
optimal quadrat formula.

LITERATURE

1. Sobolev S.L. Introduction to the theory of cubature formulas, Nauka, Moscow,
1974, 808 pages. (in Russian)
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About an optimal approximate solution for the Hadamard type
singular integral equation of first kind

Akhmedov D. M.!2

1V I.Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan;
?Tashkent International University, Tashkent, Uzbekistan;
e-mail: axmedovdilshod@mail.ru

Hypersingular integral equations are a type of integral equation where the
kernel the function inside the integral is highly "singular,"meaning it has an
infinitely large value at a certain point. This singularity is of a higher order than
what’s found in more common singular integral equations. These equations are a
powerful tool for analyzing complex, three-dimensional problems in various fields,
including;:

Aerodynamics and Fluid Dynamics: Studying how air and fluids move around
objects; Elasticity: Analyzing how materials deform under stress; Wave Theory:
Understanding the diffraction of electromagnetic and acoustic waves; Ecology:
Modeling certain environmental systems;

Often, hypersingular integral equations are derived from Neumann boundary
value problems. These are mathematical problems for equations like the Laplace or
Helmholtz equations, where you're given the values of the function’s derivative on
the boundary of a region, not the function’s value itself. The process of converting
these boundary value problems into integral equations involves using a concept
called the double-layer potential.

We consider the following hypersingular integral equation first kind

b))
| Esda = o), (1)

here the functions g(x) and () satisfy the Holder condition (or belongs to the
class H), —1 <t < 1. We integrate the left side of the integral equation (1) by
parts and obtain the following

g(=1) , 9(1) /1 g'(x)

dr = o(t 2

i gl B e (1), (2)

For integral equation (1) or (2) to have a unique solution in the given class, the
value of the function g(x) at the boundaries of the segment must be equal to zero,

le.:

or



20 MaTemaTrndeckas ¢u3MKa UM CMEeXHHE BOIPOCH COBPEMEHHOTO aHaim3a, Byxapa-2025

We introduce denotation ¢'(x) = p(z), and get

/1 plz) de = o(t), —1<t<1l. (3)

_1$—t

The unique exact analytical solution of the integral equation (4) that satisfies
condition (4) is equal to the following [1]

/ V1—22p(x
1—152

r—t

p(t) = (5)
In the present paper, we construct an optimal quadrature formula in the space
L;l)(—l, 1) for the approximate calculation form (5). We consider the following
quadrature formula

), —l<t<l1 6
— , (6)

/mw gi

in the Sobolev space Lg)(—l, 1). This space is a Hilbert space of classes of all real
valued functions ¢ defined in the interval [—1, 1] that differ by a polynomial of
degree first and square integrable with derivative of order two. Here C[f] are the
coefficients, x3 = h3 — 1 are the nodes of the quadrature formula, N is a natural
number, h = %

For the optimal coefficients of the quadrature formula form (6) for the high-
precision approximate calculation of the analytical solution (5) of the integral
equation form (1), the following theorem holds true.

Theorem. Coefficients of the optimal quadrature formulas (6), with equally

spaced nodes in the space L;l)(—l, 1), have the following form

clo] = -fl(h) + % (267 +2t —1) — gm] :

ClBl = nH AhB—h) =2f(hB) + fi(hB+ )|,  B=1,N-1,

2

C[N] = h! _f1(1 —h) — % (2t —2t —1) — Em_ :

fu(hB) = (hﬁg L t) VIZGB-1p

- <t2 —t(h8—1) — %) arcsin(hfp — 1)
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5, |1=t(h8—1)+ /A =131 — (h3 — 1))
(= (BB —1)V1 - BIn R — .
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An optimal quadrature formula for the approximation of cauchy-type
integrals with high oscillation

Akhmedov D. M."?, Buvasherov D. S.!?
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The rapid and accurate evaluation of oscillatory integrals is one of the major
issues arising in many fields, especially in the computational electromagnetics,
optics, and quantum mechanics. Evaluation of Cauchy-type singular integrals
with oscillatory kernels is particularly challenging due to singularity and rapid
oscillation. Standard quadrature formulas fail to achieve satisfactory accuracy
and stability in such cases. The construction of optimal quadrature formulas for
singular integrals with high oscillations has been considered in [1,2].

In the present work, we investigate the construction of optimal quadrature
formula for these type of integrals.

We consider a quadrature formula

1e2m'wx <$) N
/O e = > Agep(xs), (1)

x—t
B=0

with error functional

8[0’1] (l‘) eQm’wm

r—1t

N
Ry(z) = — ) " Agd(x — xp), (2)
£5=0

where Ag are coefficients of the quadrature formula, the quadrature nodes are
defined by 3 = h3, B3 =0,N, h = %, N € N, and ¢(z) € Lgl)(O, 1). g (z)
denotes the indicator function of the interval [0, 1], and §(z) is the Dirac delta-
function.
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The square of the norm of the error functional (2) is expressed as

) cos (2mw(z — y))|z — y|
1) dx d
A

L Aff cos 27Tw:1:) + Ajsin(2mwr)

—Z/ =1 ly —holdy (3

R AR 14y 1B —hyl
+> Z (AFAT + ALAY) = =]
B=0 v=0
where Ag = Ag + iAé.
Minimizing the error functional norm (3) by Lagrange multipliers” method, we
obtain the following system

( N

hE —h
E:AV—‘ 52 7‘+A:fw(h5), 8=0,1,....N
=0

N
> A= g
v=0

where

nn!

o — it Lt ZOO: (2miw)" (1 — )" — (t)n>]
c t

n=1

eQm’w . eQm’wh@’ 11

fw(hﬁ) = . + 2mwt( h/B) [ t(l — t)

(g -1 "
+ i (2miw)" (1= )" + (=" = 2(hB — 1)) | .

nn!

7\

2mIwW

\ n=1

The solution of the system determines the optimal coefficients Az, 3 =0, N,
of the quadrature formula (1) that minimizes the error in the Sobolev space
L0, 1).

The following result for the coefficients is obtained by applying the Sobolev
method to the corresponding.

Theorem 1. The coefficents Ag of quadrature formula (1) determined by the
following expression:

h_l (%gw + fw(h) o fw(o)) )
Ag = B (fu(h(B = 1)) = 2fu(hB) + fu(h(B+1))),
T (fo(W(N=1)) = fu(hN) + 4g.) ,

Tb*—‘ﬁ
I

0
<B<SN-1
N.
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Davriy funksiyalar fazosida xatolik funksionali

Azamov S.S., Bekmurodova D.B.
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Texnikada uchraydigan ko’plab jarayonlarni matematik modellashtirish
natijasida aniq integrallarni hisoblash masalasi yuzaga keladi. Bunday
integrallarni analitik usullar yordamida yechish ko’pincha murakkab yoki imkonsiz
bo’ladi. Shu sababli, aniq integrallarni taqribiy usullar yordamida hisoblashga
ehtiyoj tug’iladi. Ushbu ishda davriy funksiyalarning ma’lum bir sinfi uchun aniq
integrallarni taqiikiiy/ hisoblashga bag’ishlangan.

Bu ishda S3(P,,) Gilbert fazosida, variatsion usul yordamida xatolik
funksionalini minimallashtiruvchi ekstremal funksiya yordamida normani aniqlash
masalasi ko'rib chiqiladi.

Biz quyidagi kvadratur formulaga qaraymiz.

1
/ 2T o (1) i 22 ch o(hk) (1)
9 k=1

—_——

bunda h = + , G- kvadratur formulaning koeffitsiyentlari, va ¢ (z) € S (Py,) .

So(Py,) fazoga tegishli funksiyaning normasi

(SIS

2

|12 (R = / (¢ @) + 76" V@) + 0" @) dr | (2)

ko'rinishda.
Bunda 7,0 € R. (1)- kvadratur formulaning xatoligi

k=1

1
(l, ) = /e%m ) dx — ZCkgo hk) (3)
0
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¢ xatolik funksionalining ko’rinishi quyidagicha:

N
K(a:) _ <€27riwf”g[071](l') — Z Ck(S(.I — hk)) * ¢0($), (4)
k=1

0,1)(x) esa (0,1] intervalning xarakteristik funksiyasi, d-esa Dirakning delta
funksiyasi,

oo () = i d (x — ), x— o’rama amali.
f=—00

(1)- kvadratur formula xatoligining absolyut qiymati Koshi-Shvars tengsizligi
bilan quyidagicha baholanadi

ol el
€ < el g 1l

~— e~

So(Py,) * fazo Sa(Py,) fazoga qo’shma fazo.

Gilbert fazolarida chiziqli va uzluksiz funksionalning umumiy ko’rinishi
hagidagi Riss teoremasidan foydalanib (3) - funksionalga mos 1, ekstremal
funksiyani aniqlaymiz|1].

(t.0) = e 0 (5)

va

s

2)|S2(Pu)| (6)

Sa(Py,) fazoga tegishli ¢(x) va i (x) funksiyalarning skalyar ko’paytmasi quyidagi

(000 o / )+ 7 (1) + 0p(@) (@ (1) + 70 () + o(a))dz (7)

kabi aniglanadi.

Furye koeffitsientlarini aniq va ishonchli sonli hisoblash uchun funksional
yondashuv asosida optimal kvadratur formulasini qurish uchun avvalo, xatolik
funksionalining ekstremal funksiyasi topiladi. Ekstemal funfsiyadan foydalanib
xatolik funksionali normasining umumiy ko’rinishi aniqlanadi.
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The method of the optimal quadrature formula with derivative for
the approximate calculation of weakly singular integrals
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V.I.Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences,
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In this work, the problem of constructing the optimal quadrature formulas with
multiple nodes, which include derivatives of higher order in the sense of Sard is
discussed for the numerical integration of weighted integrals in the Hilbert space
of real-valued functions. A sequential optimisation method is used to construct
the optimal quadrature formula in this work.

We consider a quadrature formula of the following form:

N m-—2

1 N

1 L) (a 1474 e

/ EEnEAQL @ (ag) + 3O o D (wg), (1)
t 5=0 a=0 50

112

where, x5 are nodes of quadrature formula (1) and function ¢ belongs to the linear
space Wém’m_l)(t, 1) which is defined as

Wy (1) = {2 [,1] = Rl is abs. cont, and o™ € Ly(t,1)}.

Here, CéLOZ are known coefficients of the optimal quadrature formula in Lgm)(t, 1)
space for o = 0, m — 2, Cém—l are unknown coefficients of the quadrature formula
(1).

To do this, first, a derivative quadrature formula was built in the L;m) space by
the method of successive optimization (such as [1]). First, the optimal quadrature
formula exact for a constant function is constructed. Then, for the case m = 2,
an optimal quadrature formula is constructed that is exact for functions 1 and
x. In this way, in the quadrature formula, the coefficients of the highest order
derivative are the unknown part, and the coefficients of the lower order derivatives
are the coefficients of the lower order quadrature formula. Thus, we examine the
construction of an optimal quadrature formula of the following form, which is
exact for the exponential function e* and any polynomial of degree < m — 2 (for
instance see, [2]).

Initially, the norm of the error functional is found using the extremal function
of the error functional of the quadrature formula. Since the error functional is
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defined on the Hilbert space, the quadrature formula that we are constructing
is exact for the zero element of the space, that is, we have the conditions that
the influence of the error functional on these functions is equal to zero. Then,
the Lagrange function is constructed to find the conditional extremum of the
error functional norm. Thereby, a system of linear equations is obtained for the
coefficients of the optimal quadrature formula. Then, we solve this system of linear
algebraic equations using the Sobolev method and obtain an analytical expression
for the coefficients of the optimal quadrature formula.

In the numerical results, an algorithm for solving integral equations using the
quadrature formula is given, and several integral equations are solved based on
this algorithm and their errors are evaluated.
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Spline-based modeling of hydrogeological data at unequal intervals
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Groundwater plays a crucial role in drinking, agriculture, and industry and
thus proper evaluation of the reserves and seasonal variation is imperative. But



MaTemaTndeckas ¢u3MKa UM CMEXHHE BOIPOCH COBPEMEHHOTO aHamu3a, Byxapa-2025 27

the inequalities of data distribution and technological constraints decrease the
degree of prediction. Kriging and IDW techniques are common GIS techniques
that cause serious irregular network errors. This paper uses a node independent
spline model to predict groundwater levels indicating it is more accurate and
reliable than Kriging.

Accurate groundwater forecasting and monitoring are essential for drinking,
agriculture, and industry, yet traditional GIS methods like Kriging and IDW
often lose precision and produce significant errors in sparse or irregular networks,
whereas the node-independent spline model reconstructs smooth, continuous
surfaces with high accuracy. This study applies the spline model to estimate
groundwater levels and compares it with Kriging, demonstrating superior
accuracy, efficiency, and reliability for improving groundwater monitoring and
management.

This study employs Kriging, Inverse Distance Weighting (IDW), and a
node-independent bicubic spline model to interpolate and model groundwater
hydrogeological data. Each method has its own principles, advantages, and
limitations, and their results were comparatively analyzed. The study also
develops a bicubic spline interpolation model within spline theory, focusing on
cases independent of node points, where equidistant node spacing and strict
interpolation conditions are not required.

The bicubic spline is derived from a local cubic spline, enabling smooth and
accurate reconstruction of hydrogeological data measured at irregularly spaced
networks. The spline function S;(z) under consideration satisfies the following
properties:

SZ(.TC) c CQ[LUZ',.IM], SZ(.SU) > O, if - (.CI?Z'_Q,.IH_Q), SZ(.ZU) = O, if ¢ (xi_2,$i+2)

Given function values f; = f(x;), the spline is expressed as:

M-2
Ss(w) = > fiSi(x)
i=3
Using basis functions @1, (2, 3, @4, the local cubic spline becomes:

S3(x) = p1(t) fic1 + w2(t) fi + 03(t) fix1 + a(t) firo

where z € [z;, v;11], t = 5, and:

prlt) = S0 =1 palt) = (3 — 61 +4)

L 1
p3(t) = (143t +3° = 36); @u(t) = ot
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Extending to two variables, let f(x;,y;) = fij, where i =3,..., M —2, j =
3,...,N — 2. The bicubic spline approximation is:

M—-2N-2

Stry) =2 30 3 fuSi@)Si(y)

i=3 j=3
The bicubic spline is expressed using tensor products of basic functions with
parameters ¢ and u defined similarly for both coordinate directions.

S(z,y) = 1/6 (¢1(t) [¢1(w) fi-1,j-1 + da(w) fim15] + d2(t) [P2(w) fij—1+
+2(u) fij + @3(u) fijr1 + da(u) fijo] + @3(t) [P1(w) fisr -1+
+¢a(u) fiv1 + P3(w) fis1j+1 + Ga(w) fix1 jao] + Ga(t) [O1(w) fiz,j—1+
+oo(w) fixr,; + ¢3(u) figzja1 + Ga(u) firojio])

where ) ;
p1(t) = g(1 —1)°
©o(t) = (3t — 66 + 4);
p3(t) = ¢(1+ 3t + 32 — 3t%);
u(t) = %t?’.

In this study, Spline, IDW, and Kriging models were used to reconstruct
hydrogeological data from irregular networks, with the proposed spline model
generating a 3D field graph and enabling a comparative analysis of accuracy,
efficiency and errors.

Table 1. Analysis of absolute and relative errors of the models

Ne | Models | Absolute Error, Ay | Relative Error, Ao
1 | Spline 0.4031 0.035072
2 | IDW 1.1377 0.119173
3 | Kriging 0.9531 0.099833

The results demonstrate the high accuracy and efficiency of the proposed spline
model for reconstructing hydrogeological data distributed over irregular intervals.
The spline model outperforms traditional interpolation methods, such as Kriging
and IDW | particularly in regions with unevenly distributed data.

Conclusion. This research evaluated the effectiveness of the spline, IDW,
and Kriging methods of interpolation to reproduce irregular networks of
hydrogeological data and established that the spline node-independent method,
by replicating smooth and continuous surfaces with greater accuracy and lower
error, is considerably more efficient than either the IDW or Kriging methods.
The spline technique proves to be a strong and versatile instrument in modeling
hydrogeological data with extensive applicability.
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Rapid evolution takes place in the field of biomedical signal processing.
Regardless of what organism, biosignals are constantly produced. The term
biosignal is normally used to describe bio electrical signals though it could also
refer to electrical and non-electrical signals. EEG is comparatively different since
it captures electrical activity that is initiated on the central nervous system,
providing a complimentary view of neuronal activity. Both ECG and EEG,
with the support of spectral decomposition, allow extracting clinically significant
features.

Among the piecewise polynomial methods, cubic spline functions are considered
to be the simplest in construction and have a high degree of smoothness. This,
in turn, means that their model is convenient and has a high level of accuracy
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in digital signal processing. Below we will consider the construction of the Bezier
spline function, which is one of the piecewise polynomial methods:

In the general case, the construction of a Bezier spline function of degree n = 3
for the points f; is given by

BSs(k) = f(ko)Bos(k) + f(k1)Bis(k) + f(k2)Bas(k) + f(ks)Bss(k). (1)

The Natural spline function is widely used in digital signal processing, and its
construction method is presented below

We search for the function S(k) = S;(k) in the interval [k;, k; 1] (1 = 1,n — 1)
in the form of a third-degree polynomial (2):

N
i d; .
NS3(z) = E (ai + bi(z — x;) + %(x — ;)% + g(sc — a:z)?’) , 1=0,1,...
i=0

where ki1 < k < k;,;1 = 1,2,...,N, and a;, b;, ¢;,d; are the coefficients to be
determined.

When constructing a natural spline function, it is necessary to solve the system
of equations, and it is solved by the run-in method. Below, we will consider the
construction of the local cubic Hermite spline method:

Ss(x) = p1(t) fi + p2(t) fix1 + @3(t)hif; + oa(t)hifi 4 (3)

Let’s consider the reconstruction of the EEG signal presented in the
experimental data. We implement it using the natural spline N S5(z), the Bezier
spline BSs(x) and the locally interpolated cubic Hermite spline S3(z).

The results show that the Bezier spline does not always pass through the nodal
points. The natural spline and the Local Cubic Hermite spline approximate the
signal well.

In conclusion, it is worth noting that all organs of our body are controlled
by the brain. Digital processing of biomedical EEG signals measured from the
brain using the Hermite spline model makes it possible to study not only medical
signals, but also arbitrary one-dimensional signals by digitally processing their
properties. It is clear that at present this issue is not only a medical problem, but
also becomes one of the social tasks.
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Yuqimli kasalliklar rivojlanish dinamikasini matematik
modellashtirish

Barligbaeva G.B., Xaydarov A.T.
"Mirzo Ulug’bek nomidagi O’zbekiston Milliy universiteti magistranti; e-mail:
gulayimbakhadirovna0509@gmail.com
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Mazkur ishda yuqumli kasalliklarning populyatsiya bo’yicha tarqalish
dinamikasini matematik modellashtirish masalalari tadqiq etilgan. Epidemik
jarayonlarning shakllanishi va rivojlanish bosqichlari SIR, SEIR, SIS, SIRS
kabi klassik kompartmentli modellar doirasida tahlil qgilingan. Kompartmentli
modellar infeksiyalarning uzoq muddatli rivojlanishini tavsiflash, shuningdek, turli
profilaktik choralar samaradorligini baholash imkonini beradi. Tadqgiqot natijalari
amaliy epidemiologik strategiyalarni ishlab chigish uchun ilmiy asos bo’lib xizmat
qiladi.

Epidemiya-bu odamlar orasida infeksion kasallikning ma’lum bir mintaqa
doirasida ommaviy tarqalishi bo’lib, pandemiya esa butun dunyo miqyosida
tarqalishi bilan tavsiflanadi. Masalan, COVID-19 pandemiyasi ikki yarim yil
davomida 500 milliondan ortiq kishiga yuqib, 6 milliondan ortiq o’lim holatiga
sabab bo’ldi. Bu esa epidemiyalarni modellashtirishning dolzarbligini yanada
kuchaytirdi.

Infeksiyalar tarqalishini modellashtiruvchi matematik modellar ularning
qo’llanilish magsadiga ko'ra quyidagi toifalarga bo’linadi [1]:

e epidemiyalar o’chog’ini real vaqt rejimida mavjud ma’lumotlar asosida
aniqlovchi modellar;

e infeksiyaning tarqalishini bashoratlash uchun mo’ljallangan mashinali
o’'rganish usullari;

e turli epidemiyaga qarshi choralar sharoitida infeksiyaning tarqalishini tahlil
qilish va oldindan aytish uchun mo’ljallangan modellar.

SIR  modeli (Susceptible-Infected-Recovered) eng asosiy model bo’lib,
populyatsiyani infeksiyaga moyil, infeksiyalangan va sog’aygan guruhlarga
ajratadi [2].

SIR modeliga ko'ra, populyatsiya uchta asosiy guruhga ajratiladi:

e S (Susceptible) — infeksiyaga moyil, hali yuqtirmaganlar,

e [ (Infected) — infeksiyalangan shaxslar,
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e R (Recovered) — sog’aygan yoki vafot etgan.
Vaqt o’tishi bilan quyidagi o’tishlar yuz beradi:

S —1
I — R

Bugungi kunga kelib, SIR modeliga asoslangan turli xil modifikatsiyalangan
modellarning butun bir oilasi mavjud bo’lib, ular uchun ochiq kodlar asosida
hisoblash paketlari ham ishlab chiqilgan [4].

e SIRS modeli

Vospirchimli — Yugtirgan — — Sog'aygan — Y anavospirchimli.

Bu model vagtinchalik immunitet shakllanadigan infeksiyalar dinamikasini
tavsiflash uchun qo’llaniladi. Ya'ni, sog’aygan individlar ma’lum vaqt o’tishi
bilan yana infeksiyaga moyil holatga qaytadi.

e SEIR modeli

Vospirchimli — Infeksiyabilankontaktdabo'lganlar( Exposed)
— Yugtirgan — Sog'aygan.

Ushbu model inkubatsiya davriga ega bo’lgan kasalliklar tarqalishini
modellashtirishda ishlatiladi. "Exposed"holati Y individ virus bilan aloqada

bo’lgan, ammo hali kasallik alomatlari namoyon bo’lmagan bosqichni
bildiradi.

SIRS, SEIR, SIS, MSEIR kabi modifikatsiyalangan modellarda vaqtinchalik
immunitet, inkubatsiya davri va tug'ma himoya kabi epidemiologik omillar
hisobga olingan. Ushbu modellar yordamida kasalliklarning tarqalish
trayektoriyasi va profilaktik choralarning ta’siri o’rganiladi.

Tadqgiqot natijalari shuni ko’rsatadiki, matematik modellashtirish nafaqat
kasalliklarning erta aniqlanishi va prognozlanishini ta’'minlaydi, balki qaror qabul
giluvchilarga profilaktika va cheklov choralarini ilmiy asoslangan holda belgilash
imkonini ham beradi.

Xulosa qilib aytganda, matematik modellashtirish yuqumli kasalliklar
targalishini nazariy va amaliy jihatdan chuqur tahlil qilish, prognozlash va
samarali qarorlar qabul qilish imkonini beradi.

Foydalanilgan adabiyotlar
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Construction of an optimal quadrature formula in the Sobolev space
Lgl)(a, b) using the p-function method

Berdimuradova U. A.
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umidapulatova27@gmail.com

In this work, we focus on constructing an optimal quadrature formula in the
Sobolev space Lgl)(a, b). The study is carried out using the ¢-function method,
which provides a systematic approach to determining the coefficients of the
quadrature formula. At the first stage, the coefficients are expressed in terms of
w-functions. Then, we obtain the general representation of the ¢-function, which
allows us to derive explicit forms of the coefficients.

An important feature of this research is that the quadrature nodes can be
chosen arbitrarily. Furthermore, the quadrature formula is constructed not only
on the basis of the function values but also by including its first, second, and third
derivatives at the nodes. Such an extension considerably increases the accuracy
and stability of the formula, especially for functions with high smoothness.

The obtained results demonstrate that the proposed approach can serve as an
effective tool for numerical integration in applied mathematics and computational
problems. In particular, the method can be applied in the numerical solution
of differential equations, boundary value problems, and models in physics and
economics where both function values and their derivatives are available.

We note that, particular case m = 2 optimal quadrature formula have been
constructed in the work [1].
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Let us consider the following interpolation formula:
N
p(r) = Py(z) = Y Cal)p(xs). (1)
B8=0
with the error functional
N
Uz, 2) =6(x — 2) —ZCg(z)(S(x—xg). (2)
5=0

where Cg(x) are the coefficients, zz(€ [0,1]) are the nodes of formula (1), §(x)
is the Dirac delta-function, and the function ¢(x) belongs to the Hilbert space
Lém’o) (0,1). The norm of functions in this space is defined as follows:

1

2

ez 0.0 = | [ ([#m@] + @) ds| )

The error of interpolation formula (1) at the point = z is called the difference

(4:p) = p(2) = Pol2) = p(2) = ) _ Csl2)p(xp) =
B=0

oo

N
= [ 5= - X cuerota - a) | ela)as. (@
e =0
The problem of constructing optimal interpolation formulas in the space
L;m’o)((), 1) is the computation of the following value:

(¢]

14
T inf sup —’( #)| .
2 Cs(2) g lgl0 || £]] gmo-

(5)
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The error of formula (1) is a linear functional in Lém’o)*(o, 1), where Lém’o)*(o, 1)
is the conjugate space to L;m’())(o, 1).
This problem consists of two parts: first, we must compute the norm ||| om.o)-
2

of the error functional ¢ in the space L;m’o)*(o, 1), and then minimize it with
respect to the coefficients Cs(z) and nodes .

Now we turn to solving the first part of this problem, i.e., computing the norm
of the error functional £. For this, we use the concept of the extremal function of
the error functional ¢, introduced by S.L. Sobolev [1-3].

A function 1), for which the equality

(€ 40e) = (1€l - Ml9pell (6)

holds, is called the extremal function of the error functional /.
Theorem 1. The extremal function vy of the error functional ¢ of the optimal
interpolation formula (1) has the form:

Yo(x) = l(x) * G (x),

" (2k — )m
Go(z) = _ sign(x) Zemos I cos (a: . (2k — ) N (2k — 1)7T>

2m 2m 2m
k=1

m is an even natural number.
The proof of the theorem is given in [4]. In addition, the square of the norm of
the error functional (2) is computed as follows:

Hf(m,z H 00 2205 (:cﬁ—:vv)—QiC@Gm(z—xﬁ).
p=0 +=0 B=0
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Evaluation of definite integrals by spline approximation
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In many practical applications, it is necessary to evaluate the definite integral

/ab f(x) dx.

A wide range of numerical methods has been developed for this purpose.
However, when the function f(x) exhibits strong oscillations on the interval [a, b],
the approximation error may increase significantly. To address this issue, the
interval is partitioned into a grid

{a=zy<x1 <+ <z, =0},

and the integral is expressed as a sum of subintegrals:

b s
/a f(x)dx:;/x f(x)dz.

On each subinterval [x;, z;+1], the function f(x) is approximated by a cubic
polynomial of the form

Ss(x) = fa)+bi(x—z;)+ci(w—u)’+di(x—2;)°, 2 € w5, 241), 0 =0,...,n—1.
Substituting this approximation into the integral yields

b n—1 Tit1 n—1 . ‘ . .
| Gy - > / RETCITSS (hiﬂxl) fla) +1;+1> |

1=0

where the unknown coefficients ¢; (i = 1,...,n — 1) are determined from the
following system of equations:

Co — O, hiCi_1 + 2(hi+1 + hi)ci + h,’CH_l = 3, Ch — 0.
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critical density of prey populations and intraspecific competition

Buriyev T.E.!, Ergashev V.E.?, Usmonov F.?

L23Samarqand State University, Samarqand, Uzbekistan
tolibjonb@yahoo.com, vafokulyusuf@gmail.com,
usmonovfayziraxmon@gmail.com

The present work is devoted to a qualitative and numerical study of a
generalized Lotka-Volterra predator-prey model.
In the classical Volterra model, we additionally introduce intra- and inter-
population interaction factors. It is known that taking into account the
nonlinearity of reproduction in an isolated population at low density, together with
the factor of natural mortality, leads to the effect of a lower critical population
density, known as the Allee effect. Considering this effect, the equation for the
prey population in dimensionless variables takes the following form:

P =z(x—0)(1—2x)—2ay (1)

For the predator population, an additional intraspecific competition factor is
introduced into the original equation of the classical model. Taking into account
the above-mentioned factors, the model is described by a system of two ordinary
differential equations depending on four parameters in dimensionless variables:

{iz:c(x—l)(l—:c)—xy @)

y = —yy(m —x +ey)

This system was partially studied for ¢ = 0 in paper [3] and in the book by
A.D.Bazykin[1]. The purpose of the present work is to carry out a complete
qualitative study of the system for € # 0. For any values of the parameters,
the origin is a singular point of the system, and there exist two singular points on
the Ox-axis: A(l,0) and B(1,0). In addition, in the parameter space there exists
a region whose points correspond to the existence of two nontrivial singular points
in the first quadrant of the phase plane: 1(x1,y1) and o(x2,y2). The abscissas of
the nontrivial singular points are the roots of a quadratic equation.

ex? —(e(1+1)—1)az+el—m=0. (3)

The existence of a region in the parameter plane (I, m)(l, m)(l, m) corresponding
to the simultaneous existence of nontrivial singular points is studied. The nature of
the nontrivial singular points and their bifurcations under parameter variations
are determined. The bifurcation analysis of the nontrivial singular points has
shown that in the system’s parameter space there exists a region whose points
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correspond to the existence of a limit cycle in the neighborhood of one of the
nontrivial singular points. The study of the system has revealed that the model
predicts the possibility of four different regimes of system dynamics:

1) With low adaptability of the predator to the prey, the predator population
always goes extinct;

2) With increasing adaptability, stable stationary coexistence of predator and
prey becomes possible;

3) Coexistence of populations is possible only in an auto-oscillatory regime,
with the oscillation amplitude increasing as the predator¥s adaptability grows;

4) If the predator’s adaptability is too high, both populations are doomed to
extinction under any initial
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Calculation of Abel-type singular integrals using cubic splines
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Singular integrals of Abel type frequently arise in mathematical physics, inverse
problems, and applied analysis. Their direct evaluation is often complicated by
the presence of a weak singularity, which increases the approximation error when
standard quadrature rules are applied. To overcome this difficulty, spline-based
approximation methods provide an effective tool due to their smoothness and
high-order accuracy.

Consider the Abel-type singular integral in the form

I(f):/ab%dx, O<a<l, te/ab).

The function f(z) is approximated on the interval [a,b] by piecewise cubic
splines,
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Sg(x) = f(l‘z) + bz(x — a:l) + CZ'(LE — $i)2 + dl(a: — xi)?’,
x € [Ty, xipq], 1=0,...,n—1,

where the spline coefficients are determined from interpolation conditions and
smoothness constraints. Substituting S3(z) into the integral reduces the problem
to evaluating integrals of cubic polynomials with weak singularities, which can be
computed analytically or with high precision numerically.

The spline-based scheme yields improved stability and accuracy compared
to classical quadrature methods, especially when the integrand is oscillatory or
when t is close to the integration nodes. Numerical experiments confirm that the
error decreases rapidly with mesh refinement, demonstrating the efficiency of the
proposed approach.

The use of cubic splines for approximating Abel-type singular integrals provides
a reliable and accurate computational technique. This method combines the
smoothness of spline functions with the ability to handle singular behavior, making
it suitable for practical applications in physics and engineering.
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Lotka—Volterra type operators naturally arise in the study of population
dynamics, evolutionary games, and interacting species models. Their discrete
versions are closely related to combinatorial structures such as tournaments
and skew-symmetric matrices. Understanding the fixed point structure of these
operators is important for describing the long-term behavior of the system ([1]-
3)).

In this paper, we investigate the structure of the set of fixed points (called the
fixed point card) and provide a characterization of fixed points arising from strong
and homogeneous tournaments. We focus on the case when the corresponding
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skew-symmetric matrix is not in general position, a situation that has received
little attention so far. Our results extend the known classification of fixed point
cards to degenerate cases, where infinitely many fixed points may appear.

Consider the Lotka—Volterra operator of the following form defined on the
4-dimensional simplex S C R® (the set of vectors with nonnegative coordinates
summing to one):

= 21(1 — ajpre — a1373 — a144 + a157s),

r3(1 + a1321 + agggrs — asaxs — assTs),

( )
= Zo(1 + a1271 — a93T3 — 2174 + A25T5),
( )
( )

/
Ty =
/
Ty =
/
Vil Tg
/
x4 = x4(1 + argwr + a0 + azsrs — ag575),
/
L

L = .1’5(1 — a15L1 — A25T9 + as5X3 + CL451’4).

In general position, all even-order principal minors of the associated skew-
symmetric matrix A; are nonzero [4]. These minors are squares of certain
expressions, which we denote as:

Ay = ag4a35 — Q3045 + 25034,
Ay = ay4a35 — a13a45 + a15a34,
Az = ay4a95 — 15024 + 12045,
Ay = appa35 — a15a93 + a13a25,

A5 = (12034 — Q13024 + A14023.

We mainly study the situation when the matrix is not in general position,
i.e., when at least one of the expressions A; vanishes. In particular, we consider
the case when one edge of the fixed point card is unoriented (corresponding to
infinitely many fixed points) and analyze the properties of points on that edge.
If a homogeneous tournament has four cyclic triples and the associated skew-
symmetric matrix is in general position, the fixed point card has 2* = 16 possible
forms. However, if the matrix is not in general position, the operator admits
infinitely many fixed points.

Theorem. If A; = 0,A; > 0,A3 > 0,A4 < 0, then the fixed point card of
the operator V; is cyclic and has the following form:

Miss — Myys — Moys — Masgs — Miss.

There are infinitely many fixed points on the edge connecting the fixed points
X935 and xoy5. Their general form is:

= o Azazs — Ayags Aszags
A3daz5 — Aydoss’ Azdazs — Aydoys’
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—Ayass Azasz — Agagy
A30935 — Asdass’ Azdozs — Asdoss |
where
0235 = Q93 + Qg5 + ass, 0245 = Q24 + Q25 + Q5.

Thus, the obtained description shows that degeneracy of the skew-symmetric
matrix leads to the appearance of infinitely many fixed points located on certain
edges of the simplex. This enriches the known classification of fixed point cards
and opens the way for further study of stability and bifurcation phenomena in
such systems.
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In this study, we consider the problem of constructing an optimal quadrature
formula of the form

b n n
/ F)de =3 Agef (o) + 3 Auef () + Rulf), (1)
] k=0 k=0

which involves both the values of the function and its first derivative at certain
nodes zj € [a, b]. The goal is to determine the coefficients Ao, Ay that minimize
the worst-case integration error over the Sobolev-type space WQ(?U’D (a,b), equipped
with the norm

1/2

1l = (/ab (f"(=) + af’(a:))ng;>
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The problem is approached in the sense of Sard optimality, which reduces to
minimizing the norm of a linear functional defined by the error of the quadrature
formula. By applying the Cauchy-Schwarz inequality, the error functional can
be bounded by the product of the norm of the integrand in the given Sobolev
space and the Lo-norm of an auxiliary function ¢(x) defined by the quadrature
coefficients and the form of the formula. Therefore, the optimality problem
becomes equivalent to minimizing the quantity

b
Fn<A07A1):/ 902(37)d$;

subject to the constraint that (x) satisfies the adjoint condition of the
integration operator, derived via Green’s formula. Here Ajy, A; depends on the
values of ¢ at nodes.

To solve this minimization problem, we divide the interval [a,b] into n
subintervals and construct piecewise-defined functions ¢y (x) on each subinterval
[x_1, 1], which solve the differential equation

y'(z) — oy (z) = 1,

and determine their coefficients Cj, D, by minimizing the corresponding
functionals -
]-"k(Ck, Dk) = / 902(33) dzx.
Tp—1
These lead to explicit expressions for ¢ (z) in exponential-polynomial form. Using
these expressions, we then compute the optimal coefficients Ay, and Ay for the
quadrature formula, ensuring that the overall error is minimized.
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The extremal function of the interpolation formula in the space
w,*2(0,1)
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The extremal function plays a crucial role in the process of constructing optimal
interpolation formulas, since it provides a direct link between the error functional
and the norm in the Hilbert space. In particular, the extremal function in the
space W2(2’1) (0, 1) was used to compute the norm of the error functional, and based
on this norm, a system of equations determining the coefficients of the optimal
interpolation formula was derived [1]. Let the space WQ(S’Q)(O, 1) be equipped with
the inner product

{0, 0) = /0 (9P () + o (2)) (¥ (@) + P () de,

and corresponding norm

o= ([ (69 + o0 'ar)

Consider the interpolation formula of the form

1/2

N N N
Po(z) = Cao(2)p(hB) + Y Cau(2) @' (hB) + > Cpa(2) " (hB),
B=0 5=0 3=0

where h = 1/N. The error functional is then
R(p) = ¢(2) = Pp(2).

In the space Wz(g’z)((), 1), the error functional R(x, z) at each fixed point z = z in
the interval [0, 1] takes the following form:

R(z,z) =0(x — 2) — Z Cs00(x — hB) +
=0

N N
+3 " Cpad(w = hB) = Cyad"(x — hp) (1)
p=0 B=0
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According to the Riesz representation theorem, for each bounded linear
functional R on W2(3’2) (0,1) there exists a unique extremal function ¥p €

W2(3’2)(O, 1) such that
R(p) = (Y, ¢), R = (¥r,vr).

The extremal function can be written as
Yp(xr) = —(R*xG3)(x) + 1 + cox +de™ ™, (2)

where (73 is the Green’s function associated with the differential operator of the
space, c1, co, and d are constants determined by the exactness conditions of the
interpolation formula.

Now we compute the convolution in the expression of the extremal function

oo

(R Gy)(x) = / R(y) - Galx — ) dy

o0

_ sgu(z—2) <exz _ee-2) (z — 2)3>

2 2
B iv: Cﬁosgn(x —hB) (ex_hﬁ — e~(@=hB) (- hB) - (x — hﬁ)?’)

2 2 6
3=0
N
sgn(z — hf) (em_hﬁ 4 e~ (@=hb) (z — h5)2>
I yyen . P G ) s
=0 2 2 2
N
sgn(x — h et hB _ o= (w=hB)
_Zcﬁ,zg(Z B)-( 5 —(x—hﬁ))
3=0

Thus, for the convolution we have

(R Gs)(z) = Gy(x — z) — ZCMng—hﬁ +ZC’51G3x—hﬁ)

N
— " CuaGi(x — hB). (3)
B8=0
Taking into account (3) the extremal function (2) can be written in the form

vp(z) = Gi(z—2) — ZCBOng—hB +2051G3x—h5)

- Z Cs2Gl(x — hB) +c1 + cax + de™*
£=0
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The significance of the extremal function is that it allows us to compute the
squared norm of the error functional in closed form, reducing the minimization
problem to solving a system of linear equations for the coefficients of the
interpolation formula [2].

In the space W2(3’2)(O, 1) it provides the exact form of the squared norm
of the error functional, thus enabling the determination of optimal coefficients.
This approach ensures that the resulting interpolation formulas are of minimal
error and can be effectively applied in computational mathematics, approximation
theory, and the numerical solution of differential equations.
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Kubik splayn yordamida teskari Erdelyi-Kober operatorini taqribiy
hisoblash

Islamov E. R.
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Kasr tartibli Erdelyi-Kober integral operatori quyidagi ko‘rinishda aniglanadi

[1:

x
O_x—a(a+n)

I3, f 0) = P [ @ =y e
0

bu yerda o« > 0, o > 0, 772—%.

(1) operator ko’plab murakkab (singulyar koeffisientli) tenglamalarga qo’yilgan
masalalarni sodda ko’rinishga keltirib yechishda samarali qo’llaniladi. [2-7|
adabiyotlarda Erdelyi-Kober operatorlarini almashtirish operatori xossalariga
ega ekanligi isbotlangan va ularning masalalarga tadbiqlari keltirilgan. [§]
adabiyotda Erdelyi-Kober integral operatorini to’rtburchaklar usuli, trapetsiyalar
usuli hamda o’rta qiymat usuli bilan yaqginlashtirish keltirib o’tilgan. [9] maqolada
esa Erdelyi-Kober operatorini kubuk splayn yordamida taqribiy hisoblash usuli
bayon etilgan. [10] magolada singulyar koeffisientli to’lqin tenglamasiga qo’yilgan
masalani Erdelyi-Kober operatori yordamida taqribiy yechish usuli ko’rsatib
o’tilgan.
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Erdelyi-Kober operatoriga teskari operatorining ko'rinishini quyidagicha
bo’ladi

k
(1) (@) = 2 (L> R ()

ox’Lldx

buyerdaa >0, 0 >0, n>—1 k=[a] +1.

Ko’p hollarda masalalarni yechishda Erdelyi-Kober operatoriga teskari bo’lgan
(2) operatorni ham hisoblashga to’g'ri keladi. Boshqa kasr tartibli operatorlar
singari bu operatorni ham har doim analitik ko’rinishdagi ifodasini topish
qlyin, ba'zida esa buning imkoni bo’lmaydi. Shuning uchun (2) teskari Erdelyi-
Kober operatorini yuqori aniqglikda taqribiy hisoblash usullarini topish muhim
ahamiyatga ega.

Aytaylik, f (z) funksiya [0, b] oraligni n ta bo’lakka bo’lishdan hosil bo’lgan
w=Ax; i=0,...n; vg=0<2z; <..<uz, = Db} to'rda berilgan bo’lsin.

y = f(x) funksiva (zo,y0), (1,¥1), -, (Tn,yn) nugtalar to’plamida
bog’langan bo’lakli ko’phadlardan bo’lgan interpolyatsion splayn bilan
almashtirladi [9], va quyidagicha belgilanadi

(so(x), agarz € [zg,71],

S (:1:) , agarx € [$1, 372] )

( Sp—1 (), agarx € [T,-1, )],

3
bu yerda s; (v) = > Ajp®™% 2 € [z, 2i44), i=0,1,...,n— 1.
k=0

(2) teskari Erdelyi-Kober operatoridagi f(z) funksiyani s(z) splayn bilan
almashtiramiz

k
a \—1 ~ a \—1 _ _—0C d o k) tk—a
<Igvn> f (513) - (IUJI> S(x) -7 n(ﬂ) o i )]a,n+a5 (SU)

(4) tenglikning o’'ng tomonini soddalashtirib hisoblash natijasida 0 < a < 1
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bo’lgan xol uchun quyidagi formulaga ega bo’lamiz

3 :
- a+n+ (3=J4)/o+1) 3
I s ( Ay =7
5)" ]Z (3=4)/o+1) ’
(0, agarr = 1;
r—2
1 « 7 7
+<F(—a)z i+l ’”“Z = H?Fl (@jra+ 1,05 + 1, X0,
i=0
L agarr > 1;
r—1
1 A;
s yE (X)) W”Z Jx 2F1 Qi a+1;Q;+1;X%), r=1,...n
—
i=0

Bu yerda Q; = n+a+ 32 +1, X; = % (5) formuladan teskari Erdelyi-Kober
operatorini taqribiy hlsoblashda foydalanramiz.

Ushbu usulning yaqginlashish xatoligi anigqlandi hamda turg’unlik bahosi olindi.
Aniq misollar bilan sonli usul tekshirilib, olingan natijalar grafik va jadvallarda
e’lon qilindi.
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Study of fractional dynamics of heart work within the framework of
the Zeeman model
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The following Cauchy problem is investigated [1]

1 () = o (1) = (1) — y (1),
eadipy (1) = 2 (1), (1)
z (to) = o,y (to) = Yo

Here €, = €6°71, ¢5 = 6°71, § is a parameter with the dimension of time.

Fractional derivatives of orders 0 < o, f < 1 in (1) are understood in the sense of
Gerasimov-Caputo [2,3]:

N 1 / T (7)dr 1 / y(1)dr
%ir®) = iy | om0 =gy [ G ©)

where I" (+) is the Euler gamma function.

The Cauchy problem (1) in the case when o = 1 and 8 = 1 turns into the
well-known Cauchy problem proposed by E. C. Zeeman to describe the dynamic
modes of the heart’s operation [4].
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Using a numerical method based on a nonlocal explicit finite-difference scheme,
oscillograms and phase trajectories of the dynamic system (1) were constructed
and studied. Using the double recalculation method, it was shown that the
numerical method converges to the first order. The numerical algorithm was
implemented in the FRACDYNZE computer program developed in the Python
programming language.
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Construction of the optimal quadrature formula for the approximate
solution of the singular integral equation with a Hilbert kernel in
space ng)((), 27)
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This work considers the problem of constructing an optimal quadrature formula
for the approximate calculation of integral expressions involved in the analytical
solution of integral equations, particularly the following singular integral equation
with a Hilbert kernel

2

a-g(t)+ i/g(x) cot

r—1

dx = p(t). 1
- v = () (1)
0

Equation (1) is called a singular integral equation with a Hilbert kernel, where

0 <t <2m ¢(t) is a given function and ¢(¢) is the unknown function. ¢(t) is a

sufficiently smooth function. The solution of equation (1) is as follows [1]:
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2

2w
a b r—t b?
t) = ——=p(t) — ————= t d dz.
9(t) a? + bQSO( ) 27(a® + b?) /gp(az) Oty + 2ma(a® + b?) /gp(x) .
0

0
(2)
It is known that the definite integral in expression (2) cannot always be
calculated exactly. Below, we will address the problem of constructing an optimal
quadrature formula for the approximate calculation of this integral. Let us
consider the following quadrature formula

2m N

xr—1
[ etreon S rin = 3" Crpla), ®)
0 A=0

where 0 < x <27, 0 < t < 27, Cp are the coefficients of the quadrature formula
(3), zp are the nodes and N is a natural number.

In this case, p(x) the function LéQ)(O, 27) is an element of the space, which is
defined as follows

LP(0,27) = {p(x) : [0,21] = R, ¢(z) — abs.cont, ¢’ (z) € Ly(0,2)}.

For the functions ¢(x) and ¥ (x) of the L§2)(0, 27) space, the scalar product is
introduced as follows:

21

<o) >= / o ()0 (2)de. (4)
0

Also, in this space, the norm corresponding to the scalar product (4) is defined
as follows

el 0.2 = | [ (o"(a)do.
0

The difference between the definite integral and the quadrature sum

2 . t N
(4, ) = / o) cot TLdr — 3 Coplay) (5)
0 =0

is called the error of the quadrature formula.
The
r—1

— ZCgé(x — T3).

5=0

U(z) = €pan(z) cot
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the error functional corresponds to the form. Here, £}y 25)() is the characteristic
function of the segment [0, 27] and 6(x) is the Dirac delta-function.

Using the above data, as well as concepts such as the definition of the norm of
a linear functional, the Cauchy-Schwarz inequality, the definition of an extremal
function, and the Riesz theorem, we obtain the following result for the upper
bound of the error (5).

Theorem. The square of the norm of the error function ¢(x) in the Lg2)(0, 27)
space is

N N N 27T
—1
14]]> = Z Z CsC,Ga(xp — xy) — 2205 / Ga(x — ) cot * 5 dx+

B=0 v=0 B=0 0

2 27

—1 —t
+//G2(:U — 1) cot ’ 5 cot 2 5 dxdy.
0 0

It will be in the form Gy(z) -Green’s function and Go(z) = %
[t should be noted that a quadrature formula of the form (3) with coefficients
that give the minimum value to the norm of this error functional is called an
optimal quadrature formula[2|. In our future work, we will focus on finding the

coefficients of optimal quadrature formulas of the form (3).
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An affective quadrature formula in the Hilbert space
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We consider the Hilbert space W;m’m_l)[O, 1] of complex-valued functions ¢
defined in the interval [0, 1], which possess an absolute continuous on [0, 1]. We
denote by W(mm 1)(0 1] the subspace of W(mm 1)(0 1] consisting of complex-
valued, 1-periodic functions (see [1]| for details).

We consider a quadrature formula of the following form

1

/ezmmj x)dr = Z Crp(hk), (1)

a k=1

where p(x) € Wém’m_l)(o, 1], Cy are coefficients of the quadrature formula and
N eN, h=1/N.

The error of quadrature formula (1) is the following difference

() = / et o) — S Crp(hk). 2)

k=1

Coefficients that minimize the absolute value of the error (2) with the nodes are
fixed are called optimal coefficients and the are denoted by Cy. The quadrature
formula with coefficients Ck is called the optimal quadrature formula in the sense
of Sard.

Theorem 1 in [1]. The following formulas are valid for the optimal coefficients
of the quadrature formula (1)

CO' _ Kw,m
U7 (2mw)?m 4 (2mw) 22
) 2Kw,m 2miwhk
Cr = (27Tw)2m—|—(27-[-w)2m—2 "€ ) fO?"/{: 1,2,..., N —1,
s Kym .
CN = > . 62mw

(27w)2m + (27w)2m—2 ’
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where A = e2™wh  Ey, 5(\) is the Buler-Frobenius polynomial of degree (2n — 2)
and

o2h _ m—1l 579p-1 h
2h )\E n—2(A
Kom = ()" |5 . +> 2020)
’ e2h + 1 — 2e" cos(2mwh) = (2n —1)! — A)%n
Now, in this case m = 2, we obtain an approximation formula for the

numerical calculation of the Fourier integrals with real w for functions of the space
W2(2’1) [a, b]. One of the expansions of the optimal quadrature formula (1) for the
case real w is the approximation formula obtained by assuming the coefficients in
Theorem 1 for this case m = 2 as continuous functions with respect to w € R. To
do this, we consider construction of the approximation formula of the form

b

N
/ et o (0)dr 2 S Cpula, p(hk + a), (3)

k=1

where w € R, i? = —1, Cy[a, b] are coefficients and h = (b —a)/N with N € N.
Now, by a linear transformation = = (b — a)y + a, we obtain
b 1
/GQWiwmQO(I')dx _ b —a 27mwa/62mw (b—a)y b . CL)y 4+ )dy
a 0

For the case m = 2, using Theorem 1, we find the following coefficients for the
effective formula

Theorem 2. Coefficients of the approximation formula of the form (3) in the
space W2(1’0) la, b] for w € R have the form

(b — G)Kw 2

C " a,b — s . e?wiwa)
0 [0, ) (27w)! 4 (27w)’
2(b —a)K, ,
Crwla, b = E ( X a)(2 ’2)2 cermiwhkra) for eqeh k=1,2,...,N —1,
TW) + (27w
b—a)K, ,
ON,w [Cl,b] _ ( . CL) 2 - eQmwb7
(27w)” + (27w)
where h = Ta and
% 2h 1 h -1
w,2 — —

e?h + 1 — 2eh cos(2mwh) i cos(2mwh) —
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Optimal quadrature formulas with derivative in the space Lgm)((), 1)
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Numerical integration formulae, or quadrature formulae, are methods for the
approximate evaluation of definite integrals. They are needed for the computation
of those integrals for which either the antiderivative of the integrand cannot be
expressed in terms of elementary functions or for which the integrand is available
only at discrete points, for example from experimental data.

We consider the following quadrature formula

1

/ ol dw—zco PO S+ GG ()
0 = =0

with the error functional

2 N
Un () = e0.1( Zoo O(z—hB)+5(0 "(2) =0 (x—1))=> _ Cy[B)6"(z—hp)
5=0
h @)
in the space Lgm)(O, 1) for m > 3. Here Cy[f] = { ?L’ g z% h = %, N

is a natural number.
For the error functional (2) to be defined on the space Lgm)((), 1) it is necessary
to impose the following conditions

(Iy,z%) =0, a=0,1,2,...m—1. (3)

By the Cauchy-Schwarz inequality, the error of the formula (1) is estimated by
the norm ||¢ N\Lgm)*((), 1)]| of the error functional (2). Furthermore, the norm of
the error functional (2) depends on the coefficients C[3]. We find the minimum of
the norm of the error functional (2) by the coefficients C}[5] under the conditions

(3).
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The coefficients that give the minimum for the norm of the error functional
(2) are called the optimal coefficients. A quadrature formula of the form (1) with
that coefficients is said to be the optimal quadrature formula of the form (1).

It is clear that in order to construct an optimal quadrature formula of the form
(1) we have to consequently solve following problems.

Problem 1. Find the norm of the error functional (2) for the quadrature
formula of the form (1) in the space Lém)*(o, 1).

Problem 2. Find coefficients C[S] that give the minimum value to the norm
of the error functional (2) under the conditions (3).

The following statement is true.
Theorem 1. Among quadrature formulas of the form (1) with the error

functional (2) in the space L;m)(O, 1) there exists a unique optimal quadrature
formula which coefficients are determined by the following formulas

Col0] = Co[N] = h/2,
ColB] = h, 6=1N—1

Cy0] = C —h3Zd 1_%

m—3
Cf =Y di(af+a) ), B=TN-T,
k=1

where dj, satisty the following system of m — 3 linear equations

m— 3d a N—H ( 1)iqk ia: Ba+3
ot (1—q)™! (a+1)(a+2)(a+3)

a=1m — 3,

where B, are Bernoulli numbers, ¢, are the roots of the Euler-Frobenius
polynomial Fs,,—6(q), |qr| < 1.
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Piecewise constant arguments method for solving Caputo-type
fractional differential equations

Muminov M.I.'2, Abdusaitov D.Sh.!
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In this work, we provide numerical results obtained via the piecewise constant
argument method for a fractional differential equation involving the Caputo
derivative of the form

Dg wy(t) = f(t,y(t)),

1
y90) =P, k= 0,1, a] — 1, M)

the Caputo derivative D ,y(t) of y(t) is defined as

1 t
Dgy(t) = ) /o (t =) Yy ())dr, n—l<a<neZ®,

I'(n—a

where [a] = n. It is well known that the initial value problem (1) is equivalent to
the Volterra integral equation is given by [4]

X th + T(a) /0 (t—7)" " f(r,y(r))dr

k k—i—l]

y(t)

We introduce the following function y,(t) at t € [, depending on an arbitrary

positive integer n

un(t) = Sopcy Ltk 4+ ks [ — 7))

n—1 % a—
+r(1a) (>k=o k (t—7) 19(%) dr, te€ [fp kj;l
where y(£) = limy 1 y(?), y'(£) =limy_xy'(¢), k=0,..,n—1L

Problem 1. Consider the FDE given in [1], [2]

Das(t) = et = st (= ) =0, 9(0) =0

The exact solution of this problem is y(t) = t2* — ¢,
Problem 2. Consider the FDE given in [1], [2]

a - F(6) 5—a BF(5) 4—aqa
Do) =60 " Te-a)
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o7

t | a=030FEAM3 | o= 0.30PCAM | oo =0.50FEAM3 | o = 0.50PCAM | o= 0.90FEAM3 | o= 0.90PCAM
h=10"3 h=10"23 h=10"3 h=10"3 h=10"3 h=10"3
0.1 1.4849 x 10~ 2 3.1719 x 10~ 7 9.0000 x 10~ % 2.1820 x 107 2.9811 x 10~—° 1.0000 x 10~ 1T
0.2 6.3986 x 10~3 2.0601 x 10~6 4.9629 x 10~4 1.4003 x 10—6 2.4031 x 10—° 1.0000 x 10—
0.3 1.3939 x 102 6.1528 x 10~ 6 8.9975 x 10~4 2.6692 x 10~6 3.4758 x 1075 7.2167 x 10~11
0.4 1.4322 x 102 1.3369 x 10—5 9.4321 x 104 5.5724 x 10~7 3.6749 x 10~° 6.6461 x 1010
0.5 1.4512 x 10~2 2.4402 x 10~° 9.6502 x 10~4 1.3711 x 10~6 3.7973 x 10~° 1.2000 x 109
0.6 1.4736 x 102 3.9890 x 10~° 9.8398 x 10~ 2.0261 x 10~6 3.9062 x 10~° 1.2000 x 109
0.7 1.5078 x 102 6.0429 x 10~° 1.0060 x 103 1.4624 x 10~6 4.0196 x 10~° 7.0000 x 10~10
0.8 1.5508 x 102 8.6580 x 10~° 1.0322 x 103 2.3717 x 1076 4.1447 x 1075 5.0000 x 10—10
0.9 1.5946 x 102 1.1887 x 10~5 1.0613 x 103 4.0122 x 10—6 4.2842 x 10~° 8.0000 x 1010
1.0 1.6321 x 10~2 1.5783 x 10—° 1.0907 x 103 6.4184 x 106 4.4381 x 10~° 7.2821 x 10~10

Tabauna 1: Absolute error at each point ¢t when solving Problem 1 using FEAM3 and Piecewise constant
arguments method (PCAM) for different step sizes h and 0 < a < 1

Tabsuna 2: Absolute error at ¢ = 1 when solving Problem 1 using [2]|, Daftardar-Gejji et al. [3],the
fractional Adams scheme [4] and PCAM for h =0.01 and 0 < o < 1

Methods a=0.2 a=04 a=0.6 a=0..8
[2] 1.5115 x 1074 | 1.1413 x 107% | 4.7817 x 10~° | 1.4556 x 10~°
3] 3.8120 x 1077 | 1.8891 x 10~* | 1.0385 x 10~* | 4.5617 x 1074
[4] 2.2044 x 1074 | 1.8812 x 10~* | 1.0385 x 10~* | 4.5617 x 10~*
PCAM | 8.8614 x 107° | 2.4449 x 107° | 2.29109 x 1075 | 4.6219 x 10~8
21°(4)
3—a 5 4 3\2 2
—1 + (t° =3t + 2t°)° — t
fa—at P -y (0).
/
y(0)=0, vy (0)=0, «a=1.5.
The exact solution of this problem is y(t) = t° — 3t + 23,
t FEAMS3 PCAM FEAMS3 PCAM
N =10 N =10 N = 1000 N = 1000
0.0 | 0.0000 x 100 0.0000 x 109 0.0000 x 109 0.0000 x 109
0.2 | 4.5689 x 10~2 | 6.2246 x 10~7 | 1.9701 x 10~6 | 1.1876 x 10—8
0.4 | 5.8370 x 1072 | 5.2725 x 1075 | 8.8948 x 10~6 | 1.9208 x 10~ 7
0.6 | 1.1856 x 10~ 1 | 2.4045 x 10~% | 9.1466 x 10~ 6 | 2.8637 x 106
0.8 | 1.2003 x 10~ ! | 4.9761 x 10~% | 1.1237 x 10~% | 5.1521 x 106
1.0 | 2.4589 x 10~3 | 3.8112 x 10~% | 2.1086 x 10~¢ | 4.6573 x 106

Tabsuma 3: Absolute error at each point ¢ when solving Problem 2 using FEAM3 and PCAM for
different intervals N and o = 1.5
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Chiziqli ikkinchi tartibli chegaraviy shartli masalani taqribiy yechish.
Muminov M.I,'? Usmonov N.M. 3
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Quyidagi shakldagi chiziqli ikkinchi tartibli chegaraviy shartli masalani ko‘rib
chigamiz:
¢"(t) = p(t)¢'(t) + q(t)o(t) + 7 (1), (1)
0<t<l, ¢(0)=ca, ¢(1)=7,
bu yerda «, 8 haqiqiy o‘zgarmas sonlar, p(t), q(t) va r(t) lar [0, 1] da uzluksiz
funksiyalardir. Chegaraviy shartli masalaning taqribiy yechimni olish uchun biz
quyidagi bo‘lakli doimiy argumentli chegaraviy masalani ko‘rib chiqamiz:

5'(t) = o0 (") 1 ao (™) 1 o) 2)
50 =a. o) =5 )
Shu esda tutilsinki, zj, ;= 122 = k ,for x € [ i) k=0,1,...,n—1.

(2),(3) yechimlari quyidagicha amqlanadl [1]

Ta’rif 1. Agar quyidagi shartlar bajarilsa, ¢(t) = ¢n(t) funksiya (2)-(3)
chegaraviy shartli masalaning yechima deyiladi:

() o(t), ¢'(t) [0,1] da uzluksiz va ¢(t) (3) chegaraviy shartni qanoatlantiradi;

(IT) ¢"(t) mavjud va [0,1] da uzluksiz, t; nuqtalardan tashqarida bir
tomonlama hosilalari mavjud;

(III) ¢(t) (0,1) da (2) differensial tenglamani qanoatlantiradi, t;, &k =
0,1,...,n — 1 nugtalarida bundan mustasno.

Bo‘lakli o‘zgarmas argumentlar usuli bilan quyidagi boshlang‘ich qiymat
masalasini ko‘rib chiqamiz:

07 (t) = p(t)d(te) + q(£)di(ti) + (1), (4)

va quyidagi boshlang‘ich shartlar bilan
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bu yerda v va s lar haqiqiy o‘zgarmas sonlar va v; # 79 holda ixtiyoriy tanlanadi.
t € [ty tpe1) va i = 1,2 uchun (4),(5)ning yechimi quyidagi shaklga ega:

/ / SU(t4) + a(s)3i(8) + 7(5) ) dsdr + 61(t4) (¢ — ) + 8,(8), (0

it
() = i ‘ () — / ':
bu yerda 9;(t;) = t—1>1t£n—0 8;(t), 0i(ty) = t_1>1t1kn()5( ), i=12.
Biz 01(1) # 02(1) uchun wy = %25(2()1) va wy = % larni olamiz va
01(1) = 62(1) uchun wy + we = 1 bo‘ladi.
Teorema 1. Har ganday musbat butun n son uchun (2)-(3) chegaraviy shartli
masala quyidagicha aniglangan ¢,(t) yagona yechimga ega.

gbn(t) = w101 (t) + wgég(t). (7)

Teorema 2. Har ganday € > 0 uchun ng = ny(e) musbat son topilib, iztiyoriy
n > ny musbat butun sonlar uchun quyidagi tengsizlik o‘rinli bo‘lads
sup |9, (t) = p(t)ey, () — a(t)yn(t) —r(t)] <e (8)
t€[0,1]
bu yerda ¢,(t) (7) orqali aniglanadi.
Misol 1. Quyidagi chegaraviy shartli masalani qaraymiz (|2] va [3| da berilgan)

(1) = —(t+ 1)/ (t) + 20(t) + (1 — t2)e!
0<t<1, ¢(0)=-1, ¢(1)=0.

Ushbu masalaning berilgan analitik yechimi: ¢(t) = (¢t — 1)e™*

Har biri 3,4 GHz to‘rt yadroli Intel(R)Optiplex 9010da PDDE (Population-
Distributed parallel Differential Evolution) usuli [2], [3] bilan olingan 1-misol
bo‘yicha o‘rtacha xatolar va ish vaqgtlari joriy ishda foydalanilgan 2.1 GHz to‘rt
yadroli Intel(R) TM Core i5 da Bo‘lakli o‘zgarmas argumentlar (BO*A) usuli bilan
olingan ragamli natijalar quyidagi jadvalda keltirilgan.

Absolut xatolik Ishlash vaqti (s)
PDDE [2], [3] BO'A PDDE [2] | BO‘A
1.7180 x 10~* | 6.2661 x 107° | 362.5911 | 69.18

Misol 2. Quyidagi chegaraviy shartli masalani qaraymiz

¢"(t) = +t+ 1) (t) + (1 —tH)o(t) + 2t — 2t — 5t2 + 6,
0<t<1, ¢0)=1, ¢(1)=0.

Ushbu masalaning berilgan analitik yechimi: ¢(¢) = 2t* — 3t + 1. Ushbu masala
uchun BO‘A usulidan foydalanilgan raqamli hisob-kitoblar shuni ko‘rsatadiki,
absolut xatolik va ish vaqti mos ravishda 1, 6736 x 1074 va 0, 57s.
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Spektral-to’r usuli orqali yuqori tartibli hosila oldida kichik parametr

qatlashgan oddiy differensial tenglama yechimini va hosilalarini
hisoblash

Normurodov Ch.B., Murodov S.K.

Termiz Davlat Universiteti, Termiz, O’zbekiston;
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Yuqori tartibli hosila oldida kichik parametr qatnashgan to’rtinchi tartibli
oddiy differensial tenglama uchun chegaraviy qgiymat muammosini sonli
modellashtirish amaliy matematika sohasidagi dolzarb muammolardan biri
hisoblanadi. Differensial tenglamada kichik parametrning mavjudligi, aniq va
muammo parametrining yetarlicha kichik qgiymatlarida qo’llanilishi mumkin
bo’lgan mosla- shuvchan sonli usullarni ishlab chigishni talab etadi. Spectral-to’r
usuli kichik parametr, to’r element- lari va Chebishev ko’phadlarining umumiy
soni turli giymatlarni qabul gilganda yechim va uning turli tartibli hosilalarini
hisoblashda yuqori aniqlik va samaradorlikni ko'rsatadi.

Eng yuqori tartibli hosila oldida kichik parametr qatnashgan oddiy to’rtinchi
tartibli differensial tenglamani ko’rib chiqaylik:

d*u d*u
5d—774—2d—772+u(77) = (), n € (o, m), (1)
va u quyidagi chegaraviy shartlarga ega bo’lsin:
du du
_ U _ — — 2
u(mo) a0 (0) =0, u(m) dn(m) 0, (2)

Bu yerda ¢ - kichik parametr. Kichik parametr € ning mavjudligi nafaqat ko’rib
chiqgilayotgan masalani yechimlarini hisoblashda, balki turli tartibli hosilalarini
hisoblashda ham qiyinchilik tug’diradi.

Berilgan muammoni spektral va spektral-to’r usullari bilan ishlashda taxminiy
yechim w,(n) birinchi turdagi Chebyshev ko’phadlarining kollakatsiya tugunlarida
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ma’lum bo’lgan sinov funksiyasi bilan taqqoslanadi. Bunda sinov funksiyasi
sifatida ue(n) = (1 — 772)26577. tanlangan va ushbu tenglama uchun tenglama (1)
ning o'ng tomoni quyidagicha ko’rinish oladi:
f(n) = e M(® — 2e* + Dn* + (16e* — 16e)n” + +(72e% — 22° + 4% — 26)n*+
(96e% — 16 + 162)n + (” — 24e> + 24 — 2% +9)].

Sinov funktsiyasining hosilalari quyidagicha ko’rinishga ega:

du€ 2 2
an (n” = L)(en” +4n —g)e™,
d*u 2.4 3 24, 2 2 en
0P :[577 + 8’ +2(6 —e”)n® —8n+¢ —4]6 ,
d*u 3.4 2.3 3\,2 2 3 e
i (£ + 12" + 2(18e — )" + 12 (2 — &%) n + & — 12¢] ™,
Ui
diu,

dt [e'n* + 16%n® + 2365 — e*)n* + 16 (6 — ) n + " — 242® + 24] €.

Ushbu ifodalar spektral-to’r usuli orqali hisoblangan taxminiy giymatlar bilan
taqqoslanadi[l]. Bunda taxminiy yechim va uning turli tartibli hosilalari quyidagi
formulalar yordamida hisoblanadi:

pj
u () = a,()Tu(y),
n=0
Dj
u(y) = allT(y),
n=0
9 pj
agll) E— Z qaq, n >0,
Cn g=n+1
g+n=1( mod 2)
pj
ulP (y) =) aPTu(y),
n=0
2 pj
(2) — 2 2_n? >0
ay) = = _Z (¢ —n*)ag,n >0,
g=n( mod 2)
D;
uP (y) =) aPTu(y),
n=0
1 & 2
a/’gl?)) - 4_Cn q—n+3Z q |:(q2 o 1) N 2 (q2 + 1) n2 + n4:| G’Q7 " > O’

g+n=1( mod 2)
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pj
(4) — (4)
ua (y) - an Tn(y)7
n=0
1 pj 5 5
4 2( .2 2 4 4 2 2( 2
afl): E q[q (q —4) — 3nq +3nq—n(n —4)}aq,n20.
24c,,
q=n+4
g=n( mod 2)
Bu qiymatlarni (1)-(2) ga qo’yish orqali Az = b algebraik
tenglamalar sistemasiga ega  bo’lamiz. Bu yverda  zT =
(1) (1) (1) (2) (2) (2) (N) (N) (N)
(ag’,ay s ccap’,ap Q) oy Qpy ey Qy Q) e Apy )
Kichik Ko‘phadlarning | To‘r elementlari Yechim 1-tartibli 2-tartibli 3-tartibli 4-tartibli
parameter e | umumiy soni M soni N hosila hosila hosila hosila

40 1 1.6 * 101 1.1* 10 6.3*10%% | 8.6*1070 4.1*107

40 2 9.4 * 1016 8.4 %1015 2.2*10%8 | 70*101 7.3*10°

107 40 4 6.6 * 10716 49* 1016 33*10%% | 1.8*101 3.3* 1012

40 8 3.3*10% 2.6*10% | 1.1*10% | 57*107% 1.0* 107

40 1 1.4* 107 3.9*10% | 19*10% 2.8* 107 1.3*10°

40 2 4.4 *107%° 1.1*10% | 2.0*10™ | 63*10%2 7.0* 10

10® 40 4 3.3*107% 3.8*10% | 49*10% | 27*10% 5.0* 1012

40 8 3.3 * 107 1.9 * 107 1.8*%10% | 7.4*107 1.5* 107

Puc. 1: Jadval 1. Yechim va uning hosilalarining maksimal absolyut hatoligi

Keltirilgan jadvaldan ko’rinib turibdiki, e kichik parametrning turli
giymatlarida spektral-to’r usuli taxminiy yechim va uning hosilalarini yuqori
aniglikda hisoblash imkonini beradi va bu qo’llanil- gan usulning samaradorligini
ta’minlaydi.
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Minimizing the semi norm in the space Kév )

Nuraliev F. A.!2, Abdullaeva G. Sh.?
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In this work, we present the result that an algebraic hyperbolic spline with

: . . 3,4 :
defect of one gives a minimum to the norm in the space KQ(U ) under certain

(3:4)
20

conditions. The space K. is a factorized Hilbert space defined as:

K = { £ 10,1 = RIf® is abs. cont. and /@ € L(0,1)}

Class KSUA) is a factorized Hilbert space where the inner product is introduced as
follows:

1
< Loz = [ (F00E) = 2O @)(e0(0) — 129 )
0

the semi-norm is defined using the inner product as follows:

Il eeo = V< fi f >

Let be given a 0 = 2y < 1 < ... < xxy = 1 mesh on [0, 1]Jand the corresponding
values Y : yo, v, ..., yny at the nodes xy < 1 < ... < xy. Now, we consider the
following problem in the space K2(i;4).

Problem 1. Find a function f € K. S’f) which gives minimum to the semi-norm
(1) and satisfies the following interpolation conditions:

f(ZL'J) = yj7 j = 0, 1, ,N

Now, we present the result which is about under what conditions the eighth
order algebraic-hyperbolic tension spline Sa(Y, z) gives a minimum to the norm
in the space K2(i;4).

Theorem 1. If the function f(x) belongs to the space Kéifl) the SA(f; ) that
spline interpolates it on the mesh 0 = vy < 1 < ... < xny = 1 and fulfilled any
of the conditions:

a) at the end points of the mesh A for the eighth order algebraic-hyperbolic
tension spline Sa(f, z) the equalities S(AO‘M)(f; 1)—U2S(Aa+2)(f; 1) = S(AO‘H)(f; 0)—
1125&”2)(]‘"; 0)=0, a=0,1,2 are valid;
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b) The function f(x) and eighth order algebraic-hyperbolic tension spline
Sa(f,z) satisfy the boundary conditions f*)(0) = ng)(f7 0), k=1,2,3;

c) The function f(x) and eighth order algebraic-hyperbolic tension spline
Sa(f,x) are periodic.

Then the first integral identity holds:

1 1 1

[izr@yan = [(Lsa(sa)ide + [{2i5(a) - Sario)do.

0 0

Extremal function of the error functional for the optimal quadrature
formula

Nuraliev F. A.}2, Edilbekova R. M.!

V1. Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences,
Tashkent, Uzbekistan;
?Tashkent International University, Tashkent, Uzbekistan;
farxod.nuraliyev@teacher.tiu.uz, raximaedilbekova@gmail.com

Nowadays, mathematical models of problems in numerous scientific fields
are reduced to the task of solving differential and integral equations with high
precision. Typically, using simple interpolation quadrature formulas to solve
such problems requires an extensive amount of computational work. Therefore,
one of the crucial tasks in computational mathematics is the development of
optimal numerical algorithms that allow for sufficiently accurate solutions to these
problems. To this end, constructing optimal quadrature formulas with derivatives
and evaluating their errors has become an important objective in the field. In this
work, we examine the following quadrature formula

[otrie =3 Coldleh) + 10 - 1)+ B (1)
0 =0 £=0

The error functional corresponding to this formula have the following form

In(z) = ep(x) — Z Co [Blo(x — hp) + %(5’@) —d(x—1))—
B=0

N

— 3G (88" (x — hB), (2)

B8=0
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where e[ 1() is the characteristic function of the interval [0,1] , d(x) is the Dirac
delta-function, Cy[B] (6 = 0, N) known coefficients and Ci[3], (8 = 0, N) are
the unknown coefficients of the quadrature formula (1), h = +, N € N.

Based on the Cauchy-Schwarz inequality, the error of the quadrature formula
(1) is estimated by the product of the norm of the error functional ¢y(z) from
the conjugate space Lgm)*((), 1) and the norm of the function ¢(x) from the space
Lm0, 1).

(Ex ol <l elZs™ |- I e L5 |

The norm of the error functional ¢y (z) depends on the coefficients and nodes
of the quadrature formula (1). Since the error functional ¢x(x) is defined in the

(m)x

space Ly ' (0, 1), it satisfies the following conditions:
(Iy,z%) =0, a=0,1,2,...m—1. (3)

As emphasized by the Cauchy-Schwarz inequality mentioned above, the error
of the quadrature formula (1) is estimated by the norm of the error functional (2).
Furthermore, the norm of the error functional depends on the nodal points and
the coefficients C1[f], B = 0, N. We find the minimum of the norm of the error
functional only through the coefficients C;[3], 8 = 0, N when the nodal points
are fixed

ZN‘Lém)*(O, 1)” — inf HKN)Lgm)*(O, 1)H . (4)
AT

To find the general form of the norm of the error functional ¢y, we utilize the
extremal function. A 1), function corresponding to the error functional ¢y, which
transforms the Cauchy-Schwarz inequality into an equality, i.e., satisfying the
following equality, is called an extremal function

(v, e) =1 el - | Pell -

Using the Riesz theorem on the general form of a linear continuous functional, we
obtain the following differential equation:

PP (@) = (1) Uy (). (5)

The following holds.

Theorem 1. The generalized solution of equation (5) is an extremal function
corresponding to the error functional, which is expressed as follows:

po(x) = (=1)"x(x) % Gm(x) + P (2),

where G, (x) = %, P,,_1(z) is a polynomial of degree m — 1.
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Nochiziqli dielektrik muhitda yuqori quvvatli lazer nurlari ta’sirida
0‘z -o‘zini fokuslash effektini matematik modellashtirish
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Nochizigli dielektrik muhit tashqi elektr maydon ta’sirida qutblanish
(polarizatsiyalanish jarayoni) elektr maydon kuchiga chizigli proporsional
bo‘lmaydi, balki yuqori tartibli hadlar bilan bog‘liq bo‘ladi.

Oddiy (chizigli) dielektriklarda qutublanish vektori quyidagi formulaga bogliq.

P =eE,

bu yerda P - qutblanish vektori, y") - chiziqli dielektrik sezgirlik, E - elektr
maydon.
Nochiziqli dielektriklarda esa:

P=c(xXWE+xPE*+x®E +...),

bu yerda x®, v kabi koeffitsientlar nochiziqli sezgirlik deb ataladi. Ular
mavjud bo‘lganda turli nochizigli optik hodisalar kuzatiladi. Bunday nochiziqli
dielektrik mubhitlar ko‘pincha nochizigli optika sohasida qo‘llaniladi. Ularning
amaliy ahamiyati juda katta bo‘lib, ular quyidagi magsadlarda ko‘plab ishlatiladi:

e Superkontinuum hosil qilish: Lazer tolada o‘z-o‘zidan fokuslansa, turli
chastotalar aralashadi, — keng spektrli oq nur hosil bo‘ladi. Bu spektral
analizatorlar biotibbiyotda ishlatiladi.

e Ultragisqa impuls hosil gilish: Femtosekund (1071 s) impulsli lazerlar uchun
zarur. Tez elektronika va kvant texnologiyalarida qo‘llanadi.

e Optik kommutatsiya va modulyatsiya: Optik tolalarda signalni boshqarish
uchun ishlatiladi.
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e Lazerli mikronishonlash: Materiallarni lazer bilan kesish, yozish yoki
teshishda nur fokuslanishi natijasida energiya kichik joyga to‘planadi.

e Zarrachalar tezlatgichi: o‘z-o‘zidan fokuslangan lazer yordamida plazmada
elektronlarni juda yuqori energiyalargacha tezlatish mumkin.

Bunday nochiziqli dielektriklardan yuqori quvvatli lazer nuri o‘tganda o‘z-o‘zini
fokuslash yuz beradi. Buning sababi nochizigli muhitda sindirish ko‘rsatkichi n
elektr maydon kuchiga yoki intensivlikka bog‘liq bo‘ladi va bu ifoda Kerr effekti
deyiladi:

n(l) =ng+nol(r, 2),

bu yerda: ng - oddiy (chizigli) sindirish ko‘rsatkichi, ny - nochizigli sindirish
koeffitsiyenti yoki Kerr ko‘rsatkich deyiladi. Agar no > 0 bo‘lsa lazer nuri o‘tganda
0‘z-0'zini fokuslaydi. Agar no < 0 bo‘lsa, lazer nuri o‘tganda nur yoyilib ketadi. I

- lager nuri intensivligi.
210
o8
02
00

Yuqori quvvath lazer nuri nochizigli dielektrik muhitdan o‘tganda o‘z-o‘zini
fokuslashi nur parametrlari va muhit xossalari bilan chambarchas bog‘liq. Lazer
nurining boshlang‘ich radiusi (yoki diametri) wy katta bo‘lsa — fokuslash
uchun uzoqroq masofa kerak bo‘ladi. Agar nur radiusi (yoki diametri) juda
tor bo‘lsa — o‘z-o‘zini fokuslash tezroq sodir bo‘ladi. Ushbu maqolada yuqori
quvvatli lazer nuri nochizigli dielektrik muhitdan o‘tganda o‘z-o‘zini fokuslash

Initial intensity (W/m~2)

200200

jarayonini yuzaga kelishi o‘rganiladi. Bunda jarayonni matimatik tenglamalar
asosida modellashtirib o‘rganish imkoniyatlari haqida so‘z yuritiladi. Odatda o‘z-
o‘zini fokuslash boshlanadigan masofa kritik masofa bilan aniglanadi:

0, 3677w}
A/P/P., — 0,852’

Zsp =

P - lazer nuri quvvati, P.. - kritik quvvat, ya'ni fokuslash boshlanishi uchun
minimal quvvat.
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Kritik quvvat:

9 150
P~ 0, 148\ | :
non2
bu yerda A - lazer to‘lgin uzunligi, ng -
- muhitning sindirish ko‘rsatkichi, ns :
- nochiziqli sindirish koeffitsiyenti yoki P
Kerr ko‘rsatkichi. Demak nur qaysi 200

=200 -100 0 100
X (pm)

Final intensity at z = 1.139e-02 m 1el6

3
i-‘

<

3E

2

0
Puc. 3: *

1-Rasm. Yuqori quvvatli lazer nurining
fokuslanishi: a) diametri katta; b)
diametri kichik.

2

y (um}
(W

masofada va qanday diametrgacha
kichiklashishi quyidagi omillarga Puc. 2: (rasm b).
bog‘liq:
1. Boshlang‘ich nur diametri wy - katta
bo‘lsa, fokus uzoqda; kichik bo‘lsa,
tezroq.
2. To'lgin uzunligi A - qisqa to‘lgin
uzunligi — u kichik bo‘lsa nur kuchliroq fokuslash.
3. Nur quvvati P - katta quvvat — tezroq va kuchliroq fokuslash.
4. Muhitning nochiziqgligi (ns) - ny katta bo‘lsa — tez fokuslash.
5. Muhitning dispersiya va so‘nishi - real muhitda nur so‘nadi, bu fokuslash
masofasini uzaytirishi mumkin.

Yuqori quvvatli lazer nurini ifodalovchi matematik tenglamalarni Python
dasturiga kiritib, yuqori quvvatli lazer nurining parametrlarni o‘zgartirib
fokuslanish diametrini kichiklashtirish mumkin. (1-Rasm a va b) ga qarang.
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We consider an approximation formula of the following form

N m-2

o) = Po(a) = 3 3 Coal@)p@(@s) + Y Comar(@)e™ V(ag). (1)

B=0 a=0 B=0
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The functions ¢ belong to the Sobolev space L;m>(0, 1). Here, Lgm)(O, 1) is
the Hilbert space of functions that are square integrable with m-th generalized
derivative in the interval [0,1]. The space is equipped with the norm

ol o \/ [ G

Let agrid A: 0 =29 <x; <...<zy =1 be given on the interval [0,1].
The error associated with the approximate equality (2) takes the form of a
difference expressed as

(Ry(w,2),0) = p(x) — Py(x), (2)
where
N m-—1
Ry(z,2) =6(z —2) = Y > (—1)*Chalz) - 6 (x — xp) (3)
5=0 a=0

is the error functional.
Assume that on this grid, the following values of the function and its derivatives
up to (m — 1) are given:

(ws), ¢ (), " Dag), B=0,1,...,N. (4)

In this work, we consider the problem of optimal interpolation of functions
@(x) given by values (4) at points x3, 5 =0,1,..., N in the space Lém)((), 1).

According to the Cauchy-Schwarz inequality, the upper bound of the error
looks like this:

(R, o) = [p(x) — Pp(z)| < ||R<pHLém)* : H(p|‘Lém). (5)

And the error functional satisfies the equalities
(Ry,2") =0, k=0,1,...m— 1.

In order to construct an optimal interpolation formula, we first compute the
norm of the error functional when the coefficients corresponding to derivatives up
to order m — 2 are known. The task is to find the coefficients corresponding to
the highest derivative that minimize this norm. These minimizing coefficients are
called the optimal coefficients.

To determine the norm of the error functional, we use the extremal function
associated with the interpolation error. According to the Riesz representation
theorem, the square of the norm of the error functional is equal to the value of
the error functional applied to its extremal function. This shows that the norm
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depends on both the interpolation nodes and the coefficients, including those of
the highest derivative.

To determine the unknown coefficients, we require that the error functional
vanishes when applied to a polynomial of degree m — 1. This leads to a constraint
relation involving all coefficients. The problem is then reduced to finding the
minimum value of the norm subject to this constraint.

For this purpose, we construct a Lagrange function combining the norm and the
constraint with a Lagrange multiplier. Taking partial derivatives of this function
with respect to the unknown coefficients and the multiplier, and setting them to
zero, leads to a system of linear equations.

We have the following result.

Theorem 1. In the Sobolev space Lgm)(O, 1) system of equations for the
coefficients of the optimal interpolation formula with derivative have the following
form

2
v=0
N m—1 N m-—2 m—1—«a
z g
2 Cma=r— = Coa
= (m—1) = (m—1-a)
where
Al sgn(xg — x,)(xg — )"
— _1 m _1 aC N g Ly B Ly
f(xﬂaz) ( ) ; a:0< ) Y5 2(m . Oé)' +

+(_1)m18gn($ﬁ — Z)(xﬂ — Z)m.
2-m)!
The system of linear equations obtained above is solved using the method
proposed by Sobolev, based on the discrete analogue of the differential operator,
and the analytical representation of the coefficients Cjp,, is derived.
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Solution of ordinary second-order differential equations using neural
network methods based on orthogonal polynomials
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Currently, artificial neural networks have been widely developed in connection
with various applications [1]. One of such applications is the method for solving
ordinary differential equations (ODE) [2]. To solve ODE, neural networks with
different structures are used. In particular, these can be networks with a
multilayer structure, for example, the perceptron model (MLP) [3] or the physical
information neural network (PINN) [4], or they can be single-layer networks based
on the principle of functional connectivity (FLANN) [5].

In the article [5], a single-layer FLANN model was presented, in which
the number of network parameters and the number of iterations for training
are less than that of MLP. In FLANN, the hidden layer was replaced by
a functional expansion block to improve the input patterns using orthogonal
polynomials such as Chebyshev, Legendre, etc. Thus, the single-layer FLANN
model is computationally efficient and has a higher convergence rate. The artificial
neural network FLANN based on the functional connections of the Chebyshev
polynomials (ChNN) and the Legendre polynomials (LeNN) is widely used to
solve ordinary differential equations [6-8].

However, there are currently no works on their joint application or comparison
of results. In addition, the neural network based on the Laguerre polynomials
(LaNN) has not yet been used to solve ordinary differential equations. Therefore,
this paper studies the operation of the ChNN, LeNN, LaNN family of neural
networks using specific examples - solving the Cauchy problem

2
y' (z) + =y () +4 (2611@ + ey(mm) =0, (1)
T
y (x0) =y (x9) = 0,2, 29 € [0.1,1] (2)
and the boundary value problem
y(0.1) =0,y (1) = —2log2,z € [0.1,1]. (3)

for the second-order nonlinear ordinary differential equation Lane-Emden for
which the exact solution is known [6], [9].

The results of solving problems (1), (2) and (1), (3) using a family of polynomial
neural networks (accuracy and execution time of the algorithm) were compared
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with the work of a multilayer neural network MLP. It was shown that polynomial
neural networks can work more efficiently than the neural network MLP.

All algorithms were implemented in the Python programming language in the
PyCharm environment.

The work was carried out within the framework of the state assignment of IKIR
FEB RAS No. 124012300245-2.
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Nochiziqli chegaraviy shartlarga ega reaksiya-diffuziya masalasining
avtomodel yechimi asimptotikasi
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Ushbu maqolada nochiziqli chegaraviy shartlarga ega divergent ko’rinishdagi
parabolik tenglamalar sistemasi orqali ifodalanuvchi

(‘3ui
ot

nochiziqli chegaraviy shartlar
(u'),(0,8) =i (0,8), (i=1,2,...k),

Upt1 = U1, Qe1 = q1, 0<t<T, (2)

(1=1,2,...0k), >0,0<t<T, (1)

uzluksiz, manfiy bosI ' Ylmagan boshlangsl Uich shartlarga ega

uwi(z,0) = upi(z), (1=1,2,...,k), x>0, (3)

reaksiya-diffuziya masalasini qaraymiz, bu yerda p; > 1, ¢; >0, (1 = 1,2,... k)
berilgan sonli parametrlar hisoblanadi.

(1)-(3) mnochizigli reaksiya-diffuziya sistemasi fan va texnikaning turli
sohalaridagi amaliy masalalarda keng uchraydi. Jumladan, kimyoviy reaksiyalar,
issiglik tarqalishi yoki populyatsiya dinamikasi kabi jarayonlarni matematik
modellashtirishda qo’llaniladi [1-10].

Biz yuqoridagi (1)-(3) masalani yechimini quyidagi kosI Yrinishda qidiramiz:

wi(z,t) = (T +1)" Y (&),

bu yerda & = o(T +¢) N, z = (Té")_A
Ushbu ifodani (1)-(3) ga qo’yish orqali hisoblashlarni amalga oshiriladi.

Natijada quyidagi avtomodel ko'rinishga kelamiz:

d (dgpﬁ?

it

& \ dg

)"'052901(52)4_)\& 5 =0

(%) 0.0 =i 0 ()
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N L/ (pi—1) _ :
“Z) bo’lsin, u holda (4) masalaning

bi ) _
kompakt yurituvchili (compact support) yechimi quydagi asimptotikaga ega:

pi(r) =2 (&) (1 +0(1))

bu yerda 7 (&) = (ar — bi€2)" 7, a; > 0, b = ZEUN > 0, g = (0,9) @ (&)-
yuqorida aniqlangan funksiya.

Teorema 1. Faraz qilaylik & — <
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The role of mathematical modeling in clinical decision-making and
public health policy
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Over the last decades, mathematical modeling has become one of the central
approaches in modern medicine, physiology, and public health. By integrating
diverse datasets and revealing hidden patterns, mathematical models support
clinical decision-making and help policymakers optimize strategies for disease
prevention and treatment. Historically, the systematic use of mathematical
methods in medicine dates to the 19th century. In the 21st century, however,
the field has undergone a transformation due to the rise of big data, advanced
computational technologies, and the integration of machine learning into clinical
practice. The aim of this article is to provide an extended review of mathematical
modeling applications in medicine and public health, with emphasis on case
studies from Uzbekistan, Russia, and international research.

Background and Literature Review The importance of mathematical
modeling is reflected in a wide range of studies Rabbimova et al. (2017)
focused on predicting the incidence of cutaneous leishmaniasis in Uzbekistan,
which remains a pressing epidemiological issue. Internationally, Volodin et al.
(2021) emphasized mathematical modeling as a vital instrument for managing
public health problems, ranging from epidemic forecasting to chronic disease
management. More recently, Shutova et al. (2024) developed practical models for
intraocular pressure prediction during cataract surgery, the diagnosis of diabetic
retinopathy using capillaroscopy, and mortality risk assessment for COVID-19
associated pneumonia. Together, these studies highlight the growing role of
quantitative methods in both research and practice.

Case 1. Prediction of intraocular pressure (IOP) during cataract surgery:

IOP = —21.940 + 8.082X; + 4.244X, 4 2.800X3

where X7 — lens thickness; Xs — anterior chamber depth; X3 — hypoechogenic
layer thickness.

Case 2. Logistic regression model for diabetic retinopathy (DR):

p=1/(1+e"%)) 2 =—-2288+3.797X; + 2.139X, — 0.268 X3

where X7, X5, and X3 are binary indicators representing threshold values for
arterial blood flow, venous blood flow, and capillary density.

Case 3. Prediction of mortality probability in COVID-19-associated
pneumonia:
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p=1/(1+¢e)) x 100, z = 41.477 — 0.951.X; + 24.081X, — 0.493X;

where X7 — ferritin concentration in blood; Xy — neutrophil coefficient; X3
— oxygen saturation (SpOs). Mathematical modeling has been successfully used
to address local and global health challenges. In Uzbekistan, predictive models
of leishmaniasis are used to plan preventive measures in endemic regions. In
ophthalmology, mathematical models assist in predicting surgical outcomes and
early detection of complications. Internationally, during the COVID-19 pandemic,
mathematical modeling became indispensable in resource allocation, estimation
of intensive care unit (ICU) demand, and development of vaccination strategies.
Beyond infectious diseases, modeling has also been applied to chronic conditions
such as diabetes, cardiovascular diseases, and cancer, enabling early diagnosis and
personalized treatment planning.

Discussion The strengths of mathematical modeling lie in its predictive power,
its ability to integrate heterogeneous data, and its potential to provide actionable
insights for healthcare systems. Predictive models enable healthcare providers
to assess risks before critical events occur, while policymakers can evaluate
the effectiveness of interventions before implementation. Nevertheless, there are
limitations: the accuracy of models depends heavily on the quality of input data,
assumptions underlying the mathematical structure, and the interpretability of
the results by clinicians. Interdisciplinary collaboration between mathematicians,
physicians, and computer scientists is essential to overcome these challenges. An
important frontier is the integration of artificial intelligence (AI) and machine
learning into mathematical modeling. While classical models rely on predefined
equations, Al methods can adaptively learn patterns from data, offering a new
level of precision and personalization. Digital epidemiology, powered by real-
time data from electronic health records and mobile devices, represents another
promising area where mathematical modeling can transform healthcare practices.
Future developments will likely combine traditional modeling techniques with Al-
based approaches to create hybrid systems for predictive medicine.

Conclusion Mathematical modeling has proven itself as a powerful and
versatile instrument in medicine and public health. From predicting intraocular
pressure during cataract surgery to assessing mortality risk in COVID-19 patients,
the application of mathematical models demonstrates both scientific depth and
clinical relevance. The examples reviewed here emphasize the critical role of
modeling not only in research but also in practical healthcare management. The
future of mathematical modeling will be closely tied to big data integration,
the use of artificial intelligence, and stronger cooperation between healthcare
institutions and researchers. Such advancements will increase the accuracy of
predictions, improve diagnostics, and support evidence-based policymaking in
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global health.
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Let us consider forced oscillations of the fractional van der Pol-Airy oscillator
[1]:
1 A(az? (t) +b
—— g (t) + ( P )6gtx (t)+ctx (t) = dcos (pt) ,x (0) = 20,y (0) = yp.
(1)

The fractional differentiation operators in equation (1) are understood in the
Gerasimov-Caputo sense of orders 1 < a < 2and 0 < 5 <1 [2,3]:

t

t
T)dr
80t37( 2_&/ a 1’80% ( /t
0

0

where I' (+) is the Euler gamma function.

If in equation (1) we take ¢ = 6§ = 1,5 = 0, then we arrive at the results
obtained in the article of the authors [4]. In the case when a@ = 2, 5 = 1 we arrive
at the classical Van der Pol-Airy oscillator. In the case when in (1) A = 0 we
arrive at the fractional Airy oscillator, which was studied in the article [5]. The
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tool for studying the fractional van der Pol-Airy oscillator (1) is the following
nonlocal explicit finite-difference scheme of the first order of accuracy:

r.%'():Cl,
.iL’lzCl—l-TCg,yo:CQ,
2A—|—)\(axz—b)B—7k A

Tht = A+ N(azi —b) B Tk A+)\(ax%—b)3xk_l_
, k=1 k=1
AN W (= 2+ 2 y1) A (ad —b) BY, W) (mji — )
J=1 j=1
A+ X(ax? —b)B A+ X(ax2 —b)B
d cos (kTy)

k=1,..,N—1.

\ +A+/\(a:c%—b)B’
B . 2)
T T o . 2~ 9oy
92—ar(3—a)’B T T (2-p) " T (G+1)" =) =
G+ =7

The paper proves the stability and convergence theorems of the numerical
scheme (2). It is shown that the scheme converges conditionally and is stable with
the first order.

The work was carried out within the framework of the framework agreement on
cooperation between IKIR FEB RAS and the National University of Uzbekistan
named after Mirzo Ulugbek (Tashkent, Uzbekistan) No. 1118 dated 04.28.2022
(0468,/01/22 NTMI) (2022-2027) in physical and mathematical sciences and State
assignment of IKIR FEB RAS No. 124012300245-2.

where A =
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Optimal implicit difference formulas of Adams-Moulton type in the
Hilbert space W2(2’1)
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We consider the problem of approximate solution to the first order ordinary
differential equation

y' = f(zy), = €[0,1] (1)
with the initial condition
y(0) = vo. (2)
We assume that f(z,y) is a suitable function and the differential equation (1)
with the initial condition (2) has a unique solution on the interval [0, 1].

In order to find the approximate solution of problem (1)-(2), we consider a
difference formula of the form (see, for example, [1])

> " ClBlels] —h Y CIBl 8] =0, (3)
p=0 B=0

where h = %, N is a natural number, C[] and C1[3] are the coefficients, functions
¢ belong to the Hilbert space W2(2’1)(0, 1). The space W2(2’1)(0, 1) is defined as
follows

W2(2’1)(0, 1) ={p:[0,1] — R|¢" is abs.contunuous, ¢” € Ly(0,1)}

equipped with the norm

H90|W2(2’1)H = {/ (cp"(a:) + @'(x))Qda:}l/Z.

The following difference between the sums given in the formula (3) is called the
error of the difference formula

k

(60) = ClBle (hB) — Y _Cr[Bl¢' (hB). (4)
B=0

5=0
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To this error (4) corresponds the error functional

k k
Uz) = C[Blo(x —hB)+ N> C1[Blo'(x — hB),
p=0 B=0

where 0(x) is Dirac’s delta-function. We note that (¢, ) is the value of the error
functional ¢ at a function ¢ and it is defined as [2]

(0.9]

(4, ) = /ﬁ(az)gp(az)dx.

—0o0

For construction of Adams-Moulton type formula we consider the case
Clk]=—Clk—1] =1, and Clk —i] =0, i=2,k.
In the present work we have the following result.

Theorem 1. In the Hilbert space W2(2’1)(0, 1) there ezists a unique optimal

implicit  difference  formula of Adams-Moulton type, whose coefficients are
determined by formulas

1 for B =k,
cl =4 =1 for B=k—1,
0 for B=0,k—2,
o i for =k,
01[5] - h(eghj_ll) for B=k-1,
0 for B6=0k—2

Consequently, the optimal implicit difference formula in W2(2’1)(0, 1) has the
form

el —1 , ,
Ptk = Pn+k-1 T eh 1 (P + Prrrr)
where n =0,1,.... N — k, k> 1.
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Consider the following exponentially weighted quadrature formula

1
/ 27rzwa: dCL‘ ~ Z Cﬁ@ hﬁ (1)
0

8=0

with error functional
N
((x) = ™ e y(z) = Y Cpd(x — hp), (2)
£5=0

Where C are the coefficients of formula (1), h = 1/N, N is a natural number,

= —1,w € Z, w # 0, gpy(x) is the characteristic function of the interval

[O 1| and §(z) is the Dirac’s delta function, ¢(z) belongs to the Hilbert space
WQ(m’O)(O, 1). The norm of functions in this space is defined as follows
1 2

ez o] = | [ (¢ @) + pa)ite) da| @

0

where 9 is the conjugate function to the function .
The next difference between the integral and the quadrature sum
1

o) = [ oe)is =" Cap(h) - ]O o)plo)ds  (4)

0 p=0 —00

is called the error of the exponentially weighted quadrature formula (1). The error
of formula (1) is a linear functional in the space Wi"™”%(0, 1), where Wi™"*(0, 1)
is the conjugate space to the space WQ(m’O)(O, 1).
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The problem of constructing optimal exponentially weighted quadrature
formulas in the space WQ(m’O) (0,1) is the calculation of the following value:

= inf sup (£ 0)l : (5)

HZ |W2(m,0)*
%|wﬁHmeW

Therefore, to construct an optimal quadrature formula of the form (1) in the space

Wg(m’o)((), 1), we need to solve the following problems.
Problem 1. Find the norm of the error functional ¢ of the quadrature formula
(1) in the space W;m’o)*(O, 1).

Problem 2. Find the coeflicients Co’ﬂ satisfying equality (5).

Now we are solving the first part of this problem, i.e. calculating the norm of
the error functional ¢. For this, we use the concept of the extremal function of the
error functional ¢, introduced by S.L. Sobolev [1].

The function v, for which the equality

(6 0) = |awim

Jowie].

is called the extremal function of the error functional /.

The following holds

Theorem 1. The extremal function v, of the error functional ¢ of the optimal
exponentially weighted quadrature formula (1) has the form:

Yo(x) = (=1)"0(x) * Gp(x) + You(2),

where
Gin(z) =
signr v o =17 (k-1 7\ (2k—-1)nx
=5 -;[(1—771)6 " cos(xsm(T +T +
2 cos 2= ( , ((Qk —1) 7T> 2m - (2k — 1))]
+xe m cos | xsin +
m m
and N
Yi(z)=") " I
k=1

[rcos (i (220 ) i (s (2227))].

m~— is an even natural number, /(x)— conjugate to £(z).
The proof of the Theorem 1 is given in the paper [2].

LITERATURE
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In numerical analysis, the construction of optimal quadrature formulas plays a
crucial role in approximating definite integrals with high accuracy. Particularly,
quadrature formulas that are optimal in the sense of Sard minimize the norm
of the error functional in appropriate function spaces, such as Sobolev spaces.
Numerical integration is a fundamental problem in applied mathematics, where
the goal is to approximate the value of definite integrals with high accuracy.
Quadrature formulas serve as practical tools for this purpose by replacing integrals
with weighted sums of function values and their derivatives at certain nodes. The
concept of optimality in quadrature formulas, especially in the sense of Sard,
involves minimizing the norm of the error functional in an appropriate function
space, such as Sobolev spaces.

This study focuses on the Sobolev space Lg)(a, b), which consists of functions
with square-integrable second derivatives. In this space, we construct a unique
quadrature formula of the form

/ f@)g(@)de =" Agf(xe) + Y Awf'(xr) + Ral(f),

where g(z) is a given weight function, z; are nodes, and R, (f) is the remainder
term.

Unlike previous works where nodes [x_1, x| were arbitrarily placed, here we
impose a uniform partition:

rr=a-+kh, k=0,1,...,n,

with step size h = I’_Ta This uniformity enables us to derive explicit closed-form

expressions for the coefficients Ag, and Ajy.

Theorem. In the space Lg)(a, b) for each fixed positive integer n , there is a
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unique quadrature formula that is optimal in the sense of Sard of the form

[ H@gt@)s = 3" At + Y0 Anf ) + Rul)

with coefficients

48 1
A = —h§
00 35
48Nz [ s .
Aok = 105 {k (7 —4k) +(k —1)2(3 + 4@}
4803 s ;
+_m5[%+1V@_4@4%47+Mﬂak:L2wwn—1
1 4 % 5 ;
A =200 =B [0 1334 am) —nian = )] E = 1,2 =
16 3
A = h2
07 705

=

48(a + kh
Ay = — (
105

M|

)M[w+¢)@—4m+ka7+ﬂﬂ

16h2 5
—uTa;lkk+&U2U2ka—%12k%z—£kp—3kh——h)—

~kE (12K + 14h + 12ak + 21a + 27kh)
A8h: [ 5 5
k(7 — 4 —1)3(3+4
o (KT = 4k) + (k= 1)F(3 + 4k)]
16h2 T 5
—— |k2(12k*h — 2 14h — 21a — 44ak)| .
o [k (12k2h — 27kh + 14h — 21a akﬂ
—(k — 1)3(12ak + 12k%h + 9a + 9kh — h)

4 3

Aln = —g(nh) 2
16h2 [ 5,

+ 0 Pﬂ(lZn h+ 14h — 4dan — 21a — 2Tnh)—

48(a + nh)h
105

o=
ot

_|_

n

w—4m-4n—n%3—mﬂ

—(n — 1)%(12an +9a + 12n*h + 3nh — h)}

for fixed z, = a+ kh, kK =0, 1, ...,n nodes satisfying the inequality a = x¢ <
r<..<z,=>b.
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The explicit construction of the coefficients of the optimal quadrature formula
in the uniform grid setting allows practical implementation for numerical
integration in LéQ)(a, b). The results obtained here generalize previous work by
specifying the node distribution and providing concrete formulas, which enhance

both the theoretical understanding and computational efficiency.
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In this paper, we investigate the properties of a delayed logistic mapping, which
extends the classical logistic map by incorporating a two-step dependence. The
mapping under consideration is defined as

Ly = )\xn—l(l - xn—2)a

where A is the control parameter. We define and analyze fixed points, periodic
points, and their stability conditions. We prove that the mapping has two fixed
points and establish the stability criteria for these points based on the eigenvalues
of the Jacobian matrix. Our findings include conditions under which the system
exhibits periodic trajectories and transitions to chaotic behavior. Specifically, we
demonstrate that for A > %, the system exhibits chaotic dynamics, whereas for
g <A< %, periodic trajectories emerge. Furthermore, we prove that the mapping
does not admit attracting periodic points of period two and three, providing
insight into the underlying dynamical behavior. Our study also explores the
connection between the mapping and the Julia and Fatou sets, offering a deeper
understanding of its topological properties. These results contribute to the broader
understanding of delayed dynamical systems and their complex behavior under
varying parameter conditions.

The exploration of the dynamics of the function x — Az(1—x) on the real line,
along with its various extensions, has been the focus of numerous studies since the
pioneering works of R.N. Ganokhodzhaev, Sh.J. Seytov, D.B. Eshmamatova [1],
|2]. Initially, Von Neumann and Ulam examined the one-dimensional version of
this problem using real variables, and with the advent of computers, the behavior
of the trajectories was found to be chaotic. In the present work, we investigate
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the generalized setting. In this paper we investigate the delayed logistic mapping
as
Ty = ATp_1(1 — 2,_9).

We analyze the discrete dynamical system given by the recurrence relation:
Tp = ACp_1(1 — z,_9). (1)

Theorem 1: The fixed point 1 — % is stable for 1 < A < % and unstable for
A> 2

Theorem 2: The mapping (1) has periodic orbits for % <A< %

Theorem 3: The mapping (1) has chaotic orbits for A > 2.

Theorem 4: (1) The logistic map does not have the attractive periodic points
with periods 2 and 3.
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Kasr tartibli integrallarni taqribiy hisoblash uchun optimal kvadratur
formulalar qurish

Toshboyev O. N.
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Hozirgi kunda kasr tartibli integral va hosilalarning, ya’ni umumlashgan
Abel integral tenglamasining amaliy ahamiyatini ta’kidlash zarur. Abelning
mashhur tautoxron muammosidan keyin [1|, bu muammoning yechimi birinchi
marta Liouville [2] tomonidan geometriya, fizika va mexanika masalalariga
qo’llanilgan. So‘nggi yillarda kasr tartibli integral tenglamalarni, differensial
tenglamalar, integral tenglamalar, tabiiy jarayonlarni tavsiflovchi matematik
modellar sifatida qaralgan. Bunday tenglamalar yechimlarining turli fazolarda
mavjudligi va o'ziga xosligi keng o’rganiladi. Biroq, aksariyat hollarda bu
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tenglamalarning analitik yechimini topish qiyin. Shuning uchun kasr integral
tenglamalar, integrodifferensial va differentsial tenglamalarni taqribiy yechishning
yangi samarali usullarini ishlab chigish muhim ahamiyatga ega. Shuni ta’kidlash
kerakki, Sobolev va H.M. Shodimetov tomonidan panjara kvadratur va kubatura
formulalarini optimallashtirish masalalari ko‘rib chiqilgan. [3]| ishda L;l)(t,l)
fazoda optimal kvadratur formulaning xatolik funksional normasining kvadrati
hisoblangan.
Ushbu ishda quyidagi kvadratur formulani ko’rib chiqaylik

N

[ B =Y e+ ClaFB e ).
t T — B=0

va shunga ko’ra, uning xatolik funksionali

€(x):(x_t ZC (x — xp) ZC’ "(x — xp), (2)

bu yerda 0 < ¢ < 1,0[5]-k06fﬁ51entlar va Tg = (hﬁ + t)(€ [t,1]) - kvadratur
formulaning tugunlari, N-natural son, e y(z) — [t,1] kesmaning xarakteristik

112

funksiyasi, 0 -Dirakning delta funksiyasi, ¢ — LgQ)(t, 1) fazoga tegishli funksiya.

Bu yerda Lg)(t, 1) Sobolev fazosi bo’lib, 1-tartibli umumlashgan hosilasi
kvadrati bilan jamlanuvchi funksiyalar fazosidir. Bu fazoda funksiyaning normasi
quyidagicha kiritiladi

lo 1 L2 )| - {/tl (go”(:z:))2dg;}é,

Lg)(t, 1) fazoda aniglangan (2) funksional uchun quyidagi shartlarni bajarishi
zarur

(,z*) =0, a=01, (3)

Shunday qilib, (1) ko'rinishidagi kvadratur formulalari mavjudligi uchun N > 1
sharti bajarilishi kerak.

Shuni ta’kidlash kerakki, ¢(z) xatolik funksionali normasini tugun nuqtalarni
fiksirlagan holda minimallashtirish Sard masalasi deb ataladi va olingan formula
Sard ma’nosidagi optimal kvadratur formula deb ataladi. Birinchi marta bu
masala A. Sard tomonidan o’rganilgan.

Teorema 1. LéQ)(t, 1) fazoda (1) kvadratur formula normasining kvadrati teng
tagsimlangan tugunlarda quyidagr shaklga ega

o
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N p ©) () ) (1 o t)QCH-Qm—l
—2 )" ey fl : 4
;;( )G ($5)+2(0z+2m—1)!(20¢+2m—1) (4)

Biz yuqoridagi teoremani o’rganib chiqdik va uni Koshi tipidagi singullyar
integrallarni taqribiy sonli hisoblashga tadbiq qildik.
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Weighted optimal quadrature formulas with derivatives
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An important practical goal of computational mathematics is to create the
best, i.e. the fastest and cheapest ways to solve mathematical problems. In other
words, optimization of computational algorithms. Optimization of computational
algorithms is well demonstrated by examples of constructing cubature and
quadrature formulas on a functional statement.

Let us consider the following theorem [1].

Theorem 1. In the Sobolev space, the following quadrature formula is an
optimal quadrature formula

/ p@)pla)da

—_

112

Y et w),

N m—
B=0 v



MaTemaTndeckas ¢u3MKa UM CMEXHHE BOIPOCH COBPEMEHHOTO aHamu3a, Byxapa-2025 89

where
&) = D (1M R - Fo]),
8*(k) 18] = (—1)*h ' [Fi[B — 1] — 2 (8] + Fy[B + 1],
&y = Py (1) h BN 1] - BN

Here p(x) is a weight function, ¢(x) is a function from Lgm)(O, 1), x3 = Bh(fS =
0, N), h is the grid step, Clék) are coefficients of the quadrature formula.

From Theorem 1, after some simplifications, we obtain the following results in
the spaces L;l), L;Q), L;B).

Theorem 2. In the Sobolev space L;l)(O, 1), the following quadrature formula
is the optimal quadrature formula

[[rortoie=3 et

where

Theorem 3. In the Sobolev space Lg) (0,1) the optimal quadrature formula
is the following formula

[ serptoras =3 (60 m,) + C0w).
0 5=0

where
o (1) h_l

h
¢ =" / p()(h — x)d,

o (1) Bl ph(3+)
C 1) = /h( p()[( — hB)sign(z — hB) + hiz — hB))dz

& N =" /1_hp(x)(sc 4R — da
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Theorem 4. The optimal coefficients C?)[3] of the quadrature formula of the
form

N

1
/0 p(@)p(@)de =Y~ (CPeO (ws) + C e D(@y) + CF e (ay))
8=0

in the space L3(0,1) are determined by the formulas

o (2) 1 4k
0= [ pla)h = o)a(2e — by,

o (2) Bl ph(B+1)
& =" / p()[(2(z—hB)*+h2(x—hB))sign(hf—z)+3h(x—hB)]dz,

o (2) Sl
C [N]= }1—2/1hp(x)(x— 1+ h)(z—1)2x+ h—1)dz.

Here the coefficients C”)[3] and CV)[3] are defined in Theorems 2 and 3.
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Compact finite difference schemes for one-dimensional and
two-dimensional quasilinear equations

Utebaev B. D.

Karakalpak state university named after Berdakh, Nukus, Uzbekistan;
bakhadir1992@Qgmail.com

The report is devoted to new algorithms of the fourth order of approximation,
preserving the property of conservatism for one-dimensional and two-dimensional
stationary quasilinear reaction-diffusion equations. A priori estimates of the
difference solution in the nonlinear case for a one-dimensional quasilinear equation
are obtained based on the established two-sided estimates of the grid solution. The
undoubted advantages of the proposed difference schemes are: sufficient simplicity
of the algorithm during their implementation, monotonicity and conservatism.
It should also be noted that the difference scheme should reflect the main
properties of a continuous medium. Therefore, it is natural to require that the
difference analogs of the main conservation laws valid for the original continuous
mathematical model are fulfilled in the scheme first of all. Difference schemes with
this property are called conservative.
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The importance of the requirement for the conservatism of the scheme was
noted in the early 1950s by A.N. Tikhonov and A.A. Samarskii [1|. They proposed
an integro-interpolation method for constructing conservative difference schemes
and constructed an example where a non-conservative scheme that ensures the
second order of convergence in the class of sufficiently smooth coefficients diverges
in the class of discontinuous coefficients |2]. Thus, preserving the properties of
conservatism is a necessary condition for the convergence of a difference solution
to an exact solution of a differential problem in the class of generalized solutions.

For the linearization of the difference schemes proposed in the work, an iterative
method of the Newton-Seidel type is used, preserving the conservatism and
monotonicity of the (s 4+ 1)th iteration. The main idea of implementing these
schemes is based on the possibility of parallelizing the computational process.
First, the solution is found in even nodes, and then in odd ones. The problems
of finding additional boundary conditions at boundary nodes in both one-
dimensional and two-dimensional cases are solved using Newton’s interpolation
polynomial. The presented results of computational experiments demonstrate the
increased order of the constructed algorithms [3].
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Dynamics and applications of the non-Volterra quadratic operator

Yusupov F. A., Eshkabilov A. A.

Tashkent State transport university, Tashkent, Uzbekistan;
farrukhyusupovchambil@mail.ru
alisher.eshqobilov@yandex.com

Put V : "1 — 871 is a quadratic stochastic operator (QSO) [1],

Sn_l — {x = (xl,xQ;---;ajn) € Rn M, 2 O,Z = 1,71,2377; - 1}
=1
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let it be defined in the simplex, namely

(Va), =x, = Z Pjrrixi,i,7=1,n (1)

i.j=1

here P > 0, P 1. = Pj; ;. and, evidently

Y Pix=1, Vk=Tn (2)
k=1

QSO is called a strict non-Volterra operator if the following condition is satisfied:

Pyu=0 for any ke {ij) (3)

Definition 1.[1] If condition (3) is not satisfied only for P ;, i.e., P;; > 0,
then QSO V defined in S" ! is called a quasi-strict non-Volterra operator.

Definition 2.[2] The solution of the equation W (z) = z, Vo € S? is called
the fixed point of the operator, and the set of fixed points is denoted (defined) in
the following way:

Fiz(W)={z € S*: W(x) =z}

Definition 3.|2-4] A hyperbolic fixed point x is said to be
(i) attracting if absolute values of all eigenvalues of the Jacobi matrix J(z) are
less than one;
(ii) repulsive if absolute values of all eigenvalues of the Jacobi matrix J(x) are
greater than one;
(iii) otherwise, it is called a saddle-type fixed point.

Results and Discussion. In this article, we restrict ourselves to the study of
quasi-strictly non-Volterra operators defined in S?, which have the following form

! 2 2 2
' = P71 + Pa1as + Ps3 175 + 2P3 17223,
. ;o 2 2 2
W 2’y = Pi1277 + Paoowy + P33015 + 2P3 01123, (4)
;o 2 2 2
2’3 = P11 307 + Pao sy + Ps3 305 + 2P0 31129,

where assuming
P11 =Py1=PFP1=0a;P12=Pyo=Po=0;P13=Pns=FP3="1
operator (4) can be represented as:

7'y = a(x? + 13 + 23) + w913,
W 2’y = B2} + 23 + 23) + 27123, (5)
a's = y(2? + 23 + 22) + 27129

where a+ 8 +~v=1,a,8,v7 > 0.
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Theorem. If o € [0; %} B € [O; %] .7 € [0;1], then operator (5) has a single
fixed point and the fixed point will be attractor .

Urban transport network modeling: We recommend the following
implementation for operator (5):

H' = o(H?* + M* + B?) +2M B,
W : M' = 3(H* + M? + B?) + 2HB, (6)

B'=~(H? + M? + B?*) + 2HM.
where
(i) H, M, B — three main routes (H—highways, M— metro lines, B— bus lines);
(i) H? + M? + B?% — the overall load or occupancy level of the transportation
system,;
(i) 2M B,2H B,2H M — passenger flow or pressure from one transport route to
another;
(iv) H', M’', B" — rates of change;
(v) «, 8,7 — internal parameters that affect each part of the system (e.g., road
capacity, passenger numbers, resource availability).
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Dynamics and applications of the non-Volterra cubic operator

Yusupov F.A., Islomova M.N., Bobokulova M.A.

Tashkent State transport university, Tashkent, Uzbekistan;
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Put V : "1 — 8"71 i5 a cubic stochastic operator (CSO) [1],

Sl = {;U:(:cl,mg,...,a:n)ER”:xi>O,i:1,n, xizl}
1
let it be defined in the simplex, namely

n
(Vo) == Y Pyrawiajon,i,jk=1n (1)
1,5,k=1

here Pijr1 > 0, Pijig = Pjirg = Pjrig = Prjig = Priji = Pijy and, evidently

Z Pji=1, Vi=1n (2)
-1

CSO is called a strict non-Volterra operator if the following condition is satisfied:
Pijki =0 for any 1€ {i,j k} (3)

Definition 1.[1] If condition (3) is not satisfied only for Py;;, i.e., Py > 0,
then CSO V defined in S™! is called a quasi-strict non-Volterra operator.

Definition 2.[2] The solution of the equation W (z) = z, Vo € S? is called
the fixed point of the operator, and the set of fixed points is denoted (defined) in
the following way:

Fiz(W)={z € S*: W(x) =z}

Definition 3.[2-4| A hyperbolic fixed point x is said to be
(i) attracting if absolute values of all eigenvalues of the Jacobi matrix J(z) are
less than one;
(ii) repulsive if absolute values of all eigenvalues of the Jacobi matrix J(x) are
greater than one;
(iii) otherwise, it is called a saddle-type fixed point.

Results and Discussion. In this article, we restrict ourselves to the study of
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quasi-strictly non-Volterra operators defined in S?, which have the following form

N 3 3 3 2
' = Pri1,12] + Paoo 1wy + P33g125 + 323317275

+3 P93 17573 + 2Pjo3 1717273,
2’y = Pi11273 + Pagoo®s + Pizgomi + 3Pi13 07373
+3Pi332m175 + 2P123 271 7913,
r'y = P111,3-T§’ + P222,3$§ + P333,333§ + 3P112,313%l‘2
| +3P1o237173 + 2P193 3717923,

where assuming
P111,1 = P222,1 = P333,1 = P111,2 = P222,2 = P333,2 = 5;

Pii13 = Proz = Ps333 = v; Pio31 = a; Piag o = b; Piaz3 = ¢

operator (4) can be represented as:

2’y = ax? + x5 + x3) + w023 + w373 + 20717973,
W vy = B(x3 + 23 + x3) + 3x3x3 + w123 + 2br1 7973, (5)
2’3 = (23 + 23 + 23) + 3xtwy + 31123 + 2cwy 7973,

wherea+8+~v=1La+b+c=1V 0<a,8,v,a,b,c <1.
Urban transport network modeling: We recommend the following
implementation for operator (5):

H' = «a(H?*+ M3+ B%) +3M*B + 3M B? + 2aHM B,
W M' = B(H?+ M? + B*) +3H?B + 3HB? + 2bHM B, (6)
B' =~(H?+ M3+ B3) +3H*M + 3HM?* + 2cHM B.
where
(i) H, M, B — three main routes (H-highways, M— metro lines, B— bus lines);
(ii) H® + M3 + B?® — the overall load or occupancy level of the transportation
system;
(iii) (227 + x72;) — Nonlinear coupling between two routes, where

T; € {HuMaB}7xj € {H7M7B}727£j

iv) H', M', B’ — rates of change:;

g
(V) a, 8,y — Primary transport intensity in each direction;
(vi) a, b, ¢ —Interdependency (network effect) coefficients.
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YuciaenHoe nccisieaoBaHme CMEIIaHHOMI 3adaI1 AJIA I‘I/Il'Iep6OJ'II/I“IeCKOI71
CucreMbl C JMHAMNYIECKUMU I'PaHUIHbIMMX YCJIOBUAMMN

Agnoes P.D.,OBnaeBa M. X.

Mupzo Viyroexkosckuit Hammmonanbubiit ynuBepcuter Y30ekucrana, TalrkenT,
Y30eKucTaH;
aloevr@mail.ru
mohinur1009@gmail.com

lannas craTbs MOCBAIEHA NCCIETOBAHUIO YUCJIEHHOTO pelleHns CMeITanHon
3aJ1a91 JIJIsT OJHOTO TUIEPOOIMIECKOro ypaBHEHHS ¢ JMHAMUYECKIMU TPAHNIHbI-
M YCJIOBUSMI.

J11s1 9nc/IeHHOTO perieHnst CMEeIanHol 3a/1a91 Mpe/IJIOYKeHa HesiBHAsT PA3HOCT-
Hasg cXeMa, W UCCIeoBaHa €Y SKCIOHEeHINaJIbHAd yCTOMINBOCTL. VccaenoBanme
9KCIIOHEHITNAIBHON YCTOWYMBOCTU YHMCJIEHHOTO PeIeHns] OCHOBAHO Ha IMOCTPOe-
HUU JIUCKPeTHOH dpyHKImn JIsamyHoBa, pe//IoXKeHHOI B JaHHOIl cTaThe. B pabore
MOJTYYeHbBI JIOCTATOYHbIE YCJIOBUS SKCIIOHEHIINAIBHON YCTONINBOCTH YNCJIEHHOTO
pelenns: CMeIraniHoi 3a/1a491.

[Tpenozken aaropuT™M HAXOXKIEHUS YUCJTECHHOTO PEIeHUST CMEITaHHoNl 38,/ 1adH.
[Toydyennble gucaeHHbIE PE3YILTATHI MIPEJICTaBICHBI B BUJie TaOJINI 1 rpadrKOB
C ucnoJib3oBaHueM nporpammuoro nnrepdeiica GipTS-D, HanmcanHoro ua si3bike
nporpammupoBanus Python. Yucnennbie pe3ysibTaThbl MOJTHOCTHIO TOATBEPIK/ 1A~
I0T TeOpEeTUYeCKNe Pe3yabTaThl 00 IKCIOHEHIIUAILHON YCTONINBOCTH YHCJIEHHO-
ro pemenus. Keywords: hyperbolic equation, mixed problem, dynamic boundary
conditions, exponential stability, Lyapunov function
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YHucaenHoe moaesmpoBaHne Andp@Py3MOHHBIX ITPOIIECCOB B
JABYXKOMIIOHEHTHBIX HEJMHEWHBIX CpeJax C NepeMeHHO! MJIOTHOCTBHIO
U UCTOYHUKOM

Apunos M. M.!, Hurmanosa /1. B.2, Hurmanos B. B.?

'Hammona/bHbI yHIBEpCHTET Y30eKucTaHa, TalrkenT, Y36eKuCTaH;
mirsaidaripov@mail.ru
?HarmonabHblil yHIBepcuTeT Y36ekncrana, TalmkenT, Y30eKICTaH;
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3TaIIKeHTCKIH apXUTEKTYPHO-CTPOUTEILHBI YHIBEPCUTET;
b.nigmanov@gmail.com

B nannoit pabore paccmarpuBaeTcs 3ajada Komm B objactu () =
{(t,x) . 0<t, veRN } JUIst cucTeMbl peakuun-jaudysun ¢ JBOHHON Hen-
HEMHOCTHIO C IMTePEeMEHHON MJIOTHOCTHIO

|x|_l% =V \x!”um1_1|Vuk‘p_2Vull) + ]a:]_lsuplv‘h,

|:c|_l% =V \x!”va_l‘Vvk‘p_Qva> + || Teur v

(1)

[u(0, ) = ug(z) >0, v(0,2) =vo(z) >0, =€ R, (1)

rie, k € R, mi,mo > 1, p;,q; > 1, p > 2 noyoxKuTe/IbHBIE JIEHCTBUTETLHBIE
aucia, V (-) = grad, (+) n ug(x) > 0,v9(x) > 0- HeTpUBHAbHAS, HEOTPHUIATE b
Hasl, OPpaHNYeHHast U JOCTATOYHO Iiajkast (OyHKIHS.

B nacrostieit pabore, kKauecTBeHHbIE CBOHCTBA pertiennii cucrembl (1) u3ydaror-
sl HA, OCHOBE aBTOMOJIEJILHOTO 1 IPUOIM3UTEILHO aBTOMO/IEIBHOIO 10x01a. Mbl
yCTaHaBIMBaEeM OJHY T'PAHUIYy KPUTHIECKOTO MoKa3aTesist, 1 CBOHCTBO KOHEYHOM
ckopoctu Bosmytennit (KCB) st cucremsr (1). Acumnrorutdeckoe ¢BoiicTBO bu-
HUTHBIX periennii (c.c.p.) paceMarpuBaeMoii Tpob/ieMbl 1 TTOBeeHne CBOOOIHOM
rpaHuis Jts caydast m;+1;+k(p—2)—1 > 0, ¢ = 1, 2. Jlokazano cyiecTBoBaHme
pelIeHns ¢ KOHCYHBIMEU CBOHcTBAMU. 1loJIydeHnl acHMITOTHKI aBTOMOEILHOIO
petienus Jist Obicrpoit guddysuu B ciaydae (m; +1; +k(p—2)—1< 0,1 =1,2)
1 TAKKe M3YUYeHbl B KPUTHUECKOM ciaydae m; +l; + k(p—2) —1=0,i=1,2.
[Tpu gucjieHHOM pellieHny 3a/ad9i ypaBHeHe allllPOKCUMUPOBAJIOCH Ha CETKE T10
HEesIBHOIT cXeMe [epeMeHHbIX HAllpaBJIeHuii (J1j1s1 MHOTOMEPHOTO CJIydasi) B cOYeTa-
HIU ¢ METOJ0M Oasianca. Vrepaonnbie Ipolecchl CTPOUIICH Ha OCHOBE METO/IA
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[Tukapa, HeioTona u crenuaabHON JTuHeapu3alny. B crenuaJbHOM cirydae JImHe-
apu3aIum Jjisi NTepainy 4ieHbl cucteme (1) mpecTaBiIsiioTes Kak

af o~ (O o (O, w ol (e o (e, i = 1,2

, oe uy(t), vy(t) pemrernst cucTeMbl OOBIKHOBEHHOTO [ depeHInagbLHOrO ypas-
HEHUST

dUO__ P1,.01 dUO__ q2, .92
= —Up Yy

dt dt
PesyiibTarhl BEIYUCIUTEILHBIX SKCIIEPUMEHTOB [TOKA3bIBAIOT, YTO BCE 11€PEUNCICH-
Hble UTepaIOHHbIe METOAbl 3(MMEKTUBHBI IS PeIleHns] HeJNHEeHHbIX 3a1ad 1
HPUBOJSAT K HeJnHEeHHbIM 3ddekTaM, ecjii B KadecTBe HaYaJLHOIO IPUOJINZKe-
HUSI MCIIOJIb30BATh PeIIeHns] aBTOMO/IEIbHBIX YPaBHEHNUI, IIOCTPOCHHBIE METOI0M
HEJIUHETHOrO paCIelyieH sl I MeTOJIOM CTaHJapTHOe ypaBHeHue (3, 4].
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ITocTpoenne TpuroHoMmerpmiecKux 0a3mMCHBIX (PYyHKIIUI HAJT
KOHEYHbIMU MPIAMOYTOJIbHBIMU dJIEMEHTAMU

Honmepos H.H.

Nucturyr Maremaruku um. B.J.Pomanosckoro, Tamkent, Y30ekucran;
Byxapckmnit rocyJlapcTBeHHbBIN yHUBEPCUTET, byxapa, Y30eKucTan;
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B jannoii paboTe MbI IHOCTPOUM JIOKAJbHLIC TPUIOHOMETPUYECKHE OA3MCHBIE
dbyukiuu, onpejenennsie B obnactu 0 = [0, 1] x [0, 1] € R2. Jlnsa sroro pac-
cMOTpuM pazduenue obsactu §)

Ahl,hg =0=xy< 21 < ... <£l7m:17 $i+1—$i:h1i:0, 1, ...,m—l,
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O:y0<y1<"'<yn:17yj+1_yj:h2j:07 17 7n_1

N3 rouex z; (1 =0,1,..,m) n y; (j=0,1, ..., n) sroro jejeHns: 1nposejeM
IpsIMbIE, HapaJlIeIbHbIe OCSM OPJAMHAT 1 abCIMCC COOTBETCTBEHHO. B pesyiibra-
Te 06/acTb §) pasOuBaeTcs HA KOHEUHbIE JIEMEHTDLI [T, Tit1] X [y;, yjt1] (i =
0,1,...,m—1,7=0,1, .., n—1). Bnecp Touxu (x;, y;) (i = 0,1, ..., m, j =
0, 1, ..., n) HA3BIBAIOTCs BepIIMHAMHI (WJIN y3JIaMi) KOHEUHBIX 9JIEMEHTOB.
CrpaBejymBa cieyommast TeopeMa ([1]).
Teopema 1. Jlokaavhvie Kycouno mpuzoHomempuyeckue basuchvie GyHKUUL
i (T, y)
(1=0,1,...,m,57=0,1, .., n), onpedeaennvie 6 obaacmu ), umerom credyio-
wutl eud:

sin(wiz—wix1) sin(way—wayi)
sin(wyxp—wi 1) sin(wayo—way1 )’

To<x <21,y <y<1uy,

900,0(1.7 y) =
0, npu 6cex dpy2ur 3HAMEHUAL AP2YMEHMOB,
( sin(wjz—wiz1) sin(wey—way,_1) ‘ .
sin(wyzo—wi 1) sin(way;—way,—1)’ To < T < T, Yj—1 <y< Yj
' . sin(wjz—wiz1) sin(wey—way,11) . '
900,](3;7 y) - < Sin(wlxo—wlxl) Sin(cdgyj—waj+1)7 To S x S xl) y] S y S y]+17

0, npu 6cex dpyeuxr 3HAUEHUAT AP2YMEHMOSE,
\

i=1,2..,n—1

sin(wjz—wiz1) sin(way—woyn—1)
sin(wyxo—w1 21 ) sin(wayn —walyn—1)’

Y

o < T <21, Y1 <Y < Yn,

@O,n(xu y) -
0, npu 6cex Opy2uT 3HAMEHUAL APLYMEHNOG,
( sin(wjz—wix;—1) sin(way—way) T << p < g <
SI(w1 2 —w1 ;1) Sin(wayo—wayy)’ il = =P Yo=Y = Y1,
_ sin(wir—wi ;1) sin(wey—woy) . .
902'70(:67 y) = 9 sin(wy@; —w1241) sin(wayo—wayi )’ Ti ST S Tivt, Yo S Y S Y,
0, npu 6cex dpyaux 3HAMEHUAT AP2YMEHMOB,
\
1=1,2, ..., m—1,
( sin(wiz—wiz;—1) sin(way—way;—1)
sin(wi; —wi12;—1) sin(way;—way;—1)’ Ti1 ST S @ Yj-1 <Y< Yj
sin(w1z—wim;i—1) sin(way—wayjt1) . . .
Sin(UJL'EZ w1x;— 1) sin (w2y] waj+1)7 xl*l S X S ajl) y_] S y S y]+17
. sin(wyz—wim;41) sin(way—woyj—1) . _ . _
@z,](ﬂf,y)— < Z L §$§x1+17 Yj—1 Sygy]a

)
sin(wq 2 —w1 Zi41) sin(way; —way;—1)’
)

sin (WQiU Wzygﬂ)
sin(w12;—w1Zi41) sin(way; —wayj4+1)°

sin(wy x—w1x;41

T < < X1, Y <Y< Y,

0, npu 6cex dpyeuxr 3HAMEHUAT AP2YMEHMOB,
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i=1,2,...om—1,j=12 .. n—1,

( sin(wjz—wix;—1) sin(way—wa¥n—1)
sin(wy z;—w1 ;1) sin(WaYn—wWayn-1)’

Tic1 <0 < T, Yn—1 <Y < Yn,

L sin(w1z—w1Z;41) sin(way—waln—1)
QOLn(.I', y) = 9 sin(w@; —w12i11) sin(wayn—walyn—1)’

T < < Tig1, Yn-1 S Y < Yn,

0, npu 6cex dpyeur 3HAMEHUAT AP2YMEHIMOSB,

i=1,2 ...,m—1,

sin(w1 z—w1 & —1)  sin(way—wayi)
SIn(wW1 Ty —w1 Typ—1) sin(wayo—woy1)’

$m—1§x§xmay0§y§yla

Spm7()($, y) =
0, npu 6cexr 0pyeux 3HAUNEHUAT AP2YMEHMOE,

( sin(w1T—w1 Ty 1) sin(wey—way;_1)
Sin (w1 T —w1 T —1) sin(way; —way,—1)’

Lm—1 <z < Ly Yj—1 < Yy S Yis

sin(w12—w1 Ty, —1) sin(wey—woyjt1)
Sin(wlxm_wlxm—l) Sin(w2yj _W2yj+1) ?

me,](x,y) =9 Tm—1 S X S Lm, y] S Yy S yj—i—b

0, npu 6cex dpyaux 3HAUEHUAT AP2YMENMO8,
\

j=1,2,...,n—1,
sin(w1T—w1&pm—1) sin(wey—walypn—1)
SIn(wW1 T —w1 Tm—1) SIN(Wa Yy —wWaYn—1)’
0, npu 6cex Opy2uT 3HAMEHUAL APLYMEHNOG,

Ti—1 ST < Ty Yp—1 S Y < Y,
@m,n(xay) -

ede Wy U wy AsaAtomes anemernmamy mroscecmsa R\ {0}.

Cresryer orMeTuTh, uto Oasucusle dyukimn ¢; j(z, y) (1 = 0,1, ..., m, j =
0, 1, ..., n) MOryT OBITH MCIIOJBL30BAHBI B METO/IaAX KOHEUHBIX 371eMeHTOB ([2]).
REFERENCES

1. Hayotov A.R., Doniyorov N.N.Construction of an optimal interpolation
formula exact for trigonometric functions. // Modern problems of applied
mathematics and information technology, Bukhara, 2024. AIP Conference
Proceedings. -pp. 06051-1-06051-11.

2. Hayotov A., Doniyorov N.Basis functions for finite element methods. //
Bull. Inst. Math., 2023, Vol.6, No 5. -pp. 31-44.
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O nmpakTUYIHBIX ACUMIITOTUYECKH ONTUMAIbHBIX KybaTypHbIX (GOpMYJI
Cob Ly (s
B nnpocrpancree Cobonesa Ly (S))

Kanosos O.U. ¢, Xagro X.¥.h

IByxapcknit Tocynapersennniii Yuusepenter, Byxapa, Ys6eknucran;
“ o_jalolov@mail.ru; o.i.jalolov@buxdu.uz;

bwera00@mail.ru; x.u.xayatov@buxdu.uz

CoBpeMeHHas OCTaHOBKA IIPOOJIEMbI ONTHUMU3AIIMI (POPMYJT HPUOINAKEHHOIO
HHTEr-pUPOBaHUs 3aKJII09AeTCsl B MUHUMI3AIINKN HOPMBbI (DYHKIIMOHAJIA IOIDEII-
HOCTH (POPMYJIbI Ha BEIODAHHBIX HOPMUPOBAHHBIX [IPOCTPAHCTBAX, HAapumep, ([1-
5]).

B nacrosimeit pabore paccmaTpuBaioTcst (POPMYJIbI 0/ HA3BAHUEM IIPAKTHU-
HbIe ACUMIITOTHYECKHe OlITUMaJIbHbIe KyOaTypHble hopMyJibl B mpocTpancTse Co-
bosteBa f](gm) (Sn)-
st pelrenne IOCTABAEHHON 3ajadm, € HaYaJ0 OIPEIe/JUM IIPOCTPAHCTBO
Ly (S0).

Onpepenenne 1. [IpocTpancTsBo L]gm) (S,) ompejesiercsi KaK MPOCTPAHCTBO
yHKIM, 3aJaHHbIX Ha M- MEPHOM €JIUHUYHOM S, U UMEIOIINX BCe 000OIEHHBIE
IPOU3BOJIHBIE TOPSIJIKA 1M, CyMMUPYEMbI€ CO CTENeHbIo p B HOpMe [1]:

p

= [ Besery @y ()

S, |a|=m

[Mps}

|r@1ims,)

CO CKaJIAPHBIM IIPOU3BEACHUEM

T =

l\')'ﬁ

(£ (0),0(0)) / S D (0))F - (D (0))d0 |

|al=m

Paccmorpum KybaTypHYy0 popMyTy
N
[ron~>cuf () 2
5 A=1

HaJ[ POCTPAHCTBOM Lz(,m) (Sn). Kybaryproit dopmysnbt  (2)  comocraBum
00O0OIIEHHYIO (DYHKIINIO

N
(3(60) = 25,(6) = 3 Cr3(0 — 6V) (3)
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1 Ha30BEM e€ (DYHKITMOHAJIOM MOrpentHocTH, e 0(6) - nesbra - byukims Jupaka,

Cy\ 1 0 - xoacbdurmenTsr n y3ibl KybarypHOit hopMys! (2).

Ternepb B MeCTO IPOCTPAHCTBO L](gm) (S)) GyzeM paccMaTpuBaThH TPOCTPAHCTBO

Ez(jm) (Sp), a HOpMY OIIPEIEIUM CJIEIYIOIINM 00PA30M
Onpepenenne 2. [Ipocrpancrsa E;()m) (Sy) - onpejiesisieTcst KAk MPOCTPAHCTBO
dbyHxIuii 3aaHHLIX Ha S, 1 HOpMa, PYHKIN, KOTOPast OLPEJIEISeTCs CJIE Y IOITIM

PaBEHCTBOM

Jr ot s = [ (aamgm g) @

Sn

rmem;+mo+...+my,=m, m; >0 1=1n
CO CKaJIAIPHBIM IIPOU3BEIECHIEM

1
p

() O ypois, =3 | (W;g;@)%@g; n@)gde |

n

rae 00™ = 067" 005...000", m = my + mg + ...my, d0 = db1dbs...do,.
Ternepsb JOKaXKeM CJICIYIONYIO TEOPEMY, KOTOPDIi sIBJISIETCST OCHOBHBIM PE3yJIbTar-
TOM.

Teopema. Ecin g dyuknnonasa norpemntsoct (3) KybarypHOii hopMyIIbl
(2) maj mpocTpancTBOM E,(gm) (Sp) BoIMOSHIACTCS yeaoBue JleKapTOBBIX Mpon3Be-
nenuit [5] | Te.

N (9) = KNl ((91) X £N2 (92) X ... an (Qn)

[ex. 125" @) | < digm (5)
T.C. l
HENi (6)| Lm0 () H <d;-o(h™), d;—xoncranter, (i =T,n)  (6)
TO
lex @125 (5 || < d- 7)
T N
nJjm =
lev @IZg (5) | < d-orm)
rie

N;

O, (0) = 2 (00— > 006 (0 02), = { 0.27], i=n

o 0,7], i=1n-1
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Takum obpaszoMm oTciojia cieyet, 9ro KybarypHoit dopmyisl (3) Hasa dakrop
nipoctpancTBoM CobosieBa El()m)* (Sp) ¢ dynknnonasa norpenHocTn (4), aBsercs

ACIMIITOTUYECKHIE ONTUMAJIbHDIE.
Jlurepatypa

1. Cobousie C.JI. Bsedenue 6 meopuro kybamypruz gopmya. M: Hayka, 1974,
808 c.

2. Cammxos I'"H. Kybamyprovie dopmyave oas muozomeproir cghep. Tamkent:
®an, 1985 - 104 c.

3. [Mapunos T.X. Hexomopvie 80npocvl meopuu npubAUNCEHH020 UHMEPUPO-
sanus kanoudamcerasn duccepmavyus. Tamkent: 1975 - 102 c.

4. loaumeros X.M. Pewemuamoie xeadpamypHuie U KybamypHvie hopmiyivl
6 npocmpancmeax C.JI.Cobonesa. Jlokmopceras duccepmayus. Tamkent: 2002.
-218 c.

5. Jalolov O.I., Isomiddinov B.O. On the Construction of Practically
Asymptotically — Optimal — Weighted — Cubature — Formulas  of  Hermite
Type in  the Sobolev Space. Russ Math. 69 (4), 17-26 (2025).
hitps://doi.org/10.3103/S1066369X25700288.

KosdduimuenTsl onTuMaJJIbHON KBaJApaTypHOii (popMyJIbl AJIs
BbIYNCJIEHNE MHTerpaJoB tuiia ®ypee B mpocrpancrse Jl.
Xépmangepa HY(R)
2Kanosos O.U. b, 2Kasonos Uk. W. >*, Myxcunosa M. II1.1¢

'Byxapcknit TocynapcrBennslii Yuansepcnter, Byxapa, Y36ekncram;
2Tamxkentckuit [ocynapersennsiit TpancnopTaelii YHusepcuret, TalmKenT,
Y30eKucTan;

?0_jalolov@mail.ru; o.i.jalolov@buxdu.uz;
bikromjalolovi@gmail.com;
¢ muxsinovamehriniso008@gmail.com; mehrinisomuxsinova9@gmail.com

B Hactosieit paboTe paccMOTPUM CJISIYIONIYIO KBaJIPaTyPHYIO (DOPMYJIY:

1

N
[ s@in = Y o) 1)
0 p=0
C (byHKLH/IOHaJIOM IIOI'pEIIHOCTHU

N
In(z) = 6[0,1](23)6_2max — Z Csé(x — x3), (2)
8=0
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rje coorsercrsenno, Cg u Tg HasblBalOT KodddullmenTaMn 1 y3jaaMu KBajpa-
TypHOit opmyier (1), f(z) sBisiercs s/eMeHTOM TMILOEPTOBA MPOCTPAHCTBA
Xépmangepa HY(R) n nazosem ee KBaapaTypHyio hOpMyJTy JIJIst HHTErPAJIOB TH-
na Pypoe.
Cupapeji/inBa cjeayrole

Teopema 1. DxcrpemasibHast ByHKIH (DYHKINOHAIA TOIPENTHOCTH (2) KBaI-
paTypHoii bopmysibl (1) umeer Bu

N
we(ﬂj) == [G_QMU:E : 5[071}( * Vm Z ng Xr — hﬁ) (3)
p=0

KBaIpaT HOpMbI (byHKIMoHAa norpentHocTn £y () B npocTpancTe XépManiepa
HY(R) umeer ciemyiomuii Bu

e HE (R = [ e e+ vue) = 3 Covmla = 1) da. ()
e =0

[To Teopembr Babymiku [1] u3 (3) ciemyer, ato

Ye(ha) =0, a=0,1,...,N. (5)
Teopema 2. JluckperHbiii anajsor guddepeHnnagbHOrO — OlepaTopa
{1 — ﬁ%} npu m = 1 umeer BU
(1
—cth (2wh), B=0
-
Difl=q -1 g (6)
2msh (2mh)
0, [Bl=2

\

B Hacrosieii pabore paccMaTpuBaercs 3ajada HaXOXKICHUN OIITHMAaJIbHBIX
KO PUIIMEHTOB KBaJApaTyPHBIX (POpMYJ JIJIsi WHTerpaJjoB Tuna Pypbe B IMpo-
cTpaHCTBe Hernepuoqnaecknx Gyukimit Xépmangaepa H,y(R) BbIOIbHEHA B CIyUae
m = 1.

Teopema 3. Cpe/ur Bcex KBajipaTypHbIx hopmyst Buja (1) pemerdaras KBaji-
parypHast bopmysia st HHTerpajos tumna Oypbe

1

/ Fayie ~ S &9 ™

0 p=0

orpesiesigeMas KodbpuimenTamm
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1
(07 18] = cth(2nh) - /627”@ exp(—2m |hB — y|)dy—

1

—2mioy —9 — 1) — .
s ] ¢ e (2 (8 = 1) — ) dy
0

1

T e ™ exp(—2m |W(B+1) —y))dy, B=1,N—-1. (8)

O\H

1 1
1 ul [h] —

C [0] = meth (2mh) ub 0] — St G~ S

1
eXp —27h)

1
_ th 2 h 2mioy —9 duy — —2mioy —9 duy—
= cth(2m /e exp(—2my)dy 23h ) /e exp(—2my)dy
0

0
1

—2mioy -9 .
s | ¢ expl=2x b=y )
0

—_

C[N] = cth(2rh) - /ezm"y exp(—2m |[Nh — y|)dy—
0
1

—2mioy -9 N —1 o o
s | ¢ e (2w (V= 1A=y dy
0
1

2mioy .
o Qﬂh /e exp(=27 |A(N + 1) — y|)dy. (10)
0

ABJISIETCA eIMHCTBEHHOI onTuMaibioil B npoctpancrse HY (R).
Jlnrepatypa

1. Cobones C.JI. Bsedenue 6 meoputo kybamyprvx dopmya. M: Hayka, 1974,
808 c.

2. Shadimetov  Kh., Jalolov 1. Weighted — Optimal — Formulas
for  Approximate  Integration. Mathematics 2024, 12(5), 738.
https://doi.org/10.3390 /math12050738.
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KoaddunuenTsl onTuMaIbHOi MHTEPHOIAIMOHHON (POPMYJIbI B
npocrpancrse JI. Xépmangepa H) (R)

Kanosos O.U. b, 2Kasonos Uk. U. *, Myxcunosa M. II1.1¢

'Byxapcknit TocynapcrBennslii YHausepcnter, Byxapa, Y36eknucras;
2Tamkentckuit [ocynapersennsiii TpancropTaelil YHnsepcuret, TalmKenT,
Y30eKucTaH;

?0_jalolov@mail.ru; o.i.jalolov@buxdu.uz;
bikromjalolovi@gmail.com;
“muxsinovamehriniso008@gmail.com; mehrinisomuxsinova9@gmail.com

3a/ia4a 0 MOCTPOCHUN MHTEPHIOJISIIIMOHHBLIX (DOPMYJI ABJISICTCST OJHOM U3 KJ1ac-
CHYECKUX 33184 BLIYUCIUTEILHON MAaTeMATUKI U YUCJICHHOIO aHAJN3a.,

Teopuy UHTEPHOIAINOHHBIX (POPMYJI IIOCTPOCHBI MHOTUME aBTOPAME, HAIIPH-
mep, [1-4]. Homyctum, ato B n + 1 IpOU3BOJIBHO PACIIOIOKEHHBIX TOYKAX {x;}
(i =0,N), koTopbIe BCIofly HUZKe Mbl Oy/eM HA3BIBATH y3/1aMH HHTEPIOIHPOBA-
Hust, garu sHaderust f(xg), f(x1), ..., f(zy) dyskmun f(x). Tpebyercs mocTpouTt
HHTepLOJIAIIOHHYI0 bopmyity Pr(x), coBrajatomyio Gyuknueit f(x) B y3iax us-
TEPIIOJINPOBAHMS:

fla:) = Ppla;), i=0,1,..,N (1)

BaxkHoit 3a/1a4eii B TeOprE MHTEPIIOJNPOBAHIE SIBJISIETCST HAXOXKICHITE MAKCH-
MyMa OIIMOKN HHTepHoJstionHoit dbopmysnel f(x) = Pr(x) HaJ JaHHOM Kjac-
coM (pyHKIWI. 3HaYeHIe ITO (DYHKIUU B HEKOTOPOH TOYKHU 2 €CTh (DYHKIMOHA,
OIpe/IeJIeHHbIIT KaK

o0 N

< Un(2), fz) >= / Cn(2) f(x)de =f(z) = Pp(z) = f(2) =) Cs(2)f(xp) (2)
— 00 B=0
rjie gCHO, 9TO N
Pp(z) =Y  Ca(2)f(xp) (3)
B=0

MHTEPIIOJIAIIMOHHAs (pOpMYyJIa 1

In(z) =d(w —2) =D Cy(2)d(x — xp) (4)
5=0
(bYyHKIMOHA TTOIPEIHOCTH ITOM HHTeproaAnnonnoii hopmyist, Cg(2)- koabdu-
IIEHTBI, & Xy y3/bl opmyist Pr(2), s € [0, 1], 6(z)- genvra- dyukius Jupaka
n f(z) € HY(R).
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B Hacrosieii pabore paccMaTpuBaeTcs 3ajada HaXOXKIEHUU OITHMAaJIbHBIX
KO3 DUIIMEHTOB peleTdaTblX HHTEPIOISINOHHBIX (OPMYJ B IIPOCTPAHCTBE
JI. Xépmangepa HY (R) anis nenepnopnaeckux (QyHKIHIL.

Teopema 1. B pocrpancrse HY (R) cyliecTByer eJiMHCTBEHHAS ONTUMAJIBLHAS
HTEepHoJIsiinorHast hopmysia Biujia (3) , KoahUImenTbl KOTOPOii OMpeessiioTCs
13 CHUCTEMBbI

N
ZCB(Z)Vm(hOé—hB) =vp(ha —2z), a=0,1,2,...,N, (5)
B=1

MHAYe TPEJICTABISACTCI B CJAEIYIONIUM BBUJIE

the(har) = 0. (6)

1o 1 ecth Teopema V. Babytiku (cM.|2]), riacsiimast 0 TOM, 9TO 9KCTpeMaJibHasT
dbyHKIMSA DYHKIMOHATA OTPEITHOCTH ONTHMAJIBHON HHTEPIOJISIITHOHHON (hOpMY-
JIbI 0OpAIAeTCs B HYJIb B y3/1aX UHTEPIOJIAIIIOHHON (hOPMYJIBL.

[lepeobosnatus C[f] = Cs n Z/f(bm) 18] = v (hB), cucremy (5) MOXKIO 3a1mcaTh

B BHUJIE CBEPTKM (DPYHKIUI JTUCKPETHOIO apryMeHTa:

C18] % V™[] = fulB,8=0,1,..., N. (7)
rjie

Cucremy ypasuenuii (7), (8) Oymem obosnadars cucremMoii B.
Borancsienne ontuMasibHbIX KO3(MOUIMEHTOB PEMIETIATHIX HHTEPHOJIAIMOHHBIX
dbopMyII. DTUM JJOKa3aHA CJIE/IYIONAsT TEOPeMa.

Teopema 2. Cpejin Bcex HHTEPHIOIANINOHHBIX hopMyT Bijia (3), N-3a1anmHoe
HATYPaJIbHOE YHCJI0, PeleTdaTas NHTEPIOoIIIHoHHasT (hopMyia

N
0
Py(z) = ) Cx(2)f(hA),
A=1
orpejiesisteMas K03 puimeHTaMmm
1 1
C(2) = cth(2rh)e 2™B—2 _ ____—__o=2n|h(B-1)~2 _ 2| h(f+1)—2]
A(z) = cth(2mh)e 28h(27rh)6 23h(277h)e ’
A=0,1,..., N —1.
(10)
Co(2) = cth(2mh)e 210~ e ano—] 1 —2r|h—z|
z)=c e - ¢ - — e —
0 ™ 2sh(27h) 2sh(27h) (1)

1

— 2%h -2z —2w(h+z) —27r|h—z]
2sh(2mh) { e c ¢
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1
2sh(27h)

SBJISIETCA eJIMHCTBEHHOI oNTuMa/IbHON Ha npocrpatcTee HY (R).

On(2) = 2ch(2mh)e 22l _ em2alit(li=z)] _ 6—27T|1—h—z|:| (12)

Jlureparypa

1. Cobose C.JI. 06 unmepnosuposaruu dyruxuui n nepemernvir. oK.
AHCCCP, 1961, 137, ¢.778-781.

2. Cobosen C.JI. Bsedenue 6 meopuro wybamyphnoix gopmya. M: Hayka, 1974,
808 c.

3. Shadimetov  Kh., Jalolov 1. Weighted — Optimal — Formulas
for  Approximate  Integration. Mathematics 2024, 12(5), 738.
https://doi.org/10.3390 /math12050738.

KosdduinmenTsl onTuMaJ bHOl KBaapaTypHoil pOpMYyJIbl THUIIA
Dpmuta B npocrpancrse CoboseBa Wi (R)

Kamnonos O.U. 1 Maxmynos M. M.!

1Byxapcknit TocynapcrBennblii Yuusepcentet, Byxapa, Y36eknucram;
%0 jalolov@mail.ru; o.i.jalolov@buxdu.uz

PaccMoTpuM c/ie Ty Iontyio BeCOBYIO KBaJIpaTypHyIo popMmysy B mpocTpancTse Co-

ooJieBa;:
1
m—1

[ p@) s = 33 (<1700 a), (1)

0 BZO a=0

(DYHKINOHAIOM MOTPENTHOCTH KBajpaTypHoil dhopmysbl (1) mMeer cremyrommii
BH,/I

—_

N
(@) = p)epy@) = D> 5 (@ — ap), (2)
B=0 «

3

|
o

3716Ch COOTBETCTBEHHO, C'ﬁ 1 X3 Ha3bIBAIOT KOGb@UINEHTAME U y3/IaMI KBa/I-
parypuoii dopmynnt (1) n p(x) Becosag Gynxuus, ) ](x)-MHIUKATOP OTPE3KA
[0, 1], d(z)-nenmbra- byukiws Iupaka i Ha30BeM ee KBaIpaTypHYIO GOPMYJTy THIIA
DpmMmura.

Onpepesienne 1. [Tpocrpancrso Wi'(R) ompejierisieTcss Kak 3aMblkaHne 6ec-
KOHEYHO b depennnpyeMbix GyHKITI, 3a/laHHbIX B R 1 yObIBaIONX HA OECKO-
HEYHOCTH ObICTpee JI000ii oTpunaresbHoil crenenn B Hopme ([1,2])

1/2

| /()| WP (R /ﬁFlm FUU@ Wz . (3)
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Ecan Boiosnsiercs ycJioBuAd

um(a:):<F‘1< ! ))(az)ELQ(R), (4)

1*(y)

rae u(y) = (1—y )% u p2(y) = (1 —y*", To upocrpancrso Wi'(R) sriaibl-
BaeTcsd B IpocrpancTso C (R)
Omnpenenenne 2. OyHkims @Déa)(a:) Ha3bIBAETCsI SKCTPEMAJILHON (DYHKIHe

dbyHKIIOHATA Eg\?) (x), ecrm

V@), ol @) >= || )| - ol e | (5)

Teopema 1. OnrumasbHasi KBajaparypHasi bopmyia, Ko3DPUIUEHTbI, KOTO-
PBIil ABJISIETCA PEIICHNEM CHUCTEeMbl JIMHEHbIX YPaBHEHHDIN

N m-—1 -
SN (@ - hp) = /p(y)Vfﬁ)(hQ —y)dy, a=01,..,N (6)
B=0 a=0 —00

B npoctpancte Cobosiea WJ'(R), cymmecTByeT n OHa SIBJISIETCST €IMHCTBEHHAS,
rje

mee el T (2m — k — 2)1(2n)"
22m=2(m — 1)! po kEl(m —k —1)!

V() = .

Jst 9kcTpeMasibHOf (DYHKINE (DYHKIIHOHAJA TIOTPEITHOCTH (2) CIpaBe/InBO

-1

N
Ui (@) = p(a)ep (@) * v (@) = Y Y CSD @ —ha)| =0, (7)

3

=0 o=0 v=ho
torjga 1o TeopeMbl U.Babymku u3 (7) mosryamm
(W) =0, 6=0,1,2,..,N. (8)

PapencrBa (8) 0OpasytoT cucreMmy JUHEHHBIX ajireOpandeckKux ypaBHEHHH OTHO-

CUTEJIbHO KO3 U o) 6 ;
IIMCHTOB , T.e. cucremy (6) MOXKHO IepercaTh B BU/IE:

-1

3

M=

1
C’éa)u(o‘ (ha — hp) = /p V9 (ha —y)dy, a=0,1,2,...N. (9)
0

T
o
Il
o

«

Pacemorpum ciyaait m = 2, torga cucrema (9) npu o = 0, 1 umeer Buj
1

N
S PP (o — np) +ZC '(ho — hB) = / p(y) - AV (h0 — y)dy. (10)

=0 i
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[enb HacTosIIElH PADOTHI SIBJIAETCS HAXOXKICHUE ONTUMAIBLHBIX KO3hduImeH-

0
TOB (' gl)[ﬁ] KBaJIpaTypHBIX (hopmyst (1), T.e. 970 1 ecThb pererne cucrembl (9).
Ha OCHOBe TEOPUH JINCKPETHBIX (DYHKIMN 0003HaYas, Cl(a) 18] = Cl(a) (hB) mn
e 18] = v (hﬁ) cucremy (9 it jinc-
5 = 1, y (9) MOkHO 3ammcaTh B BUjie CBepTKN QyHKIHEl auc

KPETHOI'O apryMeHTa:

[6]*V2 [5] [ ] 6=01,...N; a=0,1. (11)
) [5] =0 npu hfS ¢ [07 1]7 (12)
rie
BBl = F (8] - f2 18], (13)
371eCh

1

/ p(y) - 0 (h8 = y)dy,

1

0
] 1
/ '(h8 — y)d =2—/p e 2T (14 2m) |hB — yldy,
0

s
0
(14)
Kosddurmentsr onrumMaibHoll KBaaparypHoit dopmyse (1) B mpocrpaHcTBe
W3 (R) onpenensiercst 10 (hopMyJie

V18] = DYV 18] * ub15). (15)

Ucnonb3yst pesysbraTbl paboThl (3], BbIUMC/IEHA CBEPTKY JUCKPETHBIN aHaJor
Déh) (3] n amcxpernoit dynxuun ub[3] 1 noydeHa OCHOBHOI PE3yIBLTAT HACTO-
sileii paboThI.

Teopema 2. Kosddurmentsr kaparypHoit hopmyiisl (1) umeer ciieyoniie
1peJicTaBJIeHle B HelleproudeckoM rpoctpancTse CoboJieBa

CW[B] = Dy (hB) * Fy (hB) + mA? +nAN =7, (16)

rJe M U 1 I0CJe HEKOTOPBIX BBIUMCICHUN UMEeT CJIeIYIOIMNi B
1 h€2ﬂ'h
m = ALO —_— — Ay ——7—
<€27rh )\1( 2627rh_1))

1 h62ﬂ'h ?
:A —2m + + 1
n 1pe <—627rh W <a1 + a, < + coh _ \. )\1> >

siech Fy (hB) onpenensiercst u3 (13).

(17)

Jlnrepatypa
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IIpumenenne runore3nl IIpaaaTasa B ucciiegoBanum TypOyJIeHTHOMN
CTPYM C HUCHOJIb30BAaHMEM METO/Ia 3alla3IbIBaloninx Ko3duiamneHToB

Kymaes 2K., [ITupunos 3.K.

Byxapckuil rocy/lapcTBeHHBII YHUBEPCUTET;
j.jumayev@buxdu.uz, ziyomatshirinov@umail.uz

Vcnonip3oBanme cTpyiiHOTO ITepeMeNInBaHIs YCIIEITHO IPUMEHAETC B TEeILIoTe-
peJjiade, B IPOMBIIIJIEHHOCTH, FTOPEHUN U B JIPYIUX 00JIaCTsX, TIOITOMY ITOUCK Me-
TOJOB MOJIEJITMPOBAHNSA TaKIX ITPOIECCOB aKTyaJIbHa 110 Ceil JIeHb. XOTs JJOCTUTHY-
ThI HEKOTODBIE Pe3yibTaThl pador [1,2], ncciemnoBanus ere npojgoskarorces. Oqun
u3 11pobJieM 3aKJII09aeTCsl B MOJIEJIMPOBAHUN CTAlIOHAPHOI TypPOYIeHTHON CTPYH.
3/1ech mpejIaraeTcs MOJIEINPOBAHNIE 9TOrO MPOIECca METOIOM 3ala3/[bIBAIOIIIX
97IEMEHTOB. XOTd YCJIOBUS YCTOWIMBOCTU STOI'O METO/Ia CTPOT, OH IIPOCT B MO~
poBanuu. JomycTum, 9To TypOyIeHTHasI CTPysl UCTeKaeT B CBOOOIHOE IPOCTpPaH-
cTBO. JI71s1 pemennsa mocTaBJIeHHON 3aJ1a9d JOIMYCTHM, UTO 3HAYEHHE IJIOTHOCTH
cpejibl p = const, JaBjieHne MOCTOsIHHOE, CUJIOi TsKecTn npenedperaeM. Jlomyc-
Kag, 9T0 TYypOyJIEeHTHOCTb CTPYHU B MOMEPETHOM CEUEHUN TOCTOSTHHOM, 8 MeHAeTCsA
TOJIBKO TI0 TPOJOJBHON OCH, MOYKHO HCIIOJIb30BaTh rumnoredy l[lpanaris B Buie

13I:

Ve =X+ b(iL’) : (umax - umin) (1)
Torpa mosyunM cucTeMmy ypaBHEHUI TOIPAHMIHOIO CJIOS B BUJIE:
Owy | Owy _
ox + oy O’ (2)
Owy, owy, Jw,

Wy, + Wy, = Vigs"

[Tonydyennas cucrema ypaBHEHUI ABJISI€TCS HEJTMHEITHO, BTOPOTO MOPSIIKA B 9aCT-
HBIX [TPOU3BOIHBIX. [ paHuvHble ycoBust obienpunsaToe |2].
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Bgejist cerounnte dbynkimu (w,); j 1 (wy); ; /I TPOJOJIBHOI U MOIIEPETHOIT CO-
CTaBJISTIONIEHl BEKTOPa CKOPOCTH W ¥ WCIOJIb3Ysl BBIPAYKEHUS JIJIsT TPOU3BOIHBIX,
BXOJIAIINX B ypaBHeHus (2), B ajreOpandeckoil opme, UCIOB3YsT PA3IOKEHNE
dyuxmuit B psa Teitopa, moyduM JUCKPETHBIN aHAJIOT YpaBHEHWH TOTpaHuYHO-
ro CJIOS:

’

(wg); j_(wz)i—Lj (wx)i—l,j_(wl’)i—l,j—l
(ws)ij ( Az > + (wy)i Ay )

{ =, <(w$)i1,j+1_2'(UZ;i21,j+(ww)i1,j1 (3)
(ww)i,j_(wi)ifl,jfl + (wy)i,j*(wy)i,jfl — 0.

L Ax Ay

[TockosbKy ypaBHeHus (2) sABIAOTCS TapaboJIMIeCKUME yPABHEHISIMU, JIOITYC-
KAIOIIMHI PellleHne MapIIeBbIM METOIOM B HaIlPaBJIEHHH OCH X, HEN3BECTHBIMI B
cucreMe ypasHeHnil (3) sIBJISIOTCS TOJBKO UCKOMbIE IIepeMeHHBbIe (Wy);; 1 (Wy); ;.
IIpu srom (wy); j MOXkKeT OBITH OlLpe/iesieHa U3 ypaBHEHUs JBIKEHUS, a (Wy); j U3
ypaBHEHIST HEPA3PbIBHOCTI.

Ho ciegyer obparuTh BHUMaHHE Ha TO, 4TO HEU3BECTHAs (W;);; BXOIUT B
ypaBHEHME JIBUXKEHUSI B KBaJj[paTe, UTO JIeJaeT 9TO ypaBHEHHE HEJTUHEHHBIM OT-
HOCHTEJILHO MCKOMOI rmepeMenHoit. Ijist yeTpanennst HeJIMHEHOCTH IIPU PEIIeHNN
nuddepeHnalbHbIX YPaBHEHII HCITOIb3YeM METO/I 3al1a3/IbIBAIOITINX KOIMDDUIII-
eaToB. CyTb MeTO/Ia 3aK/II0YAeTCsI B 3aMEHe OJIHOTO U3 BXOXKIEHIS NCKOMOI Iepe-
MEHHOII Ha €4 3HaYeHUE B OJIHON M3 OJIMXKANIINX TOYEK ¢ U3BECTHBIM PEIICHUEM.
B nammem ciydae ypaBHeHue IBHKEHUS U3 (3) MOXKHO MPEJICTABUTD CJIEYIONIIM
obpazoM:

(wz)z j_(w:rr)iq,j (wr)ifl,j_(wi)ifl,jfl
(Wa)i-1,5 < Az > + (wy)ig ( Ay )

o (We); 1= 2(Wa) ;g (W) g 5
=l Ay2

OueBuiHO, YTO [IPU YMEHBIIIEHNN Iara AuCKpeTusanun Az 3Hadenne (Wy)i—1 j-
Oyaer BcY OJIHzKe K HCKOMOIT (wy); ;. Ha rpyObIx ceTkax MeTo[| 3alla3/IbIBaIOIINX
KO3 DUIIMEHTOB MOXKET JlaBaTh CYIIECTBEHHbIE OINOKU B PEIICHIH.

[IpumeHsist IBHBII METO/I JIMCKPETU3AINI YPABHEHUI TOIPAHIIHOIO CJIOSI 1 Me-
TOJ, 3alla3/IbIBAIONINX KOIMDMUINEHTOB JI/Isl YCTpaHeH!s] HeJIMHeTHOCTU U COIpsI-
JKYHHOCTH ypaBHEHHIT, MbI ITOJIyIIM JIBa JIMTHEHHBIX yPaBHEHHS, OIPEIeTIHHbIE B
IIPOM3BOJILHOM y3JIe PACYYTHON 00JIaCTH, IIO3BOJISIIONINE PEIIUTH IIOCTABIEHHYIO
3aj1ady.

(wy)z;l,j (wﬂﬁ)ifl,j_(wﬂi)if’l,jfl .
—Ax(ww)iq,j ( Ay ) ’
(wm)i,j—lf(wz)i—u—l

(wy)ij; = (wy)ij — Ay Az
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Tenepb 3amucanible HaAMU JTUCKPETHBIE aHAJOTN YPaBHEHUI MOIPAHMIHOTO
CJIOS JIJ1d penraeMoil 3aJlaun gBJIASI0TCA JUHEHHBIMI OTHOCUTEIbHO MCKOMBIX IIe-
PEMEHHBIX.

Ha  puc. 1 npuBejlenbl ~ cpaBHEHME  OCEBbIX  3HA4YeHUil  IIpo-
JIOJIBHOIT ~ CKOPOCTH  CTPYU,  PACCUATAHHON €  HCIOJb30BAaHUEM  MO-
Jlen TYpOYJIEHTHOCTH [Ipanaris (1) n MeTOla  3ala3/blBalo-
X KO DUIMEHTOB, c SKCIIepUMEHTa/IbHBIMU JIAHHBIMU 12].

0,
Kak BUJIHO M3 PUCYHKA, HCIHOJIb- Un'

Uy o
30BaHne TI'UIIOTE3bI HpaHrZLTJIH JaeT
8

VJIOBJIETBOPUTEBLHBIN pe3yabTat. i } e
yIydllleHUs pe3yabTaTa cjleyeT mepeii- s )

™ K guddepeHnuaabibIM  MOJIEISIM 5

x/h
TypOYJIeHTHOCTH. % 0 n &

JInrepatypa Puc. 4: *

1. Abpamosuu I H. Teopusi TypOy/ieHT- Cpasnerne 0CeBbIX sHaCHHH

npix ctpyit. -M.:, Hayka, 1984. 718 c.

2. Cekyngos A. H. Ilpumenenne jud-
depeHImaILHOrNO YpaBHEHUs JIJIsT TYP-
OyJIEHTHON BA3KOCTH K aHAIN3Y I1JIOC-

IIPOIOJILHOII CKOPOCTU CTPYH C
SKCIIEPUMEHTAJIBHBIMI JTaHHBIMU.

KX HEaBTOMOJIEJIbHBIX TedeHunii. V3B.
AH CCCP. Cep. MZKI'. 1971. 5. C.
114-127.

3. IIpanaras JI. I'mapoaspomexannka.
- Mocksa-Mxkesck: R&C Dynamics,
2000. - 576 c.

Teopema 0 3HaAKOBOII MHBAPUAHTHOCTUA COOCTBEHHBIX BEKTOPOB B
MHTEpPBAaJIbHOI 00OOHIYHHOI 3aade Ha COOCTBEHHbIE 3HAYEHUS

No6parnmos A.', ®o3mmos O.?

L2Hapouniickuil rocynapcTBeHHbIl yHIBepcnTeT, Hason, Y36exucran
alim-ibragimov@mail.ru, fozilovorifjon1@gmail.com

3ajiaua 3HAKOBOI MHBAPUAHTHOCTH COOCTBEHHBIX BEKTOPOB B KOHTEKCTE BO3MY-
IEHHBIX MATPHI[ U3ydaach B paborax |1, 2| mis crangaprHoit 3a1a9n coOCTBEH-
HBbIX 3HadeHnit Ax = Axr. 31ech MBI paccMaTpUBaeM JAaHHYIO HIPOOJIeMY st HH-
TepBaJIbHOI 00OOIUHHONI 3a/1a4u Ha, COOCTBEHHBIE 3HAUECHHS U HPHUJIEPIKIBAEMCSI
MHTEPBAJIbHBIX 0003HAYeHII, IPUHSTHIX B [3] (TO ecTh MHTEpBAIbHbIE BEJIUIMHBI
BBIJIE/IAIOTCST KUPHO-KYPCUBHBIM TITPUMTOM ).



114 MaTemaTndeckasd ¢u3MKa UM CMEXHHE BOIPOCH COBPEMEHHOTO aHamu3a, Byxapa-2025

O60bnTIHHAA 3a/1a9a COOCTBEHHDBIX 3HAUEHUI JIJIsI TTPON3BOJILHOM MAphl HHTEP-
BastbHBIX MaTpull (A, B) (rme A, B € R™™) 06braH0 hopMyupyerest B cJeryio-
IeM BIJIE:

Ax = \Bu, AeA, BeB, x#0, (1)

TOI'/Ia MHO2KECTBO BCEX CcOOCTBEHHBIX 3HAYEHU 1 COOCTBEHHDBIX BEKTOPOB JIJIA 3a-
Jdavdn (1) COOTBETCTBECHHO 3all1CbhIBaIOTCA KaK

A={NeC|Ax=)\Bz, Ac A, BEB, x # 0}, (2)
Xy={z€C"| Az =ABz, Ac A, BEB, x#0}. (3)

1t TpOCTOTHI cHaYasia pacCMOTPUM CUMMETPUYHLIN caydail, a 3aTeM 0000mnM
HOJIyIEHHBbIE Pe3yJIbTaThl JI/Isl ITPOU3BOJIbHBIX HHTEpBaJbHBIX MaTpul, A, B €
Rnxn

[TycTh 3aanb! JeficTBUTEIbHBIE CHMMETPUYHbIE NHTEPBAIbHBIE MATPUITHI

A=A A=A, - AA, A .+ AA], B = [B,B] = [B. - AB, B.+ AB],
rine A., B, Y nearpanababie cummerpuaabie MaTpunibl, a AA, AB Y cummerpud-
HbIe HEOTPHUIATETbHbIE MATPUIIBI (PAIyChl BOSMYIIEHNIT ):

AC=A+A, AA:A_A, BC=B+§, AB:B_E.
2 2 2 2

[Tpenmnonoxxum, uro 3aa4a A.x = A\B.x nMmeer mpocToe cOOCTBEHHOE 3HATECHIE
Ae.

Cory1acHO HEKOTOPBIM HCCJIeIOBAHUSIM 10 HHTePBAJIbHOI 3a1ade Ha cOOCTBEH-
Hble 3HAUYEHUsI, €CJI COOCTBEHHBIE BEKTOPbI MaTPUIIbI B 3aJaHHBIX MHTEpBaJIaxX
COXPAHAIOT 3HAKN CBOUX KOMIIOHEHT, TO MOYKHO IOJIYIUTH 00Jiee TOUHbIE I'paHU-
1Bl JIJIsI COOCTBEHHBIX 3HAUYEHUIA.

[IpuBemyuHas HUXKEe TeopeMa JadT JO0CTATOYHOE YCJIOBHE 3HAKOBOI MHBAPU-

AHTHOCTHU BCEX COOCTBEHHBIX BEKTOPOB MHTEPBAJIbHONI MaTPUIIHI.

Teopema 1.11ycTb 3ajana nHTEpBaJibHAs 0000IIEHHAsT 3a/1a4a,

(A.+0A)T = X (B.+0B)z, 0A] < AA, 0B] < AB .
Elcyin BBITIOJIHEHO yCJIOBUE

sep; > 2| B(AA+ N[ AB) B,

e sep; = minjz; |A; — Aj| (a || - ||2 Y cuexrpasnbunas nopma), To st Bcex 0A, 6B

B 3aJaHHbIX NHTEPBaJiax:

(1) CobcrBerHoe 3HAUEHNE \; OCTAYTCsT BEIECTBEHHbBIM 1 JIEXKUT B UHTEPBAJIE

A€ (A= AN, N AN AN = (| BSYP(AA+ M| AB) B



MaTemaTrnueckas ¢u3MKa UM CMEeXHHE BOIPOCH COBPEMEHHOTO aHaim3a, Byxapa-2025 115

(11) CoorBeTcTBYyIONINIT COOCTBEHHBINH BEKTOP I’ yJIOBIETBOPSIET OIEHKE

BN
sep; — AN\ o

|2*[|5, = /2™ Bea;

(77i) HBapuaHTHOCTD 3HAKOB KOMIIOHEHT ' rapaHTHUpPOBaHA, €CJIn

|17 — 2|5, < B

rje

AN

M <1 (TO €CTb Sep; > QAAZ) .

B 3akiroueHne oTMeTuM, UTO IPejCcTaB/IeHHbIe Pe3y/bTaThbl ObLIN 000DIIEeHbI HA
HECUMMETPUYHBIN BEINeCTBEHHbIH cjiydali: jIjisi WHTePBaJIbHBIX MaTPHUIL JJAHHOTO
KJIacca TakxkKe ObLa chopMyINpoBaHa 1 JIOKa3aHa TeopeMa, 3aJ1alomast JoCTaTou-
HOE YCJIOBIE 3HAKOBOI MHBAPUAHTHOCTH BCEX COOCTBEHHBIX BEKTOPOB. DTO II03BO-
JIsieT NPUMEHSITh pa3paboTaHHbI IOX0 K 0oJiee IIMPOKOMY KJIaccy 3a/1ad.
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A.TII‘OpI/ITMbI n nmporpamMmsbl OJ14d COOCTBEHHbBIX 3HAYEHU

NmomoB A.

Hamanranckuii rocymapcrBeHHblil yHUBepcuTeT, Hamanran, Y30eKucTaH;
adashimomov7@gmail.com.

CobcrBeHHbIe 3HAUYEHNsT UTPAIOT UCKJIIOUYUTEIbHbIC 3HAUCHUS B 3a/a9aX yCTOM-
quBOCTH JmHAMIYecKuX cucreMm [1]. PacemorpuM 3a1a1y 0 coOCTBEHHBIX 3HAUECHH
matpur [1]: Axx = Axx, x # 0, A = AM(A), tae A - MaTpuna mopsijika n * n.
B sToM ypaBHEHNHN HEN3BECTHBIE: N-CKAJIAPHBIX BEJIMYMH A U I COOCTBEHHBIX BEK-
TOPOB. DTa 3ajlada OJHOPOJIHAs CHCTeMa JIMHEHHDbIX YpaBHEHU IO X, MOITOMY
HEHYJIEBOE pellleHne CYIeCTBYeT TOr/ia U TOJIBKO TOrJia, KOor/la MaTpulla CUCTEeMbl
nMeeT JeTepMHUHAHT, PaBHOT'O HYJIIO.

det(A—AE) = (=1)"(A\" —p A" 1 — .ppi A —p,) =0,

k
DiSk—
pr=s1,k=2..n:p,= (s — Z 171)’ s = tr(A%) = ajy + ..ap
i=1

DT0 ypaBHEHIEe HA3BIBAETCS XapaKTEePUCTUIECKIM ypaBHEHHEM (KpaTko XV ).

Bamada wHaxoxkjenns A = A(A) mocratouno TpyaHoemKast. s momcka cob-
CTBEHHBIX 3HAYEHUN CUMMETPUUIECKUX MATPHUI] pa3paboTaHbl UTePallnOHHbIE Me-
Toabl Bpamenunit Axodou, ['meenca. /[ mponsBo/ILHBIX MATPUIl UMEIOTCI METO-
1ol JleBeppre, @ajneeBa, Kpouiosa, Mukenajize, Kybnanosckoit-@pencuca QR,
Hannnesckoro, Xeccenbepra. B maremarumuecknx cucremax tuia Mathcad un
Python sajadum pemniaiorcs ¢ HOMOIIBIO YKPYITHEHHOI'O aJIOPUTMa PEIeHUsT 3a-
nadn. Mathcad, Python BeicTynaroT B kKadecTBe UCIOTHUTE)IST YKPYITHEHHOTO aJl-
ropuT™a 3], a Mmosp30BaTesib UrpaeT poJib cozaaTess aaropurMa. [lom yKpyHeH-
ubiM agaropurMoM (the largest algorithm) Mbr monnmaem mocsie10BaTeILHOCTD Ma-
TeMaTnuecKux popMyJI, 1 KOMaH]I MAaTeMaTHIECKO! CUCTEMBI, JIAIOILYIO PellieHIe
zaj1a4qn. B 3apybexkHoit inTepaType nMeeTcs: Mo 00HbINH TepMuH: "programming-
in-the-large". D91u KomaH b MaTEMATUYECKON CHUCTEMbI U SABJIAIOTCS KPYITHOM
KOMaH/IOM, HalpuMmep, (MYHKIUS BbIYUC/ICHUsS CTeleHell MAaTPUIbl 1 UX CJIEeI0B,
pelenre CUCTEeMbl JIMHEHHBIX yPaBHEHU, BbIYUC/ICHUsT COOCTBEHHDBIX 3HAUYEHMUIA,
olpejie/InTe s, 0OPATHON MATPUIlLI, HHTErpaJsa, perieHne jauddepeHnaIbHOro
ypaBHeHusd, 1 T.;1. HaMu mocrpoeHbl yKpyIHEeHHbIE aJropuTMbl 10 METOI0B, YIIO-
MSIHYTBIX BbIIIE. Pe3y/braThl HAIIMX YKPYIHEHHBIX AJTOPUTMOB MbI IIPOBEPSEM
pryTpenanyu dbynknusamu eigenvals(A) (Mathcad) nin eigvalues(A) (Python) mo
HAXOKJICHUIO COOCTBEHHBIX 3Havennii. B KadecTBe mpuMmepa MpuBeeM yKpPEITHeH-
HbIe aJropuTMbl MeTo10B JIeBepphe 1 QR u pesysbraThl BbIYUCIEHIH cOOCTBEH-
HbIX 3HAQYCHUI.
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1) IIporpamma merona Jleseppbe-@ajieena
# Method of Leverrye-Faddeev
import numpy as np
A = nparray([[1, 2, 3, 4], [2, 3, 4, 1], [3, 4, 1, 2], [4, 1, 2, 3]])
n—=4; E=np. eye(n); B=copy(A); p=np. zeros(n+1); p[0]=1;p[l|=-np. trace(B)
for k in range(2, n+1):

B=AQ(B+p[k-1]*E);

p[k|=-np.trace(B)/k
+# Computing p
print("p = "p); r=np.roots(p); print (‘eigenvalue=’, r)
eigenvalues= [-2.828 -2 2.828 10|

2) IIporpamma meroma QR
# Method of QR
import numpy as np
A—np.array([[1,2,3,4], [2,3.4,1], [3,4,1,2], [4,1,2,3]])
S=[10,20] # iteraty
# QR decompozisiya
for k in range(40):

Q,R=np.linalg.qr(A)

A=np.dot(R,Q) # update of A

if i+1in S:

print (f’iteration:’; i-+1, -R)

10: [10. 2.8270 -2.8270 2.0019)
20: [10. 2.8284 -2.8284 2.0000]
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IIpumenenune HelipoceTeii AJIs BeiiBJIeT-aHAJIN30B

Kynyes A. 2K., TypcynoB /. A.

Oreknit rocymapcerBernbiii yanpepcnrer, Omi, Keiproseram;
akuduev@oshsu.kg, dtursunov@Qoshsu.kg

BeiiBieT-anaims sABIgETCA OJHUM 13 KJIIOYEBBIX HWHCTPYMEHTOB COBPEMEHHOi
00PabOTKM CUTHAJIOB, N300parkeHuil 1 JaHHbIX. Kiaccuueckue BelBJIeThI, TaKKe
Kak BeliBieTbl Xaapa u obern, obecrieanBaioT 3pdeKTUBHOE pa3I0KEHUe CUT-
HAJIOB TI0 YaCTOTHBIM KOMIIOHEHTAM 1 HAXOJAT IMUPOKOE MPUMEHEHNEe B TeJIEKOM-
MYHHIKAIISIX, ONOMEUITMHCKIX CHCTeMax U MHXKeHepHBIX 3aja4dax. OJHAaKO OHI
00.J18J1aI0T OTPAHUYCHHBIMI BO3MOXKHOCTSIMU IIPU pabOTE CO CJOKHBIMU MHOT'O-
KOMITOHEHTHBIMU CTPYKTYPaMI U CUTHAJAME, NCKAYKIHHBIMU ITYMaMU.

My tbTUBEHBIIETBI IPEJICTABJISIIOT CODOI 0000IIeHNe CKAJISIPHBIX BEHBJICTOB, B
KOTOPBLIX B KadecTBe 0A3MCHON (PYHKIINU HCIOJb3yeTCsd He OJiHa, a HECKOJbKO
dyHKIMiI, 00pa3yonnux BEKTOPHOE IIPOCTPAHCTBO. Takoil 1moaxo obecreunBaeT
Oosiee TMOKOE M TOYHOE IIPEJICTABICHUE CUTHAJIOB, Y/IydIlas JOKAJIM3AIUI0 KaK
BO BpeMEHH, TaK U 10 JacToTe. TeM He MeHee, CYIIECTBYIONUE METO/Ibl ITOCTPOE-
HUS MYJIbTHBEIBIETOB OCHOBaHbI Ha (PUKCUPOBAHHBIX (PUILTPAX U HE 00J1aJ1ai0T
CIIOCOOHOCTBIO AJIATITUPOBATHLCS K CHelnrKe KOHKPETHBIX JAHHLIX, 9TO OTPaHU-
qUBaeT UX HMPAKTHIECKYI0 3(PPEKTUBHOCTD.

B nocsiegame To1pl aKTUBHO PA3BUBAETCA HAIIpAaBJIEHNE, CBA3ZAHHOE ¢ IpUMeHe-
HUEM METOJ0OB MAIIMHHOTO O0YYeHUs, B YACTHOCTU IIyOOKMX HEHPOHHBIX CeTeil,
JIUIsT @BTOMATHYECKOTO TOUCKA ONTUMAJIBHBIX (DUIBTPOB U 0A3UCHBIX (DYHKITHIA.
Unrerpamust ujeit MyJIbTUBENBIETHONO aHan3a ¢ TIyOOKIM 00ydYeHNeM OTKPbI-
BaeT HOBbIE BOBMOXKHOCTH JIjIT 00pabOTKM CUTHAJIOB, N300parKeHil 1 BpEMEHHBIX
PsJI0B, obecriednBas aJIallTUBHOCTD U MOTEHITUAJ JIJIsI TIOBBIIICHUST KauecTBa aHa~
m3a naHabix [1]-[3].

IHenp 1 HOBU3HA nccaeaoBanus. Lle/ibio HacTosieit paboThl ABJISIETCS pas-
paboTKa HOBBIX THUIIOB MYJIbTUBEHBJIECTOB 1 (hopMau3alis MPoIecca uxX mocTpoe-
HUS C UCTIOJIB30BaHIEM HelpOoceTeBLIX MeTO10B. [Ipemaraemast apxurekTypa Heil-
POHHOII ceTH 1M03BOJIAET aBTOMATHIECKN 00y4IaTh 1peodpas3soBaHiis Ha OCHOBE JIaH-
HBIX, oDecriednBasi aJIallTUBHOCTD K UX CTPYKTYPE.

HoBuzna paboThl 3aK/II09aeTCsI B MHTEIPAIUN CTPOTOI0 MAaTEeMATHIECKOTO all-
naparta MyJIbTUBEHBJIETOB ¢ COBPEMEHHBIMEU METOJIAMU ITyOOKOTro 00yUdeHus. DTo
MO3BOJISIET He TOJIBKO CO3/IaBaTh HOBbIE 0a3MChl, ONTUMU3NPOBAHHbIE TT0J] KOHKPET-
HbIe 33/Ia9i, HO U 00eCIeuYnBaTh UX UHTEPIPETUPYEMOCTDb, ITO OCOOEHHO BaryKHO
JUIsT TIPUMEHEHNsT B KPUTUYECKN 3HAUYNMbBIX 00JIaCTSIX — TaKUX KaK MeJnInHa, 00-
paboTKa MHZKEHEPHBIX CUTHAJOB 1 aHaJIN3 OOJILINNX JAHHDBIX.



MaTemaTrnueckas ¢u3MKa UM CMEeXHHE BOIPOCH COBPEMEHHOTO aHaim3a, Byxapa-2025 119

AkTyaJibHble  pabOTBHI  MOKA3bIBAIOT SM@PEKTUBHOCTL  MYJIHTUBEHBICTHO -
HelfpoceTeBbIX 10,1X010B B Metutinie (anann3 dKI' u DT, reekoMMyHUKAITHAX
(ouMCTKA CHTHAJIOB U [IPOTHO3UPOBAHIE HAIPY3KH CETH), HHKEHEPHBIX CUCTEMax
(MOHUTOPUHI COCTOsIHUSI O0OODYJ/IOBAHMUsI), a TakKyKe B 00JACTH HEeeBKJIHMIOBBIX
JIAHHBIX — HAIpUMep, i aHajm3a rpadgos u 3D-crpykryp. IIpu sTom ocratorcs
OTKPBITBIMU BasKHbIE TEOPETHYECKUE BOIPOCHI: obecliedeHre OpTOHOPMUPOBaH-
HOCTH U YCTOHYINBOCTH 00y4YaeMbIX (pUJILTPOB, COXpaHEeHNe HHTEPIPETUPYEMOCTH
Mojiesieit 1 pazpaboTka 3PPHEKTUBHBIX METOJIOB JIjIt 00paDOTKHI OOJIBINNX 00BIMOB
nmaHHbiX. Perenne stux 3asiad (hopMupyer OCHOBY JI/IsI JIAJIBHEHINEr0 PAa3BUTHS
aJIAIITUBHBIX MYJIbTUBEHBIETHBIX METOJI0B, HHTEIPUPOBAHHBIX C COBPEMEHHBIMI
HefipocereBbIMU apxuTekTypamn [1]-[3].

Obyyaembie MmbpuaHbie
BEWBNEeTHbIe APXUTEKTYpbI:
bunbTpbl Scattering + HelipoceTy

Lifting-cxema I o Obyuyaemoe
yepe3s b?eﬁpm:em Heit POCETH wymMonoaasnedHue
U BOCCTAaHOBNEHWe

CWrHanoe
MynbTueeisneTHole AHanua
HenpoceTH HEEeBKNWA0BLIX U
rpadoBbIX OaHHbIX

Puc. 5: llpumenenne HeftpoceTeit 77151 BeliBIeT-aHAIN30B

B nmannoit pabore paccMoTpena mpobJieMa OrPaHMYEHUs KJIaCCUUeCKHX Beii-
BJIETHBIX U MYJIbTHBEIBJIETHBIX METOJIOB, CBSI3aHHBIX C HCIIO/Ib30BaHUHEM (DUKCH-
POBaHHBIX (PUJIBTPOB, HE CIIOCOOHBIX aJIAIITHPOBATHLCS K OCOOEHHOCTSIM pPeasIbHbIX
JAaHHBIX. [lJIs1 Ipeo/io/ieHnst 9TUX OrpaHUYeHUl PEJJIOZKEH TT0/IX0/l, OCHOBAHHBIM
Ha WHTErPAIUK CTPOTOI'0 MAaTEeMATHIECKOro arapaTa MyJIbTHBEIB/IETOB ¢ COBPe-
MEHHBIMHI HEePOCETEeBBIMI apXUTEKTYPAMI.

Paszpaborannasi MOe/Ib TO3BOJISET aBTOMATHIECKH (DOPMUPOBATH HOBBIE TUITBI
6a3MCHBIX (PYHKIINI, ONTUMI3UPOBAHHBIX JIJIsT KOHKPETHBIX 38/ U THIIOB CUT'Ha~
Ji0B. Taxoil mojxos obecrieunBaeT aJalTUBHOCTD, YJIYUIIaeT TOYHOCTb aHAJII3a, I
COXPAaHsIeT MHTEPIPETUPYEMOCTD, YTO OCOOEHHO BayKHO JIJIsl IIPUMEHEHUsT B MeIH-
I[IHE, MHYKEHEPHBIX CHCTeMAax, TeJIEKOMMYHUKAIMAX U aHaIn3e OOJIbIIIX JTaHHbIX.

Pesysibrarel  #ccle0BaHUs  [OJATBEPXKJIAIOT  BBICOKMIT  ITOTEHIIHAJ
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MYJIBTUBEIBIETHO-HEPOCETEBBIX METOJOB JIJIsi PeIleHus IPaKTUIeCKUX 3a-
Jlad, BKJIOYasl IIyMOIIOIaB/IeHNe, BOCCTAHOB/IEHIIE CUI'HAJIOB, aHAJIN3 BPEMEHHBIX
psSIIOB U paboTy € HEEeBKJIUMJIOBLIMUI CTPYKTYPaMH, TaKUMH KakK TI'padbl 1
3D-nannble. B jasbHelineM iaHUpyeTCs yiIeJUTh BHUMaHUE BOIIPOCAM Teope-
TUYECKOI ycTOdnBOCTH 00yUaeMbIX (PUIBTPOB, ONTUMUBAIMI BbIUUCIATEIbHBIX
aJICOPUTMOB 1 Pa3paboTKe METOJIOB, OPHEHTUPOBAHHBIX Ha 00pabOTKY OOJIbININX
00BLIMOB JTAHHBIX.
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KBaapar HOpMbI (PyHKITMOHAJIA HOTPENTHOCTI COCTABHBIX
KBaJIpaTyPHBIX (bopMyJ1
MamaroBa H. X.
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[TocTpoenne onTuMaaIbHBIX (DOPMYJT JIJIsl TPUOJINYKEHHOI'O BHIYNCICHUS JINHEH-
HBIX (DYHKIIMOHAJIOB O0JIee TMUPOKOTo Kjacca 3aad SB/SETCS aKTyaJ bHON 3a/1a-
qeit BeraucanTebHoil MaTemMaTuk. O4ueHb XapaKTePHBIM SIBJISIETCSI 3/1€Ch [TPUMEp
Teopur (pOpMyJT NPUOJIMKEHHOT'O MHTEIPUPOBAHNA: KBaJIPATyPHbIX U KybaTyp-
Herx opmysn. CocTaBHON KBapaTypHOil GopMy/I0il Ha3bIBACTCS MPUOIMKEHHA

1

dopmyia, Belpaxkalomias 3Hadenne MHTErpasa f o(r)dx B Buje JUHEHHONH KOM-
0
OuHAINM 3HAYEHNI TTOJILIHTErPAILHON (DYHKIINIT U ee MPON3BOHBIX B TOUKAX, Ha-
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rjie €p,1](7)unpukarop (minm XapaxTepucruieckas dynknus) orpeska [0, 1],
t <m — 1. [lapameTpsl T} HA3LIBAIOT y3/JaMU KBaJIpaTypHOil (OpMYJIbI, a JuC/Ia
Cfa), CQ(a), e C](VO‘)— ee kKodburmentami, p(x) € L;m)((), 1).

Hamomunwm, aro dynknus f(x) HassiBaeTcs 1-meprondecKoil, ecm st Jirobo-
ro tiesioro 3 € Z u Beex x Bomosnstercs f(z) = f(z+ ). llpuBomum onpenenenne

1- mepuognueckoro mpocrpancrsa CobosieBa Lém)((), 1).

[IpocTpancrso Lém)((), 1) mpu m > 1- ruasbepToBO MPOCTPAHCTBO 1- mepuo-
mrackax gynknuii f(x), —o0o < x < 00, oTIHYAIMXCcst 6oJiee, YeM Ha KOHCTAH-
Ty, M—e MPOU3BO/IHbIE(B 0OOOIIEHHOM CMBIC/IE) KBaJIPATHYHO UHTEIPUPYEMBI CO
CKAJIIPHBIM IIPOU3BEIeHIEM

(f.9) = / it i

dx™ dx™
0

—

Hopma B mpoctpancTse Lgm((), 1) onpejessiercst (hopMyIIoit

EPRIE / (& o) i
0

[TorpemHocThio KBaIpaTypHOil (hOPMYJIbI HA3BIBAIOT PA3HOCTH

1

/gp d:E—ZZCk ol

]O { (6[0,1] (z) — kﬁ;ai%cé@(na(s(a)(x — :ck)> * ¢0(x)] o(z)dr,

rie 6(x) — nenpra-byukuus lupaka, ¢g(x) = > d(x — ),
B

() = (5[0,11 (2) =YY (=16 (w — wk)) * o (). (2)

k=1 a=0

B nacrosieit pabote pe3yabTaTbl HHTErPUPOBAHUIO MTEPUOINIECKUX (DYHKIINI
OJIyYeHHBIX (DYHKIMOHABHBIMEI MeTogamu 13 [1-4] obobmatores Ha ciydail co-
CTaBHBIX KBaJAPATYPHBIX (DOPMYII.

CupapeJ/inBa CJIeyIomasl.
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Teopema. Keadpam nopmut ynryuonasa noepewnocmu (2) cocmashoti keao-

pamypnot gopmyave (1) ¢ npoussodnvmu 6 npocmpancmee Lém)*(O, 1) aanucoi-
saemcs 6 sude

/(\/ , N t N e2miB(zy —wy)
||€|L2 O 1 H Z Z C/ a+a Z 2m—a—a’’
(2753)
=la'=1 k=1 a=1 B#0
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H»1ma, ocHoBaHHBIE HA Urpax

Magapaxumos VY. C.!, Ucaxkxkanosa JI. JI.2

Ypreuuckuit rocygapcTBennbiii yausepcuter nmenn A0y Pailixana Bepynu,
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Paccmorpum Hekoropoe MHOKecTBO 2. COBOKYIIHOCTDH BCEX HEIYCTBIX 1OJIMHO-
xkectB ) oboznadnm depes [1(€2). Pacemorpum rerneps jBa muoxkectBa: €21 u (o,
a TakxKe orobpazkenne a MuoxkectBo 21 B II(£22). D10 oTobparkenne Oynem Ha-

3bIBATH TOUeTHO-MHOKecTBeHHBIM. [ & € T1(€) momoxum a(€) = |J a(z). Ha
r€eE
muozkectse a(§)) MOXKHO onpee/uTh oTobpazkenne a ', obparnoe a: a ' (y) =

{re: yealr)} (y€ald)).
Ouepuino, uto a 1(a(2)) = Q u, Kpome Toro, (a‘l)_l = a. I'padu-
KoM orobpaxkenusi a MHoxkectBa 21 B I1(€) HasbiBaeTCd MOJMHOKECTBO Z

npsiMoro rnpousBegerust {11 X (9, ompejessieMoe CIeIYIONUM 00pasoM: 4 =
{(z,y) € U x D x €, yE<alx)}.
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Orobpaxkenne a muoxkectsa {2 B 1I(€y) Haz0BeM 3aMKHYTBHIM (MM MOJTYHE-
IPEPBIBHBIM CBEPXY ), €c/ii IpauK Z 3TOr0 0TOOparKeHUsT 3aMKHYT.

«Knaccnueckas» urpa m Jidi OnuChIBaeT KOHMIUKTHYIO CUTYALINIO, B KOTOPOIi
y4acTByeT N UIPOKOB. ByjeM o603Ha4YaTh 3THX UIPOKOB dmciaaMu 1, 2, ..., n.
Nrpok ¢ umeer B CBOEM PACHOPSAXKEHUH HEKOTOPOE MHOXKECTBO X;, KOTOPOE Ha-
3BIBACTCS MHOMCECGOM €ro cmpamezuti. Kpome Toro, 3ToT UrpoK OIMCLIBACT-
¢ YHKIMEN BBINTPHIIIA (cbyHKm/Ieﬁ HOJIGSHOCTI/I) Ui, ONIPEJIEJICHHON Ha IIPAMOM

n

npoussejiennu |[ Xy = X1 x Xo x ... x X,,. Hneno w; = u;(xq, ...7,) HOKa3bBaer

k=1
BBIUT'PBIII, KOTOPBI IOJIydaeT ¢ — i UI'POK, €C/IM IepPBbIil UIPOK BbIOPaJI CBOIO

CTpaTeruto Ty, BTOPOil UI'POK — CTPATETUIO X2, ..., T - il UTPOK — CTPATETUIO Ty,.
Urpa n i, omnpejiesieHHas ¢ ITOMOIIBIO MHOXKECTB cTparernii X; m (yHK-

Uil BBIUTPBINIA U;, HA3BIBAETCA WUTPOIH, 3aJaHHOl B HOPMAaJILHONI QopMe.
n

Sdnement T = (Ty,...,T,) MHOKecTBa |[ X} Ha3bIBaeTCS COCTOSHEEM DaB-
k=1

HOBecusd B cMbicjie H»ama paccmarpuBaeMoii HaMU UIPBI, €CJAN JJIA  BCEX

i = 1, 2, ..., n BbINOJHSIIOTCI COOTHOMIEHUS Ui(T1, ooy Ti1, Tiy Tit1y vy Tp) =

maxui(:il,...,fi,l,xi,:ﬁiﬂ, ceey .’fn)

T, €X;

Crparerust T; ITPOKa ¢, yIaCTBYIOIAsl B COCTOSIHUN PABHOBECHSI ', HA3BIBAETCSI
onTuMaJibHON. CMBIC/I PUBEJIEHHBIX OIpPeIe/IeHN 3aK/II0IaeTC B CJICIYIOIIEM.
[IpenmonoxKmm, 4T0 KaKoi-1100 13 UI'POKOB, CKarKeM 2, He BOCIIOJIbL30BAJICS CBOEI
ONTUMAJILHOI cTpaTerueil T;, B TO BpeMsl KaK KarKIbIil 13 OCTAJIbHBIX HIPOKOB
k BBIOpaJ ONTUMAJILHYIO CTpaTeruio Tx. B 9ToM ciiydae UI'poK ¢ obecriednT cebde
BBIUTPLIII He OOJIBIION, deM ecyi ObI OH IPUMEHII CTPATEruio ;.

Hsmr [1] mokazas, gro B ciaydae, Korja X; — KOMIIAKTHBIE BBITYKJIbIE MHO-
»KecTBa, a (DYHKIMI BBIMIPLINIA U; — HeIPepbIBHbIE BOTHYTHIE 110 X; (PYHKIIH
(=1, 2, ..., n), cocTosiHIe PABHOBECUS CYIIECTBYET.

C TouKHN 3peHusi Mojeseil SKOHOMUIECKOI0 PaBHOBECHs IIPeJCTaB/IsIeT HHTe-
pec paccMOTpeTb HEKOTOpoe 0DODIIeHne ONMCAHHON BBINIE UTPHI 70 JIAI B HOP-
MaJibHOI dopme. CyTh 9TOro 0000IIEHNsT 3aK/II0UaeTCd B TOM, 9TO MHOXKECTBA
crparernit X; UTPOKOB ¢ IPEIIIOIAral0OTCs 3aBUCAIINMU OT BBhIOOPa 3TUX CTpa-
Teruil, B TO BpeMsd KakK B «KJIACCHYECKOIl» UI'Pe OHM CUUTAIOTCS pa3 ¥ HaBCer/a
3aJlaHHBIMEI. TOUHee roBopsi, ecjin UIPOK 1 BBIOpaJI CBOIO CTPATErHiOo X1, UTPOK
2 — cTpareruto Ts, . . . , UCPOK M — CTPATEIHIO X,, TO MHOXKECTBO BCEX CTpa-
teruit urpoka 1 ectb Xi(r1, %2, ...T,), urpoka 2 — Xo(w1, X, ...Ty,), . . . , UI-
poka n — X, (x1,x2,...x,). Ilpn 9TO0M, pasymeercsi, €CTECTBEHHO, CIUTATH, UTO
x; € Xi(xy, w9, ...xy) (i =1, 2, ..., n). Cauraem, TakuMm 00pa30M, UTO KAXKIbIil
13 UIPOKOB, BBIOMpas TeM WM MHBIM CIIOCOOOM CBOM CTPATErHU, MOYKET BJIMATD
Ha COBOKYIIHOCTH BCEX CTPATEruil Kak JPYTIUX UI'POKOB, TaK I CAMOI0O CeOsl.

[Ipusejiem popMmasibHOE OlICaHIEe paccMaTPUBaeMoil Urpbl. B 9Toit urpe yuact-
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BYIOT M UTPOKOB: ¢ = 1, 2, ..., n. B pacnopsizkeHn#n Karkj0ro UrpokKa ¢ MMeeTCs
~ ~ n ~
Hekoropoe MHOzkecTBO X;. Ha muoxkecrBe X = [ X, 3ajanbl hyHKIMN BHIUTPHI-
i=1
ma u; (i =1, 2, ..., n). Kpome Toro, 3aJlaH0 n TOY€THO-MHOKECTBEHHbBIX OTOO-

paxennii X; : X — [] (XZ) (1=1,2,...,n). Quement x = (1, 3, ...Ty) MHOKE-

crBa X HA3bIBAETCS COCTOSHEEM UIpHI, ecn x; € X;(z) (i = 1, 2, ..., n). pu
9TOM 4 — s IPOEKIUS T; BEKTOPA T HA3LIBAETCS CTpaTerueii 4 - ro urpoka, OTBeva-
FOITEll COCTOSTHUIO T, & MHOXKeCTBO X;(Z) — COBOKYITHOCTH BCEX CTpATEruii STOro
UTPOKA, OTBEYAIONINX YKA3aHHOMY COCTOAHMIO. PaccmarpupaeMmyio urpy oyuem,
TaK K€ KaK U B «KJIACCHUECKOM» CJIydae, Ha3bIBATh UIPOM M JIMIl B HOPMAJILHOI
dbopme. Nrax, 110 ornpejieieHnio, Urpoii n JIUIl B HOpMaJIbHOI hopMe IpeIcTaBIseT

G = ((Xz)n . (wi)i_y (Xz')?zl) : (1)

1=

00BEKT

Cocrostiuem paBHOBecusi B cMbic/ie Hata urpsl G, onpejesienHoii dhopmyiioii (1),
Ha30BeM BEKTOD T = (Z1, T, ..., Ty ), OOJIAIAONINIT CIEYIONUMI CBOHCTBAMI:

1) z; € Xi(x1, 29, ...xy) (i =1, 2, ..., n) (1e. T = (T, Ts,...,Ty) — COCTOSTHUE
urpsl G),
2) wi(Z1, ..., Tic1, Tis Tig1, ooy Tp) = MaxX Ui(T1, ..., Tim1, Tiy Tit1s -y Tn)-
.Z‘iEXi(.C(I)

Teopewma. Ilycth urpa G = ((f(z>n

1=

n n
()i q s (Xi)i:1> 00JIaZIAeT CJIEJLYIO-
MMM CBOMCTBAMU:
1) kaxkji0e u3 MHOKECTB X; $IBJISIETCSI BBITYKJIbIM KOMIIAKTOM B KOHEYHOMEP-

HOM I[IPOCTPAHCTBE,
n

2) Kazkjiast YHKIMS u; HelpepbiBHA Ha MHOKecTBe X = || X; U BOrHYTA 110
i=1
nepeMeHHoit x; (T.e. pu yiobom x € X dyukiys 4; : X; — R}H orrpe/jie/IeHHasd
bopmyioit ;(y) = ui(x?,y), asisercs Bormyroii),
3) mpu sobom = € X mHO)kecTBO X;(7) Boimykio (i =1, 2, ..., n),
4) orobpakenne X;(x) (i =1, 2, ..., n) menpepbiBHO 110 KakyTanu.

Torna G 0b1aaeT COCTOSIHIEM PaBHOBECHS.
JINTEPATYPA
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Mopesb niepeHoca BellecTB B JIByMEPHOII NPsAMOYTOJIbHOI cpeJie

Caraynnaes O.K.

Karrakyprancknit oumnans CamMapKaHICKONO rOCyIapCTBEHHOTO YHUBEPCUTETA,
CaMapKaHI;
otabek892603Qgmail.com

CoBpeMennble 9KOJIOTHYEeCKNe U WHYKeHepHbIe 3a/ladl Beevale TpeOyioT Tiry-
OOKOI'0o IMOHMMAaHUs TPOIECCOB MEPEHOCA 3arPA3HAONINX U JIErPauPYIONX Be-
IECTB B TOPUCTHIX cpeax |1, 2]. Ocobblii nHTEpeC MpejicTaBisieT MO InPOBaHIe
TaKNX IIPOIECCOB B JABYX30HHBIX ITOPUCTBLIX CpelaX, CTPYKTypa KOTOPBLIX BKJIIO-
JaeT KaK aKTUBHBIX 30H C BBIMBIBAEMBIX &JICOPOINN, TaK W MMACCUBHYIO 30HY C
HeBBIMbIBaeMbIX ajicopOunu |3, 4]. Hacrosimast pabora nocssiiena paspaboTke
I UCCJIEOBAHUIO MaTeMaTUIeCKO MOJIe/IN IIePeHoca JerpaJupyIoliero BellecTBa
B JIByX30HHOII TIOpHCTOil cpene. PaccmaTpuBaercs NBYyX30HHAS TOpPUCTas Cpeja
C aKTUBHON M MACCUBHOI 30HAMU B JIByMepHOM ciydae. s onpejpesnenns 1o-
JIsl JTaBJIEHUSI UCIIOJIb3yeM ypaBHEHUe ITPOHUIaeMOCTell, HalllCaHHOe B JIByMEepHO
IIJIOCKOM CJIy4dae

op 0?p 0?p

e A £ 1
ot~ X1g.2 +X28y2 (1)
IJle UCIOJIb30BaH 3akoH Jlapcu B Bujie
k(0 k, (6
o ()@,wy__y()@ @)
po Ox po Oy

kx(0), ky(6) - npoHunaeMocTu cpejbl 110 HAIIDABIEHUSAM T H Y COOTBETCTBEHHO,
X1, X2 - IIPOHUIIAEMOCTE}! 110 HAIIPABJICHUSIM X U 1.

Eciu cunrars, uro usMenenue 6 - 3a cuer ocarkeHus BEIIECTBA MaJIO 1 H3Me-
HEeHIeM [POHUIIAEMOCTEN OT MOPUCTOCTH MOYKHO IIpeHedpedb, TO /s OJHOPOIHOI
aHM30TPOIHON Cpebl MOXKHO II0JIOKUTBL K, = const,k, = const . DTomy ciy-
gato coorBercTByeT (1) ¢ mocTosHHBIMU KOY(DDUITMEHTAME TPOHUIIAEMOCTeN X1 =
const,ys = const. npu yciaosun j = const. Torga (2) MOXKHO 3amucarh B BUJIE

~ kyOp _ kyop
T T o™ T Ty 3)

Cuauasia pemaem (1) u onpeenum nosie gasiennst p. s ero perenust 1o-
CTaBUM CJICJIYIOIINE YCJIOBUSA

h
p(0,x,y) = po,pp = const , p t,0,§ = p1,p1 = const

Ip(t,0,y)
Jy

N |

h
:0,0§y§§, <y<h
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p(t,00,y) =0,
oy oy

[Tocste onpeiesienust moJist gaBjieHns 13 (3) HAXOAUM IOJIe CKOpocTedi (prIbTpa-
UK Wy, Wy
YpaBHeHIE IIepeHOCca, BElIeCTBa, IPUHIMACT B BU/JIE

d(0c) oc oc 0 dc o ([ Oc dc,  Ocp
) 2w, 2 — D, L (099 4 p, L (928) L D gy o 4
ot rar Ty T Pran (98:5) Ty (95@) ; 0 (4)

rjae D, D, - KoaddunnenTsl rujipojnHaMuiecKoil Juciepcueit 110 HalpaBjeHusM
T U Y. COOTBETCTBEHHO.

YpaBHeHIE (4) paccMaTpuBaeTcss COBMECTHO C ypaBHEHUSAIMU KUHETUKU JIJIsI
KOHIICHTPAINA B aKTUBHOU U [HACCUBHONW 30H B CJICYIOIINNA BUJIE

Barc o )\eacan ecian 0 < Cq S Car

Oc,
ot

- Baac - Badca - )\eacay €CIH Cqr < Cq < Cqp
0, eCJN Cy = Cq
t11€ Bary Baa, Bad - TAPAMETDBI, Cqp - TIPEJie/IbHAsT KOHIICHTPAIUST, IPU KOTOPOIi 3a-

BepiaeTcsd 3PPeKT 3apsIaKu.
Kunernka ocakjeHust B IACCUBHON 30He MPUHIMAETCS B BUJIE

C
P Bpocpic

0, eCJI C) = Cpp

CraBuM cieayronmnue HadaJbHble 1 I'PaHNYHbIC YCJIOBUA

c(0,2,y) = 0,¢4(0,2,9) = 0,¢,(0,z,y) = 0c,(0,2,y) =0

h
c|t,0,=) =cp,cop = const

2
%;’w:()ﬂéyég,gﬂ/éh
c(t,00,y) =0
dc(t, x,0) _0 dc(t,x, h) _0

y - Oy

Jlnrepatypa
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MareMmaTtudecKass MOAeJIb MOMYJISAIAN PE3UCTEHTHBIX U
qYyBCTBUTEJbHBIX OaKTepHii HAa OCHOBE AMHAMUYECKOl CUCTEMbI THUIIA
Jlorku-BosabTepphbl

Xakumona . A.l, 9mmamarosa 1. B.!?, 3asropoanesa C. 0.3

1T}uHKeHTCKHﬁItwyﬂapCTBeHHbﬁiTpchnopTHbdiyHMBepCHTeT,jkuHKeHT
Y30eKucTaH;
24dil@mail.ru
2 UnctutyT MatemaTuku nmenn B. V1. Pomanosckoro AxajeMun Hayk
Pecniybsinkn V30ekucran, TamikenT, Y30eKuCTaH;
xakimovadildorad47@gmail.com
ST}uuKeHTCKMﬁlxxgqqunBeHHbﬁiTpchnopTHbﬁiyHHBepCHTeT,qkuHKeHT
Y30eKuncTaH;
zavgorodnevasveta220@gmail . com

Teopus HeIMHENHBIX TTHAMITIECKITX CUCTEM SBJIAETCH BayKHBIM MHCTPYMEHTOM
n3ydeHns 1 aHaJI3a IBOJIIOINN CJIOKHBIX ITPOIECCOB BO BPEMEHN U IMUPOKO ITPH-
MEHSCTCS B YIIPABJICHUH, SKOHOMUKE U SIIIEMUIOJIOTTIECKOM MoieinpoBanun |1].
B wactnoctu, cucrembl Tura Jlorku-BosibTeppbl obecrieunBaior 3¢dpHeKTHBHYIO
MATEMATUICCKYIO OCHOBY JIJIsI MOJCJMPOBAHUS MOMYJISITMOHHBIX MporeccoB. Oj1-
HUM W3 HalpaBJEHNN WCCJIeIOBAHUN SIBISETCA M3yUeHNe XaOTUIEeCKOTO TOBeJIe-
HUsI, KOTOPOE MOYKET BO3HHUKATH JlayKe B IPOCTHIX CUCTEMaX IPU OIPEIeTIHHBIX
yCJIOBUSX. Takoe moBejgenne Had/IIOMAETCA BO MHOTUX TTPUPOTHBIX U COMMATLHBIX
nporieccax, BKIOUasd KINMaTHIeCKue n3MeHeHnst 1 (hpMHAHCOBBIE PHIHKU.

B nanHoit paboTe paccMaTpuBalTCs JUCKpeTHbIe cucTeMbl Tuiia, JIorkulIBosib-
TeppBI ¢ KOCOCUMMETPIIHBIMI MaTpHIiaMy Ha cuMminiekce S°. [Tokasaro, 4To ore-
patops! JIorku-BobTepphl, onpe/ieTdHHbIE HA TPYXMEPHOM CHUMILIEKCE, MOXKHO
pa3/ieInTh Ha TPU IPYIILI B COOTBETCTBUN C MX CUTHATYPaMU. B paMKax JamHoii
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KJIacCU(DUKAIINI HCCJIeyeTCsl euHas JIMHAMIYIecKasl CUCTeMa, OTHOCAINAsICA KO
BTOPOII I'pyIIIIe:

= 21(1 4+ axe + bxs + cxy),
v Ty = 15(1 — azy — dzs),
' acg = x3(1 — bxy + dxs — fuy),
r, = x4(1 — cxy + fas3).

Hava/ibHble KOHIEIINE TaKUX ONepaTopoB ObLIM U3j102KeHbl B pabore [2]. Ha
OCHOBe aHaJjIn3a, IPOBeUHHOrO B paborax [2], [3|, momydensl ciemyrorie pesyib-
TAThI:

r1=23=0 = F24:M{ ;FJ};O;%}.
VY 3aJIaHHOT'O OllepaTopa UMEIOTCs YeThbIpe CUI'HATYPhI:
op=(+—44), a=(+—+-), d3=(+——4), ds=(+———).
Ha ocHoge [3]| onpe/ie/isieTcst MHOXKECTBO HEHOJBUAKHBIX TOUEK:
P={zecS: Az >0} ={es; M}, Q={xecS®: Ar <0} = {eq; M}.
st aHa/Im3a XapakTepa dTUX TOYeK MCC/IeI0BaH CIeKTp MaTpuibl fkodou. B

pe3yJabTare M0JIy9eHO:

Do M{0 25055 = M=do=X=1 =1+

CaesroBaresibHo, ToUKa M SIBJISIETCS PEIesLIEPOM.

[Ipeiaraemblil olepaTop MOXKHO pacCMaTpUBaTh Kak 000OINEHNEe PaCIIipeH-
Hoit momesin STR, npencrasiennoit B [3]. O omnmchiBaeT pacrnpocTpaHeHne HH-
dbexnuii, moTopHOE 3apazkenue, GOPMUPOBAHUE PE3UCTEHTHOMN MOMY/ISAINT 1 3-
(bekThI JleueHns B paMKax eJnHoil cucreMbl. Mojesib U3BeCTHA B SIIIEMUOIOT U
KaK KMOJEJIb YCTONYMBOCTU K AHTHOMOTHKAMIb, TaK KaK yUINTLIBACT B3aUMHYIO
JMHAMUKY 4YBCTBUTEILHBIX U PE3UCTEHTHLIX OAKTEPUil, a TaKyKe BIMAHUE Tepa-
1N,

B pamkax Moje/n BBIIEISIOTCA YeThipe TPYIIILI 0Cobeii:

® 11 -3JI0POBbI€ MHJIMBU/IbI, BOCIPUUMYNBBIE K MH(EKIIIH;
® 19 - IAIMEHTHI ¢ OAKTEPUsIME, 9yBCTBUTE/ILHBIMU K aHTHONOTHKAM;
® 13 - IALMEHTHI C DAKTEPUSIMU, YCTONIUBBIMI K aHTHOMOTUKAM;

® 1, - CTCIEHD HNCIOIb30BAHNA AHTHONOTUKOB (asa JedeHus).
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[Tapamerpsl  a,b,c,d, f uHTEpHpPETUPYIOTCSA CJIEIyIONUM 0Opa3oM: a -
MHTEHCUBHOCTDL WHMUIINPOBAHUS 3/I0POBBIX UHINBUJIOB UyBCTBUTEJILHBIMU OaK-
TepuaMu; b - Ko3pduUImenT nepejain pe3anuCcTeHTHBIX OaKTepuil 3JI0pOBbIM; d -
BEPOSITHOCTL TpaHchOpMaIUi BOCIPUUMIUBON MHMEKIUU B PE3UCTEHTHYIO; C -
110009HbIe 3P DEKTh AHTUOMOTUKOB JIJIs 3J0POBBIX; f- B3auMojieiicTBIe aHTHONO-
TUKOB C PE3UCTEHTHBIMU OAKTEPUIMU.

CMbICT YpaBHEHHIT CJIe 1y IOIIIii:

/
1. xy = 21(1 + azg + bxs + cxy) - ONUCHIBAECT U3MEHEHUE 3[0POBOIT OIS
1101 BJIUSHIEM HH(MDEKINI U JIeUYeHUS;

/
2. 9y = x9(1 — azy — drs) Y xapakrepusyer CHUKEHUE YHC/Ia 1yBCTBUTETHHBIX
OakTepuil BCIeJICTBIE KOHKYPEHIIUN CO 3I0POBbIMU U PE3UCTEHTHBIMU;

/
3. 3 = x3(1 — bxy + dxy — fxy) - OTpazKaeT POCT PE3UCTEHTHBIX OAKTEpHil 3a
CYYT B3aMMO/ICHICTBIS ¢ UyBCTBUTEIHHBIMUI U YMEHbBIIEHUE MO/ JeficTBrHeM
37I0POBBIX 1 JIEUEHNSI;

/
4. xy = x4(1—cx1+ frs) - onUCHIBaET JUHAMUKY JIEUCHUST: CHIZKEHHE TIPH POCTE
3/I0POBOIT MOMYJISIINHN U yBEJTUUEHUE IIPU POCTE PE3UCTEHTHLIX OaKTepHii.

SakJirouenne. Ilpemioxkena mguckperHasi Mojenb Tuia JIorku-Bosbreppsr,
OIIMCBIBAIOIIAsT B3aUMO/IeHiCTBIE 3/I0POBOIi IOIYJIAINN, 1yBCTBUTEIbHBIX 1 PE3U-
CTEHTHBIX DakTepuil, a Takxke 3pdexT yedenns. [lokazaHo cyinecTBOBaHUE HEIO-
JIBUKHBIX TOUYEK U OIPEJIEJIEH X XapaKTep, B 9aCTHOCTH YCTAHOBJIEHO, UTO TOUKA
M sBisiercs penesriepoM. Mojesib 1103B0oJIsSIET OJIHOBPEMEHHO YUIUThIBATH PACIIPO-
crpaHenne nHdeximn, GopMIUPOBaHIE YCTONINBOCTH 1 3(PPEKTUBHOCTD Tepallii,
9TO JIeJAeT eEI0JIe3HBIM HHCTPYMEHTOM JIJIs aHAJIN3a CTPpATeruii aHTHOMOTHKOTE-
paImm.
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HpI/I6.TII/I}KeHHOG BbIIUCJICHUE 6bICTpOOCI_lI/IJIJ'II/Ipy}0]J_[I/IX MHTErpaJjioB

IMIagumeroB X. M. 2, Ypuraboes P.?2

1V I.Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan;
2Tashkent State Transport University, Tashkent, Uzbekistan;
kholmatshadimetov@mail.ru

Borunciienne nHTerpaJjgoB 0T OBICTPO OCHUJIIUPYIONIX (PYHKINN ABISETCA O/
HOI U3 CJIOXKHBIX 38/1a49 B OITHKE, 3JIEKTPOIMHAMIKE, KBAHTOBOI MeXaHUKe 1 MHO-
IUX JIPYTUX 00JIACTSX.

PaccMorpum KBagpaTypHBIX (POPMYJT C Y3JIaMHI B TOUKAX PABHOMEPHOI CETKM:

/01 P dx_ZC (1)

rie o(x) € Lél)((), 1) — mpocrpancrso Cobosesa, C[5] — koaddurmenTsr KBa,I-
patypuoii hopmysibl (1), h = %, N =23,..., N — 4ucjo ysJos.
B nanbHeitiem kBajpaTHas ckoOKa [(] 03HAUAET AUCKPETHOCTH apryMeHTa.
Kgajparyphoit dopmysie (1) coorBercTByer (hyHKIIHOHA MOIPEITHOCTH

N
() = 272y (2) — 3 CLBI3(x — hB), (2)
5=0

rjie €1 (7) Y xapakTepucrudeckas Gynxiua orpeska [0, 1], §(x) Uuenpra dbynk-
g Jnpaxa.
[TockosbKy ¢(x) onpejeneHo B Lgl)(O, 1), umeem

((x),1) = 0. (3)

B srom ciydae KBaJapaT HOPMbI (PYHKIHOHAJA ITOTPENTHOCTH KBaIpaTypHOIl
opmyibl (1) BeIpaykaeTcst B BHJIE

mwx’(hﬁ _ h6/)|
@) 220[5 [ el 0B I,

—_ Z Z C ‘hﬁ hﬁ | // 2mwx 27mwy |h5 hﬁll Ll I d

B=0 B'=0

MuHIMU3UPYsT 9Ty HOPMY TP YCIOBUSX (3), MOJIyIaeM CIIeYIOILY 0 CUCTEMY JIJIst

HaXOKJIeHUs OnTUMaIbHbIX Koadbduiuentos C|[S].

o 1 . _
C[ﬁ] % ‘h25| -I—P():/ x62mwx‘x2—h/6|dx’ 6:071727---7]\7,
0
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N 1
Z Clp] = / 2e*™T g,
=0 0

ILHH peImeHmA 9TOM CUCTEMBbI MBbI 6YILGM [10JIb30BaTbHCA ,ZLI/ICerTHbIﬁ aHaJIor
d2

oleparopa T2

T.€. OIIEPATOPOM

0 npu 8] > 2,
Dyl =qh  wpu|f] =1,
—2h~2 mpu S = 0.

B nacrostineii pabore JoKazaHa Cjejiylonias TeopeMa.
Teopema. Onrumasbibie Ko3DdUIUeHTh KBaparTypHoit ¢hopmysibl (1) B mpo-

CTpAHCTBE Lél)(O, 1) BBIpazKkaroTcst GOPMYJIOii:

CIB) = gy Di[5] 27 (.i - hﬁ) . B=01..N.

(27w) iTwW

DKcTpeMaJsibHast PYHKITS PA3HOCTHON (DOPMYJIbI

IMTagumeToB X. M.!2, Dcanos II1. 3.3

' Tamxkenrckmit roCy/IapCTBEHHBIN TPAHCIOPTHBIN YHUBEPCUTET, TalllKeHT,
YV30eKnuCTaH;
Nucruryr maremarukn uMm. B.J.Pomanosckoro, Tammkent, Y30eKncran;
3TepMesckuil TocyIapeTBeHHBI YEIBepcHTeT, TepMes, Y30eKUCTaH;
kholmatshadimetov@mail.ru, esanovsher@mail.ru

Bynem pacemarpusars dyaknun f(x), npunajiexaiue npocrpanctsy Cobo-
JIeBa
Hg(m) (0,1) . TIpocrpancreo Cobosiesa Hém) (0,1) - ruIE6epPTOBO MPOCTPAHCTBO
KJIACCOB BEIIECTBeHHBIX (DyHKIWM f (), ¢ TpO3BOAHBIX (B cMbIcje 0OOOIEHHBIX
hyHKIWMI) TOpsIKa M, KBAJIPATUIHO HHTErpupyeMbix Ha orpeske [0, 1] co cka-
JISSPHBIM [IPOU3BEJICHUEeM U HOPMOii

<virrn=> (1) [ o) o), )

rje
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Nssectro [0, 1], 9T0 mpocTpancTBO HQ(m) (0,1) BJIOXKEHO B TIPOCTPAHCTBO HEIPE-
PbIBHBIX (QYHKINIT 3a1aHHbIX B obactu [0, 1]

1™ 0,1) — C(0,1). (3)

Bceroy B najibHeIIeM 1o/ pa3HocTHO (hopMyJ10it opsKa k ¢ paBHOOTCTOSIITUMI
y3JaMU MbI OyJieM MTOHUMAaTh HpI/I6Jm>KeHHoe PaBEHCTBO BU/IA

205190 hZc . (4)

3necy [B] = hB, h = N> N = 2,3,..., C[B] u CV[A] - xosddumument pas-
nocruoit popmyisr, CV[k] # 0. Pasnocrnas dbopmysa k-ro mopsixa Ha3eBaeTcs
nessnoii, ecim CW[k] # 0, a ecin CV[Ek] = 0, To aBnoii.

B cuny (3) 6yaer simHeitHbIM U BYHKIIMOHAT TTOMPEITHOCTH PA3HOCTHOI (hop-
MYyJIBI (2).

=Y " ClBd(x — hp) +hZC 816" (x — hB3), (5)
B=0

rie 0(x)- neapra dynknusa lupaka. HOI‘peHIHOCTbIO opmyiibl (4) MBI Ha3eBIM

Pa3HOCTDb
N
(In, ¢ ZO e8] —h > VB8] (6)
B=0

3ajiada 0 ToCTpOeHNE Pa3HOCTHON (hopmyiibl (4) B QYHKIMOHATBHON TOCTAHOBKE
COCTOUT B HAXOXKJEHUN Takoro (byHKinoHama (5), HopMa KOTOPOro B MPOCTPaH-
H{™ (0,1
cree Hy (0, 1) munnmasibia. st HAXOXK/IeHNIST B IBHOM BHJIe HOPMbI (DyHKIIU-
oHaJIa TorperHocTr [y (x) pasHocTHON (HOPMYIbI Mbl OYJIEM MOJIH30BATHCST IKC-
TpeMaJbHO# (PYHKIMEH JaHHOTO (DYHKIMOHAJIA.
m o
Ompenenenne 2. Qyuxrms 1y (x) € HQ( )(0, 1) masbIBaETCS IKCTPEMATBHOM
dbyukmeit HyHKIHOHAIA TOrPENTHOCTH [y (), €c/in BBIOTHSIETCS CIIeIyoIee pa-

BEHCTBO [1]
(i, (@) = |[us™" | - el 225 (7)

B srom mpocTpancTBe 9KCTpeMasbHas (hyHKIUs 1y ()BbIpazkaeTcs depes3 3a-

naHHbIil pyHKIMOHA [y () 0c000 TPOCTO, ¢ MOMOIILIO TeopeMbl Pucca 06 obriem
BUJle JuHeitHOro ¢dyHknonaaa. CrpapemBa CaeAyomast TeEOpeMa
m
Teopema. B  mnpocrpancrse HQ( (0,1) sxcrpemasbHas — QYHKINA

Yy (x)onpeensiercst hopMyJIoit

=N ClBlen(z —hB) + Y CO[BIE (x — hB). (8)
p=0 B=0
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31ech €, () onpeesnsiercst (hOpMyIIOit

eIl (2m —n — 2)!|z|"
m - 2" ’ )
em(2) 22m1(m—1)!nz:% nl(m —n—1)! (9)
JINTEPATYPA

1. Cobones C.JI. Besederue 6 meopuro xkybamyproix dopmys. M.: Hayka. -
1974. - 808 c.

dkcTpeMasibHasg PYyHKIUs (PYHKIMOHAJA ITOTPENTHOCTA KBaApaTyPHOt

[MTagumeros X. M., TypcyumypajgoB C.T.

TamkenTCKIil rocyIapcTBEHHBII TPAHCIIOPTHBIN YHUBEpCUTET, TamKenT,
Y306eKncTaH.

PaccMmorpum KBajipaTypHble (hOpPMYJIbI BIIA

1

/p<x>¢<x> =S c18lpld, 1)

N
0 p=0

¢ (byHKIIMOHAJIOM IIOIPEIIHOCTU
N
Iy (2) = ey () p (@) = ) C[B)d(x — hp), (2)
8=0

351ech p () — BecoBast pyHKIWsI, OT 9T0ii dyHukuuu. Tpedyercs, 4100l HHTErpPAJT
OT 9TOI (DYHKIUU CYIIECTBOBAJ B KAKOM TO CMBICJIE, T.€.

1
/p(a:)dx<oo,
0

m o
e(x) € Hé ) (0, 1) —upocrpancreo CobosieBa KOMILJIEKCHO3HAYHBIX (DYHKIU{ CO
CKAJIPHBIM [IPOU3BEJIEHIEM U HOPMOIi, COOTBETCTBEHHO.
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rjge w € R— MHOXKECTBO NeHCTBUTEILHBIX umcesl n w # 0, ¥ (r) compsken-
was dyukius K Gyaknun ¢ (x), C[B], 6 = 0,1,..., N kosdunnentsr KBa,i-

parypuoii dpopmyiet (1), g9 1) (¢) —xapaxkrepucrudeckas dynknus orpeska [0, 1],
m m.
0 (r) —menbra dyuxims Jupaka, (k}) = k!(mlk)!, 8] = hB, h = %, N =

1,2, ...
Cuenyrorasi Pa3HOCTD

(t.0) = [ () (o) de - ZC B- [t@e@d )
R

0

Ha3bIBAETCS TIOIPEITHOCTBIO KBapaTypHoit opmyiibt (1).
I3 nepasencra Komu-IIIBapia

(e 0)| < || el E™

leres”|

BIJIHO, 9TO abCOJIIOTHOE 3HAUEHUE TIOTPEITHOCTH KBaApaTypHoii ¢hopmyiis (1) ore-
HUBAETCs C TOMOIIBIO HOPMBbI

HgN‘Héme: sup ;)

(6)
. ¢l 20 ng]HQ(m)

(m)

dbyuKknnonana norperHocTn (2) B conpsxyaHoM npocrpancetee Hy . Orcrona
CJIeJIyeT, 9TO OIeHKa IMOTPEeNTHOCTH KBaJpaTypHoit dopmysbr (1) Ha KOMILIEKC-
HO3HAYHBIX (DYyHKINAX HpocTpaHcTBa CobosieBa Hz(m) (0,1) cBomMTCS K HAXOXK-
JEHUI0 HOPMbI (DYHKITHOHAJIA MOTPENTHOCTH (2) B CONPSIKIHHOM TPOCTPAHCTBE
HQ(m) i (0,1). B nacrositmeit paboTe j0Ka3aHbI CJIEYIOIIIE TeOPEMbI:

Teopema 1. Kpajpar HOpMBI (DYHKIMOHAJIA IOIPEITHOCTH KBaJIpaTypPHbBIX
dopmys Buja (1) B mpocrpancrse CoboieBa HQ(m)* (0,1) BBIparkaercst CJIe/IyIO-
mieit popmyiioit

HEN\HQ(”‘)* T SN " TBIC Meme (hy — 1) -
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3nech C [y] kosddumumenTs! Ksaaparyproit hopmyist a C [3] conpszentoe 3ma-
qeHne K HUM, €, , (¢) onpenensercs pasernctBoM (11), P (y) conpsizkennast byHK-
st K GynKio p (y).

Teopema 2. Ksagpar nHopmbl (DyHKIHOHAJIA [NOIPEIIHOCTH OITHMAJILHBIX
KBaJPaTyPHBLIX POPMYJI B IIPOCTPAHCTBE Hém)* (0,1) omnpegensiercst hopmyioit

= /1 /1 P ()P (Y) emw (¢ — y) dody—

O/ T) Emw (¥ — hp) dx

DkcTpeMasibHas (pYyHKIMS 00 OTHOI KBaJapaTypHOii (OpMYJIbl B
npoctpancTBe CoboJsieBa

MTagumeros X.M!? Hypasmes ®.A?3, Mupkomusiaos JI.M!.
I TamkenTcknit [ocynapersenneiit Tpancrnoprasiit Yausepenter, TammkenT,
Y30eKuncTaH;
2Nncruryr matemarnkn uMm. B.J. Pomanosckoro AH PV3, Tamkenr,
V30eKnuCTaH;
STaITKeHTCKI MesKIyHAPOIHBII YHIBEpCHTET, ¥Y36eknucraH, TallKeHT,
Y30eKHICTaH.

0 n|HS"

| 0

iv: .

8=0

B nactosimeii pabote OyaeT HalijeH dSKcTpeMaJjbHass QYHKINA (PYHKIIMOHAJIA 110~
I'PEITHOCTH KBaJApaTypPHOI (hOPMYJIbI BUIa,

| e playde= S dilsloths) + Y gl e he), ()
0 B=0 p=0

¢ (PYHKITMOHAJIA, TTOIPEITHOCTH
. N N
l(x) = Epq(2)e™ =Y " do[B]6(z — hB) + Y di[8]5'(x —hB).  (2)
B=0 p=0

31ech

( Kw 2miwh 1
h ( ’-16 - . ) ) 6 - 07

e2miwh — 1 9miwh

do[B] = { DEuae®™, B=1,N-1,

Kw 1€2m'wh e27riw
h ’ . =N
\ <1 — i | mih ) b ’
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sintwh\ >
Kop=\|—7
Twh

d; [B]—xo3bpunimenTor KBaJIpATyPHOI opmyIIb (1), B () —
xapakrepucrudeckas yukuus orpeska [0, 1], d(x)—nenbra dyukinusa Tupaka.
Dyukius @(x) NpUHAJIEIKUT TTPOCTPAHCTBY

Li™(0,1), rae LY™(0,1) = {©:]0,1] = C | ™V} abcomorno nenpepssho
n @™ e Lém)(O, 1) mpoctpancto CobosieBa KOMILIEKCHO3HAUHBIX (DYHKINIT CO

CKaJIAPHBIM IIPOU3BEJCHUEM OIIPEAC/IHHHOE PAaBEHCTBOM:

(o, 1) = / o™ () - P (2) da,

3/1€Ch 1)—ColpsiKYHHAst (DYHKINA K DYHKIME ¢ 1 HopMa (DYHKIIII (0 COOTBET-
CTBEHHO onpejessiercs (popMyJioit

Iwhw%wfﬂ—{[fﬁm@%¢mwwm}wé

KBajipaT HOpMBI (DYHKITMOHAJIA TOTPENTHOCTH BBIUNUCISIETCS ¢ TIOMOIIBIO 9KCTPe-
MaJIbHOI (DYHKIIIH.

Onpenenenne. OyHKINSA HA3BIBACTCS SKCTPEMaJIbHON DyHKINNN HYHKIIO-
wasa [ (z)[1],
ecn

(1, 0e) = LS - llwel L™
CrupaseinBa, CJIeAyIolas TeopeMa
Teopema 1. Pernienne 1), () KpaeBoit 3a/1a4 sIBJISIETCS SKCTPEMaIbHON (DyHK-
et GyHKIMOHAA TOrPentHoCcTH (2) B HpOCTpaHCTBeLém)*(O, 1) u umeer Buj
rie

Ye(x) = (=1)™(x) * Gp(x) + Pr1(x),

z?" lsign o

2(2m — 1)!

Gn(z) =

ABJIAdETCHA peI_HeHI/IeM ypaBHeHI/ISI
P (z) = §(x),

1, x>0
signx = { 0, xr=

-1, <0
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P, —1(x) — muorowren cremenn m — 1, §(x) — nm3BecTHast nesabTa QYHKIHST
upaxka.

JIuteparypa

1.Cobonen C. JI. Beejienne B Teoputo KydarypHabix dpopmyst. — M.: Hayka, 1974.
— 808 c.

O06 oaHoi1 muckperHoii cucreMe Tuna Buaepa-Xonda

MTagumeros X. M.!2, Damyparos I. C.2

1V I.Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan;
2Tashkent State Transport University, Tashkent, Uzbekistan.
kholmatshadimetov@mailru

KBajgpaTypa CHIBHO OCHMJIMPYIOMNX UHTEI'PAJIOB SABJISAETCA BBITUCINTEILHOIM
11po0OJIeMOIl 1IepBOCTEIIEHHO BayKHOCTH B IIITPOKOM CIIEKTPe IPUIOYKEHN, HAIIPHU-
Mep, KBAHTOBOI XMMUU, aHAJM3e N300PEKEHUI, 3JIeKTPOJINHAMUKE, KOMIILIOTED-
HOIT ToMorpacdun nm mMexaHuke Kujgkocreit. OHa ITHPOKO BOCIPUHIMAETCS KaK
"pyaHas " mpodiema, KOTOPYIO JIydIle BCErO MPEeoI0JIeTh, KaKNM-In00 0Opa3oM
yCTpaHUB KoJieDaHWs, HallpUMep, BhIOpaB depe3BbIYaiiHO MaJible MOJIMHTEPBAJIbI.

Brraucjienne cuabHO OCIUINPYIONIUX UHTEIPAJIOB

2m
/ e f (z) dx
0

IIPOMCXOJIUT B NIMPOKOM JIMAIIO30HE NMPAKTUYeCKNX 33J1a4d ¥ NpujiozKenuii. Brico-
Kast ocumisinius (|w| >> 1) o3HauaeT, YTO KJIACCHUECKEE KBaJPATyphbl Tpedyer
O (w) KBaJIpaTypHBIX TOYEK, 4TO HEIPAKTUTHO.

PaceMOTpuM ClieayIonyo KBaapaTypHoro (popmyry

76“”]” (z) dx = ;N; Crf (%) (1)

¢ (byHKIMAHAJIOM IIOIPEIIHOCTU

E(m):eiwx—ZCk Z 5(1’—%—2%5) (2)
k=1 B

=—0Q

B ipoctpancrse H,, (0, 27) - mepuoaeckux QyHKIHI.

~

[Iponcrpancreo H,, (0, 27) - T'mibbepToro mpocTpancTBO 27 - MEpUOUIe-
ckux ysxiwmit f(xr), m - e nIpousBoOIHBIE KOTOPHIX (B OOOOIIEHHOM CMBIC/Ie)
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KBaJIPATUYHO UHTEIPUPYEMBI, CO CKAJISAPHBIM [IPOU3BEICHUEM.

(f.9) = / £ (2) g™ () da

B nareit pabore BhIUnc/IeHa KBAJAPAT HOPMbI (PYHKIIMOHAJIA IIOIPEITHOCTU Pac-
cMaTpuBaeMoil KBaJpaTypHoit dopmysibl. dajiee, MEUHUMU3UPYsT 3Ty HOPMY IIO
kodpdunuentam Cp, k& = 1,2, ..., N nojaydeHa JUCKpPeTHasi CUCTEeMa THIIA
Bunepa-Xortda 118 HAX0XKIeHUsT ONTUMAJIbHBIX KOMMUIINEHTOB KBaIpaTy PHOI
dopmyiibr Cy.

CupaBeJ/IuBbI CJIe/IYIONINe TEeOPEMBI.

Teopema 1. Ksajpar HOpMBI (QyHKIMOHAJA IOTPENIHOCTH KBaJpaTypHOIl
dopmyier (1) numeer Bu

N 2 N N ew N e 27'r]ilwk
LR 3) actst pEsiupr) protes
k=1 k=1 B0 k=1

¢
Teopema 2. Onrumasbibie Kodddunnentor Cy KBagparTypHoit popmysst (1)
SIBJISIETCS pellleHneM CJiejlyloneil JucKpeTHoii cucreme tuna Bunepa-Xorda

2mif(k—k') (%)
e

N
o] 6 N
PLeT) pamamt kRS I
k=1 B0

o
Perrast 3Ty cucteMy Mbl HaXOJIUM ONTUMAaJIbHbIE KO3 dunnenTor Cy .

O KpaeBoii 3agade A1 ypaBHEHUS CMEITaHHO-COCTABHOTO THUMA C
CUHTYJIAPHBIM KO3 DUITMEHTOM U €€ IMTPUJIOXKEHUIX

Smmamarosa JI.B.12, Ounnosa H.K.?

Mucruryra Maremarnkn nmern B.J. Pomanosckoro Axajemunn Hayk
Pecniybsinkn Y30ekucran, TamkenT, Y30eKucTaH;
2TamKeHTCKIIT TOCYIapPCTBEHHbIH TPAHCIOPTHBIH YHUBEPCHTET, TalTKeHT,
V30eKnCTaH;
24dil@mail.ru, nozima@Qtstu.uz

YpaBHEHUS CMeNTaHHO-COCTABHOTO THUIIA C BBIPOKJIEHHBIMU U CHUHTYJISAPHBIMI
Ko puImenTaMu BOSHUKAIOT TIPU MOJIe/IMPOBAHUN TIPOTeccoB audpy3un u Ie-
peHoca B cpejlaX ¢ HeOJHOPOJHOM cTpyKTypoii. [Tomobuble 3agatunm BcTpedaloTcs
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B MeXaHnke, GusnKe mia3Mbl 1 MareMaTiaeckoii onosornn (1], [2]. B qacrHocTwH,
MOJIEJIH ONUCBIBAIOT pacIpe/ie/ieHne KOHIIEHTPAI[N BEIecTBa W JICKapCTBa, B
TKAHsIX, TJe CBOJICTBa CPEJIbl 3aBUCAT OT KOOD/MHATHI.

IlocranoBka 3agauu. PaccMmorpum ypaHeHue

0 =
a—x(ymum + wyy + Boy uy) =0, m >0, =% < [ <1, (1)
B KOHEYHOI OJHOCBsA3HOI obsactu D C Ri, orpaHnveHHoil npu y > 0 HOpMAaJIb-
HOIl KpUBOIA

2 4 m+2 -1

a2

¢ xkounamu B Toukax A(—1,0) u B(1,0). IIycrs

J=A{(z,y): -1 <z <1, y=0}

W= {u . uwe C(D)NCYDUABUGY) N CP2(D), thyy, thyy, € C(D)}.

Bagadya Np. Haiitu dbysximio u(x,y) € W, yIoBIeTBOPSIONIYIO YPABHEHUIO
(1) B D u yciaoBusim

ul, =¢(s), 0<s<l lim y™u,(z,y)=v(z), (2,00 (2
90 y——+0

2/(m+2)
uloy =0, 0<y<h h=(m2) (3)

3nech ¢(s) u v(x) — HenpepbIBHbIE DYHKINN, 1)(Yy) — JIBAXK/IBI HEIPEPBIBHO JIND-
dbepentupyemasi. Touka O = (0,0), N = (0, h). st coriacoBaHHOCTH YCJIOBUi
TpebyeTcst
o(l) =¢(h),  v(0) =4/(0),
rie | — jumHa ayru BN.
Cremyst merojy u3 3], |4] pererue 3a1a9u MOXKHO MTPEJICTABUTH B BUJIE

u(z,y) = v(r,y) +wy), (4)
rjie (2, y) SBJIAETCS PETYJISPHLIM PEIIEHNeM YPABHEHNS
Y Vg + Uy + Boyflvy =0,

a w(y) — npoussosbHas Gyukius kiaacca C2[0, h]. Bes orpanudenus obmpocTy
MOZKHO TIOJIOZKHUTD
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qTO yrpomaer JajibHeiimnii anaan3. Jekommosunus (4) mo3BoJisieT pasjieuThb
BJIMSHNE TIEPEMEHHON & 1 CUHTYIIPHBIX 3P PHeKTOB BI0L ocl iy = (.

ITpukiaamuasi uHTepnperanus. s wTocTpanmn paccMOTPUM YIIPOIIEH-
HYIO MOJIe/Ib uddy3un jgeKapcTBa B TOHKUI cjoit Tkanu. [lycte m =1, Sy = %
B stom ciyaae ypasuenue (1) yautbiBaet 3ame/ienne auddy3un BOIU3M TOBEPX-
Hoct ¢y = (), 9TO COOTBETCTBYET (DU3MOJIOTUIECKON TPAHUIE MEXKTY KPOBOTOKOM
1 TKAHBIO.

B kadecTBe 4acTHOIO pelleHns 3a/[adu MOYKHO B3sTh (DYHKITUIO

u(z,y) =y =ayt?

KOTOpasl YJIOBJIETBOPSIET yPABHEHIIO
ymu;vx + Uygyy + BOyiluy = 0.

Taxoit mpoduIb ONUCHIBAET pacipegeeHne KOHIEHTPAIIUN BEIeCTBa: BJIOIb OCH
T KOHIIEHTpaIlns MeHsieTcs JinHeitHo (3 deKT JIOKaJBLHOTO TepeHoca), a BJ0JIb

rIyOHHBI TKAHN Y HAGJIONAETCs BBIPOXKIeHne Tiia y'/2

, 9TO OTparkaeT 3aMe]l-
JICHHOE IIPOHUKHOBEHHUE JIEKAPCTBa, BHYTPb OMOJIOTMYIECKOI Cpebl.

Hampuwmep, npu x = 0.5 3navenns KOHIEHTPAIUN PABHBI:
1(0.5,0.01) ~ 0.05, (0.5,0.25) ~ 0.25, u(0.5,1) ~ 0.5.

DTO AEeMOHCTPUPYET IOCTEIIeHHbBI POCT KOHIEHTPaLUK OT 1moBepxHocTu y = 0 K
rJIyOnHe, COrJIacyIOMniics ¢ peajbHbIMU OMOPU3MIECKIMU IIPOIIECCaMU.

Bajiada Np sBJIsIeTCs €CTECTBEHHBIM 000DIeHneM KJIACCHYeCKNX —3a/1ad
Bunajze-CanaxuTanHoBa Jjist TPOU3BOJIbHBIX 3HaueHuit m > 0 u [y. Britodenne
CUHTYJISIPHBIX KO3(MDPUIIMEHTOB TO3BOJISIET OMUCHIBATH ITPOIECCHI, TJle CKOPOCTD
pacrpocTpanenns CyIecTBeHHO U3MEHseTcA y Ipalnlibl odacT. Takas Mojennb
HAXOJIUT MHTEPIPETAInio B OMopu3nKe U MeJIUIIMHE: HAIpuMep, Ipu Jauddys3nn
JIeKapCTBa B TOHKUI ¢/10if TKauu npoduib permenns u(x,y) = xyl_*BO oTpazkaetr
MOCTerenHoe MPOHNKHOBEHNE BENIECTBa OT MOBEPXHOCTU BHYTPDb CPEJIbl. DTO MO/~
TBEpP:K/IaeT MPUKJIAIHYI0 3HAYUMOCTH METOJIOB TEOPUHU CMEITaHHbIX ypPaBHEHUI
JUI aHAJIM3a IpoleccoB Auddy3un, MUKPOUUPKYJIAIUNT 1 00pabOTKN MeIAIIH-
CKUX N300payKeHMil.
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CEKIIN 6. TEOPUYI BEPOSITHOCTEI 1
MATEMATUYECKAA CTATUCTUKA
SECTION 6. PROBABILITY THEORY AND MATHEMATICAL
STATISTICS

AcuMnroruyeckue cBoiicTBa BETBAININXCHA ITPOLECCOB C
BBa,I/IMO,Z[eI'/JICTBI/IeM JaCTHUI]j

Azmmos 2K.!, Typaesp A.?

TamkenTckuii Tocy1apCTBEHHDBIN TPAHCIIOPTHBIN YHUBEPCUTET, TalrkenT,
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PaccmarpuBaercst MOJIE/Ib BETBAIIMXCS CJIyYailHbIX IPOLECCOB ¢ HEIIPEPLIBHBIM
BpEMEHEM U ¢ B3auMogeiicTrueM dactull, Kak n3BecTHO, B OOLIYHBIX BETBSIIIIXCSI
caydaitHeix mporeccax (B.c.r.). [Ipepmosaraercsi, 4T0 4acTHIBI PA3MHOMKAIOTCS
He3aBUCUMO JApyr oT japyra. OJHaKo, BO MHOI'MX PeasbHBIX IIPOLEccaxX POoKie-
HI€ HOBBLIX YaCTUI[ IPOUCXOANUT P B3aUMOJCHCTBUN HECKOJILKIX Y2KE CYIIECTBY-
IOIUX YacTull, B 3ToM ciydae MCHOJIL3YeMblil 0OLIMHO alapaT HPOU3BOISIIIX
byHKIUI MOXKET NPUMEHATHLCS OTPAHMYCHHO U HE JIACT 3HAYUTEILHLIX Pe3y/lb-
TaToB. BerBsalyecs npouecchl ¢ B3aUMOACHCTBAEM YacTull B 00IIeil ocTaHOBKe
obLi BBejieHbl B.A.CeBacrbsinoBbiM B [1] 1 usyuasucs B paborax [2]|-[5]. B pabore
A.B.Kaymnkuna [4] maercs obmmit 0630p MapKOBCKIX BETBSIIIUXCS MPOIECCOB €
B3anmoseiicrsueM, a B pabore U.C.Bananbaesa, A.B./Ipsaxiosa 5] paccmarpusa-
IOTCs IIPOIECCHI ¢ HAPHBIMU B3aUMOIEHCTBISAMN YACTUI] U YCTAHOBJIEHO SKCIIOHEH-
UaIbHOE YOLIBAHKE BEPOSITHOCTU IIPOJOJIZKEHUSI IIPOIIECCA.

Pacemorpum Berssitmuiicst mporece {p(t),t > 0} ¢ ojiHIM TUIIOM YACTHI] U B3aH-
mogieiicrBueM k gacruil. [lycrs pu(t) - 4ucio yacTur B MOMEHT BpeMeHH ¢ BeTBSIIIe-
roCst IIPOLECCa, ¢ B3aUMOJEHCTBUEM, B KOTOPOM Pa3MHOKEHIE YaCTHULL IIPOUCKXOIUT
caejyromemM oopasoM. B MomeHT BpeMenn t JjitoOble k 9acTUIl MOI'YyT IIPEBPATUTHCS
B j # k 4acTull, ¥ HEPeXOJHbIC BePOSTHOCTH IIPOILIECCa

Py(t) = PZ(1) = ] 2(0) = i}
onpeesistiorest popmystavu (mpu ¢ — 0,k > 2 - nesioe)
Pii(t) = dij +ipj—iwut +o(l), i >k, j>i—k
Py(t) = b, 0<i<k—1,
Pii(t) =o(t), 7 <i—k,
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riep; >0,7=0,1,..,k—=1,k+1,..., pp <O,

00
Zp] = 07
=0

d;; - cumsost Kponekepa. IIporece {p(t),t > 0} umeer k HOIIOMAIOMIIX COCTOsI-
1504041
0,1,k — 1},

[Tomobuas Momesb paccmarpuBaiachk B paborax [6| u |7], riae ObLn HaiigeHbI
BEPOSITHOCTHU BBIPOZK/IeHs ripotiecca. B pabore [8] pacemorpena Mojiesb mporecca
C B3aMOJICICTBUEM U MUTPAIMEl YaCTHUIL.

OCHOBHBIME PE3YJIbTATAMU HACTOAIIEH PAOOTHI ABJISIOTCS PEJIeIbHAS TEOPEMa
JIJIsl YUCJIOBBIX XapaKTEPUCTUK U yCTaHOBJIEHHE (DYHKIIMOHATHLHOTO COOTHOIIEHHE
JUIA TIpOU3BoIsAmeiicss (PYHKIMN BETBAIINXCA IPOLECCOB ¢ B3AMMOJCHCTBIEM Ya-
crun,. [Tpu sToM He orpaHnmyYMBas OOIIHOCTH, MOYKHO IIPEJIOJIAraTh, YTO IIPOIECC
HaYMHAETCsI ¢ K gacTuil.

Beegem npoussojsiiue dbyakiun (1.d.)

fls) =D sy F(ts) =3 Plu(t) = j)s'

=0
Jlemma. [Ipoussojsimast yukimst F(t,s) yaosiersopsier mpu |s| < 1 yiuneii-

HOMY JibdepeHInaIbHOMY YPaBHEHIIO B YACTHBIX ITPOU3BO/IHBIX

k

¢ Hava bHbIM yeqosuem F(0, s) = s
Tenepsb Oyjiem mpejoaraTh, YTO BBIIOJIHAIOTC YCJIOBUS

f(1)=0, 0< f"(1) =2b < o, (2)

yCJIOBHE, KaK I B OOBIYHOM CJIyUae, Olpeesaonee KPUTHIECKN IIPOIECC.
O0603HaYNM

o

1
q = Zqz )
1

i
rJie ¢; - BEPOSTHOCTH BBIpOXKieHust mporiecca (i = 0,1,2, ...,k — 1).
Teopema. Ilyct moment my,(t) = Epy cymecTByer it Hekoroporo n > 1.
Ecu Beimosasiercst yejosue (2), To npu t — 00

my(t) — k,
mu(t) ~ (k —=q)n!(bt)", n>2.
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Law of large numbers for random variables with values in Banach spaces were
studied by many authors, see for instance [1]-[4].

We are interested in law of large numbers for random fields with values in a
separable Hilbert space H (with a norm ||-||5) and satisfying some dependence
conditions.

Let us give the definition of m-dependent random fields.
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Definition. Denote Z? = {a = (a1,a2), a; €7Z, i = 1,2}, |a| = max |a;|.
s

Define the distance between two sets Vi, Vo C Z? as
d(Vi,Vo) =inf {||la — b|| : a € V1,b € V}.

Denote by Fy the o- algebra generated by random elements{X, : a € V'}. The
random field {Xa La € ZQ} is said to be m-dependent, if for any V;, Vo C Z? the
o- algebras Fy, and Fy, are independent whenever d (V7, V2) > m.

Now we formulate one of our results.

Theorem. Let {Xz-j, (1,7) € ZQ} be a m-dependent random field with values
in a Hilbert space H. Assume the following conditions hold:

m = o (max (ny, ng)) .
Then as max (ny,ny) — 00,

1 ny »)
Z Z Xi; — 0 in probability.

nin
25—t =1
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The non uniform bounds of remainder term in CLT for the sum of
functions of m-spacings
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Let Uy, Us, ..., U,_1 be an ordered sample of size n — 1 from a uniform [0, 1]
distribution, Uy = 0, U, = 1, &™) = Uy = Ui_pym, i = 1,2, ..., N, GO = 1—
Unm, their m-spacings, where N’ = |n/m/| is the integer part of n/m. Let N = N’
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if n/m is an integer and N = N’ + 1 otherwise, and let hy(u), k =1,2,..., N be
a set of measurable functions. We consider the statistics of the type

Ry(G) = i hy (nG,@) , (1)
k=1

where m = m(n) may increase to infinity jointly with n.

Let G = (G1,...,GN), n = 1,2,..., where G; = GE”, i = 1,2,...,n
are referred to as simple spacings, and let Y7, Y5,... be independent standard
exponentially distributed random variables, Y = (Y1,...,Y,), S, = Y1+ -+ Y.
Then L(nG) = L(Y/S, = n), where £(X) denotes the distribution of the
random vector X. We suppose that the moments used below exist. Put Z;,, =
Yiotymitr o+ Y, k= 1,2,... N, Znm = Znijim = YNmgr + - + Y,
if n/m is not an integer, and Zy,, = 0 otherwise; Snm = Zigm + -+ + Znm,
Bx(Z) = S0y b Zem), p = corr(Ry(Z2), S,) = corr(Ba(Z), S filu) =
hi(u) — Ehg(Ziem) — (u — m)py/Var Ry(Z2)/Nm, Ty(G) = ST, fi(nG™),
Tn(Z) = Son_y fr(Zim). Note that 0% = Var Ty(Z) = (1 — p?) Var Ry(Z) and

ETn(Z) =0, cov(Tx(Z), Sxm) = 0. 2)

From the definition of 0%, it follows that o3 = 0 if and only if hy(u) = Cu+by,
k=1,2,..., N, where constants b; are arbitrary and C' does not depend on k for
all k =1,..., N. We suppose that ¢% > 0 for all N =1,2,.. ..

Put fy = fi(Zim)/oNs Zin = (Zg —m)/V Nm.
N
Biv =Y Elfil!, Pn(x) = P[Iy(G) < zon],
s
t2

() = \/% /_Oo exp {—5} dt. (3)

Theorem. There is a constant C' > 0 such that for arbitrary integer s > 2
and n >s+1

C 1
Aula) = |Py(a) - ®(a)| < - fz\s (ﬁgn Bt ﬁ) .
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The central limit theorem and the invariance principle for random variables
with values in Banach spaces have been studied by many authors; see, for
instance, [1] and [2]. Such theorems are important because of their applications
in mathematical statistics. We consider the central limit theorem for triangular
arrays of weakly dependent random variables with values in L,[0,1], 1 < p < o0
(space of all S-measurable functions f(t), ¢ € [0, 1] such that fol |f(@®)]P Mdt) < o0

with the norm || f(¢)|| = (fol () A(dt)) ’ where A(+)-Lebesgue measure and -

Borel o-field of [0, 1]). We assume that random variables satisfy mixing conditions.
Introduce mixing coefficients for triangular arrays.

em(k) = sup sup max sup {|P(A/B) —P(A)|:Be \Ifgv,?(m),

neEN,j,>k 1, 1<h<jn—k

Aex\ . (m), P(B)> o} , (keN)

where {X,,;(t) : 7 = 1,...,Jn, n € N} is a triangular arrays of random variables
with values in L,[0,1], 1 < p < oo, \Ifénb)(m) is the o-field generated by random
variables [[,, Xna(t), ..., [, Xos(t) and [],, : Lp[0,1] — R™ is a projective

operator, i.e., [[,, Xi(t) = (Xi(t1), ..., Xi(tm)), t: € [0, 1] .

We say that {X,,;(¢) : 7 =1,...,5n, n € N} is a pp,-mixing if ¢,,(k) — 0 as
k — oo for any fixed m=1,2, ... .

Theorem. Let {X,,;(t): 7 =1,...,n, n € N} be a ¢,,-mixing triangular array
of row-wise stationary, centered L,-valued 1 < p < 2 random variables. Assume
that for some 0 < ¢ < p and for some r > 2, the following conditions hold:
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L. nE|Xu(t+h)—Xu@)]? <eh)for0 <h<1 0<t¢t<1-—hand
n=1,2, ..., for some function ¢(-) such that e(h) — 0 as h — 0,

2. om(n) =0 (n%), A> L forallm=1,2,..,

3. nlljglo nEan(tl)an(tQ) =0 (tl,tg) for ti,ts € [0, 1] where |O’ (tl,tg)l < 00

4 (B[ Xu®)]) =0 (L) for t € [0,1].
Then the following weak convergence holds:

me ) = Np(t)

where Nr(t) is L,[0, 1]-valued Gaussian random variable with mean zero and
the covariance function T'(z,y) = cov (N(z), N(y)) = lim cov (Spn(x), Spn(y)),
n—oo

where z,y € [0, 1].
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Let {£(¢), t € Z?} be a random field with values in a separable Hilbert space
H (with inner product (-,-) and a norm [|-|| = +/(-,-)), co (a space of all

sequences {x1, T2, ..., Ty, ...} such that lim z,, = 0 with a norm ||z|| = sup |z,|)
n—oo n

and [,(1 < p < 2) (a space of the sequences z = (a:(l), ) ) such

that -2, [2@|” < oo with a norm |jz]| = (35, |x(i)’p)1/p) can be defined
analogously. In these spaces as a basis we take the following standard basis
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{e;,7>1} e= (0, ..., 0, 1, 0, ...). By {e;, i > 1} we denote an orthonormal
basis of H.
Let {X(t), t e Z2} be a random field with values in H. Thus we can write

X(t)=Y XU(t)e;, teZ? ieN.
j=1
Assume that the following representations hold

XOt)=gil&i(t—s), s€Z% i=1,2, .. (1)

where ¢;, ¢ = 1,2, ... are measurable functions. Such real valued random fields
were considered, for instance in [1].
Let {5!(75), t € Z*} be an independent copy of {&(t), t € Z*} and

Xt = giler(t—s), s€Z%) ieN

where _

Xt = gilei(t—s), s€Z% ieN
e €U if 5#0
e ={ &, 57

0i(t,p) = (E ‘X(“(t) _ Y(i)(t)‘p)

A0) = 3 6t).
teZ?
Denote Sg, = > _,cq. X(t), where {G,, n = 1,2,...} — is a sequence of finite sets
from Z2.
We assume that Gy C Gri1, K = 1,2,... and lim |CG—k’“J = 1, for some v > 1,

k—o0
C' > 0 where |G| = card Gy.
Theorem 1. Let {X(t), t € Z*} be a random field with values in H defined
by equation (1). Assume that the following conditions hold:

1/p

o

EX(t)=0, 3 (M) < oo,

j=1

then for 5 > % and a < min{ﬁle, %} , for some 6 > 1

(‘GnDa SGn
(Log |Gul)? |Gyl

Theorem 2. Let {X (t),te Z 2} be a cy-space-valued random field defined by
(1). Assume that the following conditions hold:

— 0 a.s..
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EX(t) =0, ZA?(]’) < o0, forsome p > 2.
j=1

Thenasn—>oofor6>%andagmin{ﬁle,%} for any 6 > 1

(1Gu)*  Se
=~ — 0 a.s..
(Log |Gn])? |Gl
Theorem 3. Let {X(t),t € Z*} be a [,(1 < p < 2)-space-valued random
field defined by (1). Assume that the following conditions hold:

EX(t) =0, Z (A,()P? < 00 forsome p> 2.
j=1

Thenasn—>oofor6>%andagmin{ﬁla,%} for any 6 > 1

(IGa))*  Sa,

(Log |Gn])? |Gl

In the talk strong laws of large numbers for random fields with weights will be
given as well.

— 0 a.s..
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Let (£2,§,P) be a probability space. The random variables we deal with are
all defined on (€, F,P). Let (&),., and (X,),cy be two independent sequences
of independent identically distributed (i.i.d.) random variables taking values in
R and Z, respectively. The sequence (§;),., is called the random scenery. The
sequence (X,),.y is the sequence of increments of the random walk (S,),-
defined by Sy =0 and S, := X; +---+ X, forn € N. -

We define the random walk in random scenery as the process (Z,,),,~, given by

Zy=0, Z,=)Y &, neN (1)
k=1
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In fact, (1) is a cumulative sum process whose summands are drawn from the
scenery, the order in which the summands are drawn is determined by the path of
the random walk. A considerable number of papers have been devoted to studying
the limiting behavior of (1). We refer the reader to the survey by Pene [1].

The purpose of the talk is to provide the recent results on the validity of
the SLLN for (1) when the random scenery is non-stationary and satisfies the 6o-
weakly dependent condition. Furthermore, we establish the SLLN for (1) when the
random walk is a stationary Gaussian sequence satisfying corresponding condition.
In the special case where the scenery is identically distributed and satisfies 6;-
weakly dependence condition, we also prove the SLLN.

We recall definition of the dependence coefficients which we shall use in the
sequel. As a measure of dependence, we will use the weakly dependent coefficient
introduced by Dedecker et al. [2].

On the Euclidean space R™, we define the metric

di (z,y) = Z v — yil -
i—1

Let A = U, ey Am, where A, is the set of Lipschitz functions f : R™ — R with

respect to the metric d. If f € A,,, we denote by Lip(f) := sup,, —|f(d$1)(;J;()y)| the

Lipschitz modulus of f. Define the set of functions A = {f € A : Lip (f) < 1}.

Definition 1. Let £ be R™-valued random variable defined on a probability
space (€2, §,P), assumed to be square integrable. For any sub o-algebra M of §,
we define the #>-dependence coefficient

0 (M., ) = sup { [E (£(§) | M) —E(f(©)). f € A},

where ||g||2 = (E ]g(§)|2)1/2 for g : R™ — R.

We now define the coefficient 0y, o for a sequence of o-algebras and a sequence
of random variables.

Definition 2. Let (§;),., be a sequence of square integrable random variables

with values in R. Let (M;),., be a sequence of sub o-algebras of §. For any
k€ NU{oco} and n € N, we define

1 : :
Or2(n) = max 731113 {02 (M, (&, -5 &)) i p+n < ji < ... <ji}

1<I<k

and

0y (n) =02 (n) = s%p Or2 (n).

The sequence (;),.y, is said to be fy-weakly dependent with respect to (M;)
if f3(n) — 0 as n — oo.

1EL
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Our main result reads as follows.

Theorem. Let (X),),cy be a sequence of i.i.d. random variables with EX; = 0,
EX? = 0% € (0,00). Assume that the following conditions hold:
(7) (ff)iez is a uniformly integrable;
(47) (&i)iez is Oa-weakly dependent with 77, 615 (j) < oo.
Then, as n — o0,

Zn—EZ,
n
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HekoTopble acuMnToTuvecKne OIeHKN pacupe/iesieHuii CyMM
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B sTrom pabore 0b60b1IeH ouH pe3ysabTarT Po3eHa jijist CyMM CJIyYaifHbIX BEJIUINH
HA CyMMY CJIyYaliHbIX BEKTOPOB. [ljisi cpaBHEHUsI NPUBOJIMM CHa4aJja pe3y/bTaT
Pozena.

[Tycto &1, &9, ...y &, ... — TIOCTIEIOBATEIHHOCTH HE3ABUCUMBIX CJIYYAHBIX ¢ 00-
IIIM HEBBIPOXK/IeHHBIM pactipesiesienneM Fg (x). Ilyers F), (x)dynkius pacupe/e-
JICHUS CYMMBbI

=&+&+ ... +&

(a,a + 1) — unrepBai Ha ocu z, u C' — KOHCTAHTa, HE3ABUCUMAs OT M U [y,
Teopema 1. [1].
(a) Ecm [, <nP, 0 <p< %, TO JIJIsI JII0OOro —oo < a < 400

P(a<(n<a+ln)§0/n§_p

(b) Eciu 1, < ey/n, € > 0, To mist j11060ro —oo < a < +00

Pla<( <a+l,) <e(C+7(en)),
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rae lim 7 (g,n) = 0 npu s06om £ > 0;
n—oo

(¢) Ecm 1, < M, To st moboro —oo < a < 400

Pla<(@ <a+l, <

- Q

(d) max P (¢, = a) < C/y/n.

Hp%}Kﬂe) YeM IPUBOJUT HAII  pe3yJbTaT Telepb, O0O3HAYUM  de-
pes Xy, Xo, ..., X,,... — 1IOCJI€JIOBATEIbHOCTh  HE3aBUCUMBIX  CJIydaii-
HBIX S -MEpHBIX BEKTOPOB ¢ 00Ieill pacrpejenenne BepodTHocTeill P, u
nosiozknM||z|| = max (|x1], ..., |rs|) ,- HOpMa BekTOpa = = (x1, X2, ..., Ts) € R,

anee om0KuM

Sp=X1+ ...+ X,, ai:/ P (dx), a(as,...as),
x| <N

m = P (dz), Q(t):/”|<N(t,x—a)2P(da:),

|z —al|<N
rae N — HEKOTOPOe HOJIOKUTEIHHOE IIOCTOSTHHOE YUCIO.
Teopema 2. Ilycth, [, ecTb n-MepHBII map B ¢ PajuycoM 7,, IIYCTh JaJjee Cy-
mectByer KoHeunoe N > 0 takoe, uro m > 0 u kBajgparudnass Gopma Q (1)
HOJIOXKHUTEJILHO OlIpejie/IeHa.
(a) Ecn r, <n® (0 < a < 1), 10

P(Sy € In) < ——;
ns(3-a)

rjge &€ O3HavdacT He 3aBHUCAIILYIO OT 7t KOHCTaHTY He BCer'la OOHY U TYT 2Ke.

(b) Ecomm r, < ey/n, TO
P(S,e€l,) <& (C+nlen));

riae lim 7 (e,n) = 0 npu s0dom € > 0;

n—oo
(c) Eciim r, < C, 1o
C

P(S,el,) < —

— ps/2°

(d) mbaXP (S, =b) <&
Bameuanmue. s moboro S C R® mojokuM p = max |z — y|, T.e. p - MaKkcu-

z,yes
MaJIbHOE PACCTOSHUE MEXKJTy TOUKAME S.
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Yci0Bus aCUMIITOTUYECKO HOPMAaJIbHOCTH M OIEHKAa OCTATOYHOTO
4JjieHa B II€eHTPAJIbHOI NpeieJibHO TeopeMe JIJid CTATUCTUKU OT
BEKTOpa CIIEIiICUHT'OB

Kamangapos V. H.

TYUT umenn Myxammaza aji- Xopasmuii, TamkedT, Y30eKIUCTaH;
qalandarov@tuit.uz

Acumnrornaecknii aHAIN3 PACIPEIEIeHNST CYMM CIyIailHbIX BEJIMINH SIBJISIET-
¢l OJHUM W3 IEeHTPAJILHBIX 3a/1a9 TEOPUU BEPOSITHOCTEH. DTO O0bICHIETCS TeM,
YTO MHOT'HE CJIYJaiiHble BeJIMYNHDI, HCIIOJIb3yeMble B IIPUJIOXKEHUSIX, IIPEICTABUAMBI
B BHJIE CYMM CJIyYafiHbIX BeJUIWH. B 9acTHOCTH, HEKOTOPbIE KJIACChl CTATHCTHK,
HCITOJIL3YEMBIX JIJIsI ITOCTPOEHUS KPUTEPUEB MPOBEPKN CTATUCTHYECKUX TUIIOTE3
SIBJISIETCsI CyMMaM# (DYHKIIMI OT TeX WJIM MHBIX XapaKTePUCTUK BbIOOpKH. B aTnx
caydasx, KaK IpaBIjIo, cjaraeMble He IBJIAI0TCS HE3aBUCUMBIMU CJIYYaiiHBIMU Be-
JIMYMHAME U HEe BXOJISIT B KJIACC TaK HA3bIBAEMbBIX CJIaO0 3aBUCUMBIX CJIydaiiHbIX
BEJIMUNH, KOTOPbIE K HACTOSIIIIEMY BPEMEHHU JOCTATOYHO M3y4eHbl. BarkHbIM Kiiac-
COM TAKHX CYMM $IBJISIETCsI CyMMbI (DYHKIUIT OT creficuHroB (T.e. pasHocrei co-
CeJIHUX UJIEHOB BAPUAIMOHHOTO psijia Hab/IoeH i ). CTaTHCTHKH, TPEeICTABUMbIE
B BIJIe CYyMM (DYHKIIMIT OT CIIEICHIOB, UCIIOJIb3YIOTCS, B YACTHOCTH, JIJIsI IIOCTPO-
eHUsI KPUTEPUEB IIPOBEPKU T'MIIOTE3bl O HemsBecTHOM pacupejenenun. Ciemyer
OTMETUTD, UTO IPU IPOBEPKHU I'MIIOTE3bI O HEM3BECTHOM paclipeaeeHun 6e3 orpa-
HUYEHUs OOIIHOCTU MOYKHO IIPEJII0JIOXKUTh, UTO OCHOBHAs IIPOBEpsieMasi I'UIoTe-
3a 1npe/inosioraer pasaomeprocts Ha (0,1) HemsBecTHOTO pachpejeienus. Kpome
TOrO, B psijie 3ajJa4 UCCJIeIOBaHIE PacIpeie/ieHIs] CTATUCTUK OT ITPOM3BOJILHBIX
CIEHCMHTOB CBOJUTCI K PaCCMOTPEHUIO COOTBETCTBYIOMMX CTATUCTHK OT PaBHO-
MepHBIX crieiicuHroB. CiydaiiHble BeJIUYMHBI SIBJIAIOIIMNECST CyMMaMH OT pPaBHO-
MEPHBIX CHEHCUHIOB, IPUMEHSIOTCST TaKyKe B 3aja4ax o MOKpbITHu|1].

IIycts Uy, Us, ... — mocjieoBaTe/IbHOCTh HE3aBUCUMbBIX PABHOMEPHO PacIipe-
nenennbix Ha uuarepsase (0, 1) cayuafinbx Besmanh, n myctb 0 = Uy, < Uip <
- < Up-1n < U,p = 1 - Bapuanuonuslii paj caydaitnbix seaudun Uy, ..., Up—g.
IIo ompejiesieHNI0 BEKTOPOM PAaBHOMEDPHBIX CIICHCUHIOB HA3BIBACTCS CJIydaiiHbIi
sexTop D" = (Dimy-- s Dun)y, Din =Uip—Ui1n, i =1,2,...,n. Hazee,
nyctb fm(y) = fin(y), m = 1,2,...,n — COBOKYIHOCTb U3MEPUMBIX (DYHKIIHI
HEOTPUIIATE/ILHOTO apryMeHTa, 4.

PaccmaTrpuBalorcsd ciiegyromue CTaTUCTUKI OT BEKTOPa CIEHCHHIOB

Ry(D) =) fu(nDnn), n=12..
m=1

Crarucruka R, (D) nasbiBaercs cummempuueckot, eciu fi(x) = fo(x) = - =
fo(z) = f(z). Bamernm, 4T0 B HAIIMX pPAcCMOTpeHUsX (DYHKIUU fp,(x) MoryT
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ObITh cJydaiiHbIMEI. B 9TOM ciiydae mpejmno/araeM, 9To Mpu KaykJIoM (hUKCUPO-

BAHHOM T TIOCJTIEJ0BATEBHOCTD f1(x),. .., f(x) aBisgeTcs mocienoBaTeIbHOCTHIO
HE3ABICHMBIX C.B., HE 3aBHCAINX 0T BekTopa DM,
[Tycrs 1{A} — unnnkarop cobeitust A, [lycrs Y1(A), Ya(A), ... — nocenosa-

TEJIbHOCTb HE3aBHCHUMbIX YKCIIOHEHIINAJIbHO PaCIpPeae YHHbIX CJIyJYaliHbIX BeJI-
YUH C IIapaMeTpoM A,

Sn()‘) :}/1()‘)++Yn(>‘)a Y%:Y;(l)a Y = (E;--'7YH)7 Sn:Sn<1)

_ Z fm(Y),  p=corr(R,(Y),S,),

DR, (Y)

gm(Ym) — fm(Ym) - Efm(Ym) - (Ym - 1)P Ta

T,(Y) = Z In(Ym), Ap = ER,(Y),

1 — .
op =DT_n(Y)=(1-p*)DRy(Y),Bjn = vy > Elgm(Yn)l.
N m=1

1 r —t2/2
= — e dt.
V 21 /—oo

CJIeJIyeT, 4To 07% = 0 Torja m TOJBLKO TOrJa, KOrja

fm(y):C7y+bma m:]‘727"'7n7

P,(x) = P{R,(D) < xo,+ A,}, d(x)

2
3 oupejenenud o

rie C' u b, — nocrosiaubie (1 C' He 3aBucuT oT m). B nasbreiimem Oyjgem mpei-
rnoJiaraThb, 4TO afb > (0 upu Bcex n.
Teopema 1. Ecimu BeinostHeno yciosue JIunaedbepra i Jjiodoro € > 0

7}1_{1010 = ZE G (Vo) H{|gm (Y _m)| > 50,1}}

to cratuctuka R, (D) acummnrorndeckn HoOpMasbHA ¢ TapaMerpaMu A, u 07%.

Teopema 1 obobmmaer pesyiabrar pabot J.Beirlant, P.Janssen m M. Veraverbeke
2], Ha Heobsa3aTEIBHO CUMMETPHYECKIE CTATUCTUKN.

Teopema 2. CymectByer abcosoTnasg Konctanta C' Takas, 9To JjId JTIOOOTO
6 € (0,1] un > 2 umeer MeCTO HEPABEHCTBO

An := sup |Pn<x) - (I)(:E)} < 0524—5,71-

Onenka, JaHHas TEOPEMOIi 2, sIBJIsIeTCsl HEYJIydIIaeMOoil ¢ TOUYHOCTBIO JI0 aDCO-
morHoit KoHcTauTwl C'. 13 Hee, B 4aCTHOCTHU, BBITEKAET CJICJYIONINI PE3Y/IbTAT.
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Caencrue. llycrs s vekoroporo § € (0, 1] BBITOIHEHBI yCJI0BHS

1 1 &
lim —o2 > 0 Tm =Y Elgn (V)| < .
Jim ~07 > 0, nggon; |G (Vo) 00

Torna A, = O(n™°?)  (n — o).

[Ipu § = 1 coescTBHE siBIsIETCsT pe3yIbTATOM PAbOTHI [3].
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CEKINA 7. COBPEMEHHDBIE ITPOBJIEMBI MEXAHUKU
SECTION 7. CONTEMPORARY PROBLEMS IN MECHANICS

Numerical solution of the boundary value inverse problem for the
equation of nonstationary relaxation filtration with the De Souza
marching method

Kholiyarov E. Ch., Turaev D. Sh.

(Termez university of economics and service, Termez, Uzbekistan;
e.kholiyarov@mail.ru, turaevdilmurod8@gmail.com; )

Let us consider the formulation of a boundary inverse problem for the equation
of non-stationary relaxation filtration of a liquid in a porous medium. The values
of liquid pressure are given at points z = L and z = d, d € (0, L).The initial
pressure distribution is also known p (x,0) = p, % (x,0) = 0 where py = const.
The problem is reduced to determining the pressure field of region (0,d) and
(x = 0) based on pressure measurements in (x = d). The problem requires finding
the pressure of the liquid in (z = 0). Let us formulate the problem in the form of
an equation of non-stationary relaxation filtration

op 0?p (82]? p )
=

5t T Mae =\ a2 T Morar (1)

and additional conditions
p(xao):p(h LUE(O,L],
dp

a(w,@):O, xz e (0,L],

(2)

(3)
p(d,t) = z(t), t € (0,tn], (4)
p(L,t):po, tE(O,tm], ( )
where t,, is the time during which the process is studied.

To solve the boundary inverse problem, we write out additional data in detail,
i.e. z(t) in (4).To do this, in segment [0, L] for equation (1), we solve the direct
problem. Therefore, the boundary condition (Darcy’s law) is written as follows:
k (Op 0?p
0,8) =vg = —— | == + Ay te0,t,], 6
0o =w=-t (Fergh), tepnl )
where v is the filtration rate.

i
To solve direct problems (1), (2), (3), (5), (6) we will use the finite difference

method. First, we define the area D, ie. D = Dy UDy = {0 <2 <d,0<t<
tm} U{d <z <00,0<1t<t,}, then we enter the grid there

)

~{En

L
Whr = {(xhtj)axl:Zhﬁxnznh:d’t] :jT’h:N’T:
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i=0,1,...,n,n+1,...N;7=0,1,.... M}
where L is some characteristic length of the layer. First, we approximate problems

(1), (2), (3), (5), (6):

+1 —1 i+1 ] —1 +1 +1 +1
" —pl pit =2l vl Pl =20+l
+ Ay = x

2T T2 h?

+

L -
N (piil =2 +p Pl — 20 +p31>]

T h? h?
i=1,2,..,N—1, j=0,1,..,M—1,
Py = po, i=0,1,...,N, (8)
pzl+p?:0’ i=0,1,...,N, (9)
Pt =po,  j=0,1,.,M—1, (10)
. _E [p‘éﬂ —p{“ . ﬁ (pgﬂ _p{'ﬂ - p% pi)] an
1 h T h h

Let us write the difference equation (7) as follows:

4 A i1 2 A 1 Av i1 “ A i1
ﬁ<1+7p)p§f1— [p(1+7p>+§+§]p‘f +§<1+7”)p§$=

(LAY 2M | 22N\ XNy pg+1 +pg—1
_<Z_ﬁ>pi +(7'2+7'h2)pi_ T h?

which leads to a system of linear equations (8), (9), (10), (11) and is solved by
the sweep method.
Additional data for the inverse problem are formed on the basis of a quasi-real

experiment

2L (t)=2(t)+25(c(t) —0,5),

where ¢ is the error, o (t) is a uniformly distributed random variable on [0, 1].
To solve the boundary inverse problem, we apply the marching method of De
Souza. From equation (7) we find

1 (2+ h? (T+2>\v)) Lt h? (20 —7) 4

Pi-1 = 20T (T + Ap) Pi Pi 237 (T + )\p)pi B
2 (h2)\v + T%)\p) ; Ap j j
_ / / / 12
wT (T+A) pl+r+Ap<pl+1+pl—1>’ (12)

t=nn—1,...1;75=1,..., M — 1.
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Tebranishlardan himoyalanuvchi nomukammal elastik plastinkaning
tebranishlari ustuvorligi

Xasanov J .A.

Samarqand davlat universiteti, Samarqand, O’zbekiston.
xasanovjaxongir089@gmail.com

Ushbu ishda kinematik jarayonlarda gisterezis tipidagi elastik dissipativ
xarakteris- tikali doiraviy plastinka va dinamik so’ndirgichlarning birgalikdagi
chiziglimas ko’'ndalang tebranishlari ustuvorligi Lyapunovning birinchi
yaqinlashish usulidan foydalanilgan holda tekshirilgan. Ustuvorlik shartlari
sistema parametrlariga bog’liq holda analitik ko’rinishda aniglangan. Sonli
hisoblashlar natijasida ustuvorlik chegaralari va sohalari sistema parametrlari
bo’yicha tahlil gilingan, tavsiyalar ishlab chiqgilgan.

Nomukammal elastik doiraviy plastinkaning gisterezis tipidagi dissipativ
xarakteristikali elastik dempferlovchi elementga ega dinamik so’ndirgich bilan
birgalikdagi ko'ndalang tebranishlari ustuvorligini tekshirish masalasini qaraymiz.

Doiraviy plastinkaning dinamik so'ndirgich bilan birgalikda chiziglimas
ko'ndalang tebranishlari differensial tenglamalar sistemasini xususiy formalar
bo’yicha qatorga yoyish usulini qo’llash natijasida quyidagi differensial
tenglamalarga ega bo’lamiz [1]:

T + wi, RT — n*piop PBBQoN¢ = —d W;
PyQoT + C+n*N¢ = =W, (1)

bunda Wy-asos tezlanishi; wgi- plastinkaning xususiy chastotasi; ny, 12, v1, Vs -
lar o’zgarmas koeffitsientlar bo’lib, plastinka materialining gisterezis sirtmog’idan
aniglanadi [2[;

R =1+ (=m +jm) B+ (—v1 + jrva) Ry;
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k1

3D hit )
R = CZ U EE—— T“Gil;
! w%lphdlz 20 (21+3)| a
i 190 10 i
Gy = [[[ Pl (i) + (1or + S ) seliels ] as
k .
6D(1 — 1) «— h'
Ry = "5l Ky T2
= o, 2 e g

1 0 10 §
// Fe <r oros ﬁ%) (53 |53\a) das;
2w Ro o A
=g / QQdQ/ Pldr; dy= / QdH/ Pdr;
dy 0 "o ; g

Ry - doiraviy plastinka radiusi; rg - chegaraviy shartlar berilgandagi ichki soha

radiusi; . 2
B (e 1059)
2
p= 120 Lp00 0L,
- 1aria 10

P = P(r) va Q@ = @Q(f) - lar mos ravishda radius r va burchak 6
larga bog'liq funksiyalar bo’lib, chegaraviy shartlardan aniqlanadi; T = T'(t)
- Vaqtning funksiyasi; Cil(il = O,...,kl)) KiQ(ig = O,...,kg) - O, 9,
az; va z; materialni siklik deformatsiyalardagi koordinatalarga mos nuqtalarda
eksperimental tanlangan o1 = f.(2), as = fo(2), a3 = g(z) chiziglardan

. .. . . c .
aniglanuvchi gisterezis parametrlari [3]; n = — , ¢, m — mos ravishda
m

dinamik so’ndirgichning xususiy chastotasi, birligi va massasi; ( — pla;tinkaga
nisbatan dinamik so’'ndirgichning ko’chishi; pg = L; W = 7T—RO; N =
phﬂ'R% d1
L+ (=1 + j7) [Do + f (Co)]; 71, 72 - lar o’zgarmas koeffitsientlar bo’lib, dinamik
so'ndirgich materialining gisterezis sirtmog’idan aniqlanadi [2]; f ((,t) — dinamik
so'ndirgich elastik dempferlovchi elementi materialining nisbiy deformatsiya
maksimal giymatlari- ning umumiy ko’rinishdagi funksiyasi bo’lib tebranishlar
dekrementini ifodalaydi. f((y) = D1(ot + ... + Ds,C}; Do, D1, ..., Dy, - lar
gisterezis sirtmog’idan topiladigan, so’ndirgmh elastik dempferlovchi elementini
dempferlash xossalariga bog’liq tajribadan aniglanadigan parametrlar [2]; Py =
Py (rg) va Qo = Qo(6y) — lar mos ravishda radius ry va burchak 6, larga bog’liq

funksiyalari.
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Asos tezlanishini W, = epycoswt deb olib (epy < 1), (1) differensial
tenglamalar sistemasi yechimini quyidagicha izlaymiz:

T =T,(t) cos (wt + a(t));

¢ = Galt) cos (wt + B(1)) (2)

bunda T,(t),a(t) va (,(t),5(t) — sekin o’zgaruvchan funksiyalar bo’lib, mos
ravishda 7' va ( o’zgaruvchilarning amplituda va boshlang’ich fazalari hisoblanadi.

(2) yechimlarni va ulardan olingan ikkinchi tartibli hosilalarni (1)
differensial tenglamalar sistemasiga qo’yib, ba’zi hisoblashlardan so’ng garmonik
qo’zg’alishlarda gisterezis tipidagi dissipativ xarakteristikali doiraviy plastinka
va dinamik so’ndirgichlarning birgalikdagi chiziglimas ko’'ndalang tebranishlarini
normal ko'rinishdagi tenglamalar sistemasi keltirib chiqgarilgan. Tenglamalar
sistemasi variatsiyalar orqali ifodalanib, xarakteristik tenglamasi olingan. Gurvits
kriteriyasi- ga asosan qaralayotgan tebranishlardan himoyalanuvchi doiraviy
plastinkaning ustuvorlik shartlari aniqlangan. Sonli hisoblashlar natijasida
ustuvorlik chegaralari va sohalari sistema parametrlari bo’yicha tahlil gilingan,
tavsiyalar ishlab chiqilgan.
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Boundary value problem for the free vibration equation of a beam

Yuldasheva A.V.

Moscow State University, Tashkent Branch, Tashkent, Uzbekistan;
a_v_yuldasheva@mail.ru

In the domain (0,7) x (0,7") we consider a boundary value problem for the
equation of free vibrations of a beam

M*w  Pw 0w
ot T o T = 0 (1)
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with boundary conditions

w(0,t) = w(m,t) = we(0,1) = wep(m,t) = 0,0 <t < T, (2)
w(z,T) =v(x), w(r,0)=0,0<z <, (3)
where w is the transverse displacements, () is given sufficiently smooth
function.
Set

/ 17T

The main result of the paper is follow

Theorem. Let the number «y, defined by equality (4), be an algebraic number
of degree n > 1 for all k£ > 1. Then, for any function ¥ (x) from the Sobolev class
W2=1(0,7), the solution of the problem (1)-(3) exist and unique.

In cases where the governing equation involves differences of arbitrary even-
order derivatives, related problems have been investigated in [1].
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BricokodacToTHasA ANMHAMHUKaA—OTCYTCTBYIOIIl€e 3BE€HO B 93BOJIIOIINN
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CyiecTByeT MHOI'O pa3HoBuAHOCTel HuHaMUK. OCHOBHBIE BIJIbI JUHAMUK BMe-
cTe ¢ uX paboOunMH JacToTaMu Oy1yT 00Cy»KJIeHbl B joKJaje. Mcropuyueckn, mnep-
BOil ObLIa AUHAMHIKA abCOJIIOTHO TBEPIOIO Teja, KOTOpas XapaKTepu3yeTcs Hy-
JIEBBIMI COOCTBEHHBIMH dacToTaMu. JuHamuka aedopMupyeMoro TBEpIOro Te-
Jla OIIepUpyeT C TaK Ha3bIBAEMbIMU MeXaHUYEeCKUMH JacToTaMu. TepMoanHaMuKa
TaKzKe SIBJISIETCS] BUJIOM JMHAMUKHI ¢ YACTOTAME TEILIOBBIX BUOPAIIil, 3HAUNTE b~
HO IPEBBIMAIONIMI YACTOThI MEeXaHMYeCcKnX KoJsiebannii. JmHamuka abCOIIOTHO
TBEPAOr0 Teja BBIBOIUTCS U3 JUHAMUKE 1e(OpPMUDPYEMOTO TBEPAOrO Teja, Tak
KaK TBepJOTe/bHbIe IBUXKEeHUs IPUCYTCTBYIOT B TeOpUn KoJjieOaHmil. Y paBHEHU
JUHAMUKHI J1e(OPMUPYEMOr0 TBEPIOTrO Teja IMOMyJIaloTCsd U3 JUHAMUKI TBEPIO-
ro TeJia IpHU IpeJcTaB/ieHnn 1ebOPMUIPYEMOro TeJa MePUOIUIECKON CTPYKTY POt
9JIEMEHTAPHBIX CUCTEM C OJIHOMN CTEIeHbIO CBOOOIBI. DTO O3HAUYAET, UTO JUHAMUKA,
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abCOJIIOTHO TBEPJIOr0 Teja U JUHAMUKA J1edOpMUPYEMOIo TBEPJOIO TeJjia MOIYT
paccMaTpuBaThbCd KaK JIBe€ COCEJICTBYIONINE JUHAMUKU.

OJ1HaKO IOIBITKKM BBIBECTU yPaBHEHUs JUHAMUKN JIe(DOPMUPYEMOIO TBEPJIOro
TeJla U3 TEPMOJMHAMUKN U HAOOOPOT HATAJIKMBAIOTCS Ha OT'POMHBIE TPYJ/IHOCTU
MoempoBanng. CaMu TPYIHOCTU, BOSHUKAIOIINE IIPU IIOIBITKE CBSI3aTh TEPMO-
JUHAMUKY C JUHAMUKOI 1eOopMUDPYEMOTo TBEPIOTO TeJja, YKa3bIBAIOT Ha TO, UTO
OHUI HE ABJIAIOTCA COCEIAMU M MEXKJY STUMU JIBYM¢d TEOPUAMU CYIIECTBYET 3a-
30D, KPE3epBUPYIONINI MECTO JIJIs HEKOl HOBOW JUHAMUKN. DTa HOBas JIMHA-
MHUKa ABJIAeTCd HU3KOYACTOTHBIM IIPeJI/IbHBIM Cay4daeM TePMOJIUHAMUKNA 1 BbICO-
KOYaCTOTHBIM IIPEJIeJIbHBIM CIy4YaeM JUHAMUKHU J1e(DOPMUPYEMOrO TBEPIOro TeJIa.
Hosast qunamMuka, 3aro/iHsionas yKa3aHHbIil 3a30p, Oy/1eT Ha3bIBATbCS BBICOKO-
YAaCTOTHON JMHAMMKON, & COOTBETCTBYIOIINE YacTOThl II BbICOKMMH 4dacTOTaMH
MeXaHUIeCKIX KOJIeOaHMIA.

B noknaze OyayT HnpeacTaBJIeHbl METOJbI MOJIECJIUPOBAHUSA BbICOKOUACTOTHOI
BUOpAIN, BbIBEJCHHbIE KaK U3 JUHAMUKN J1ePOPMUPYEMOI0 TBEPJIOTO Tejia, TaK
1 13 TepMOJIMHAMUKN. ByJeT mokaszaHo, KAKIMHU HOBBIMU CBOMCTBaMU 00J1a/1aeT
BBICOKOYACTOTHAs JIMHAMUKA B CpaBHEHUU C JMHAMUKOI J1e(bOPMUPYEMOIO TBEP-
JIOTO TeJjia U TepMoanHaMuKOoil. Tak:ke OyJIyT yKa3aHbl I'DAHUIBI BHICOKOUACTOT-
Hoit quHamuku. Hakonerr, Oy/1yT BbIBe/IeHbI IPaHUYHbBIE 38/1a41 BHICOKOYACTOTHOM
JAUHAMUKA U HPEJJIOZKEHBbI PeHIeHNs HEeCKOJIbKUX ITPAKTUYICCKNX 3a/1a4.

Paccesanne ITIOBEPXHOCTHbBIX BOJIH B HeI‘JIY6OKI/IX IIOJIOCTAX B
BASKOYIIPYI'UX IIOJIYIIPOCTPaHCTBaX
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Korga B HUKe JeKalleM IOJYIPOCTPaHCTBE MPHUCYTCTBYET IOJIOCTH, MOJHAS
BO3JLyXa, IpsiMble (mn najaioniune) R-BosiHbl paccenBatorest. B mojie paccestHHbIX
BOJIH TIepe/]l MOJIOCThIO JIOMUHUPYIOT 00OpaTHO paccesHHble R-BoJjiHbl, 1 obOpasy-
10TCcs nHTEep(EPEHIIMOHHBIE TI0JI0CHl. B MOBEPXHOCTHOM BOJTHOBOM I10JI€ TIO3aJI1
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MOJIOCTHU JIU(parupoBaHHbIe BOJIHBI 110JI TOJOCTHIO0 MOT'YT BBI3bIBATH YBEJIMUCHIE
CHEKTPAJILHON aMILTUTY/Ibl OTHOCUTEIHHO aMILIUTY 1Bl HaJT MTOJIOCTHIO Ha HEKOTO-
PBIX HU3KNX YacToTax. [Ipeobpasys crieKTp B 06/1acTh JUIMHHBIX BOJIH, IIpe/ljiara-
eTCsI METOJ] OIEHKU TOPU30HTAIBHO IIPOTIYKEHHOCTH U TJIYOMHBI 3aJIeraHust 11010~
CTU U3 CIEKTPAJbHBIX U3MEHEHWIT B 001acTh JTNH BOJTH cMenieHns. OcyIiecTBu-
MOCTB TIPOBEpPEHa TPeIBAPUTEIBHBIM SKCIIEPUMEHTOM. MHorouncaennble ncce-
JIOBaHUs TIOKA3a/I1 BOBMOZKHOCTb OOHAPY KEHIsT HEOHOPOIHOCTEN ¢ UCIIO/IH30Ba~
HUEM CeficMIYecKoro MeTojia, Hanpumep, [1,2]. Vismenenust B KpUBbIX JUCIEPCHN
R-BoJiH ¢BABAHBI CO CTPYKTYPOI CKOPOCTH S-BOJIH CJIOUCTHIX TouB. Hasmdane 1mo-
JIOCTH TIpejicTaBiisieT coboil CUJIBHYIO JIaTepaIbHYI0 BAPUAIINIO B IOIIOBEPXHOCTH.
DTO MOXKET IPUBECTH K AaHOMAJIUSIM B CIIEKTPE CKOPOCTU-YACTOTDI, OTOOParKEeHHOM
0 CefiCMITIecKOoil 3amncu BIosb ceficmudeckoro mpoduid [3]. Ognako 9T0T Me-
TOJT MOXKET He MOJIXO/INTH JIJI IPAMOT0 OOHAPYZKEHUS MMOJOCTeN N3-3a OrpaHnve-
Huil pazperienns npoduiieit ckopoctu S-BojiH. VIHTerpaabHoe 1pejicTaBaeHue Jijis
MOJIHBIX CMEIEeHU BOJTHOBOI'O T0JIsT MOYKHO IMOJIYIUTh € TIOMOIIBIO TeOPEMbl B3a~
UMHOCTH. XOTs 00beMHBIE BOJHBI TaKzKe IIPeodpas3yloTcsl B paccesiHuble P-, S- u
R-BoJtHBI, paccesHHasi SHEprus cjada 110 CpaBHEHUIO ¢ SHeprueil npsaMbix R-BoJin
1 JIErKO 3aTeHsieTcs npsiMbiMu R-BosiHaMmu.

Taxum obpazoM, paccesHue IpsiMbIX R-BosiH 0OpasyeTr Haubojiee 3HAINTEIbHY IO
JaCTh paccesiiHOrO BOJHOBOIO T0JidA. PaccessHabie B 00paTHOM HAITPABJIEHUN BOJI-
HbI R MoryT npuBojuTh K QIIyKTyalussM KPUBOii KayKylieiicss ha3zoBoii CKOPOCTH
BoJTH R, mostydeHHoil ¢ ncnoJib30BaHueM MeTO/a CIIEKTPaIbHOTO aHAIN3a TTOBEPX-
HOCTHBIX BoJTH. Korna mudpakmmm BosiH R pacmosnaioTest Bo BpeMeHHOi 001acTH,
ypaBHEHIE BPEMEHN IPOXOXKIeHU JudpaKIiun BoJH R MOMXKeT HMCIoIb30BaThCS
JIUIsl OIIEHKH TUIYOMHBI 110JI0CTU. B 9T0it paboTe cTpyKTYypbl CMEIEHIsT OCHOBHOI
MOJIbI R-BoJiH cHavaja M3ydaroTcs B CJIOMCTLIX MOJIYNPOCTPAHCTBAX. BBITOTHSIA
JByMepHoe TpeodpazoBanre Pypbe g BEPTUKAJLHBIX MOBEPXHOCTHBIX OTKJIU-
KOB JIn(parupoBaHHbIX BOJIH HaJl MOJIOCTHIO, MMOJYUYEHHBIX C HOMOIIBIO UHC/ICH-
HOI'O MOJICJIMPOBAHNUS, JIOMUHUPYIOIIAs MOJIa BOJIH ILJIACTHHBI MJICHTUPUITUDYETCS
13 CIIeKTpa KYaCcTOTa-BOJTHOBOE YHUCJIOL. Kem mpenmooxknM paccMaTpruBaeMast
crcTeMa OJTHOCTBIO JIMHeApU3yeTcs B DilJIepoBOM IIPOCTPAHCTBE B IIPOM3BOJILHOI
KPHUBOJIMHEHHOI cHCcTeMe KOOPIMHAT T 3alliChIBAeTCA B BHJIE:

O*u(x,t) . Od! : 1 0
0—’_F: ilE—‘ L Go™) = dive
v Vio 5 + 0"\, _G—axm(\/ o) = divo
G = +|0ij‘§ 282'3' = CZU] + CjU@'; VZU = Or +U )‘m';
V.U = ov. UNE: o' = Ok (g)eyy: Ik = Chid

ox’
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[IpuBejiennble ypaBHEHNs JIUHAMUYECKON TeOpUU YIPYTOCTH, IMOJYyYeHBI B
PeJIOYKEHNN UJIeaIbHON YIIPYTOCTH MaTepuaJia, T.e. 0e3 ydeTa PacCesHus SHep-
run. OHAKO y4eT JUCCUIAINE B Psijie CAydaeB CTAHOBUTCA HEOOXOIMMBIM, 0CO-
OEHHO 1IpU PE30HAHCHBIX Kosiebanusx [4|. Anajmsupytorcs 3¢bdeKTbl ropu30H-
TAJILHON MMPOTIYKEHHOCTN U TIyOUHBI 3aJIeraHnsl MOJIOCTH Ha, CIIEKTPaJIbHbIC N3Me-
HEHUS KaK B 00JIACTH CMEIEHHON JacTOThI, TAK U B 00JIACTH CMEIIEeHHO JITIHBI
BOJIHBI. HekoTopble 0COOEHHOCTHU CIEKTPAIbHBIX U3MEHEHU UCIOIb3YIOTCA I
OIIEHKN TOPU30HTAJbLHON MPOTSAKEHHOCTH W TJIYOWMHBI 3aJieranus mojoctu. [l
CJIONCTOTO TOJIYIIPOCTPAHCTBA, B KOTOPOM CKOPOCTbH CJIBUTOBOI BOJIHBI CJIOST YBe-
JINYMBAETCA € TUIYOUHOI CJIOf, B ITOJIIOBEPXHOCTHOM BOJIHOBOM I10JI€ JIOMUHUPYET
dynmamentanbiasd mMojia R-posa. ['opusonTaabuble 1 BepTUKAJIbHBIE CTPYKTYPbI
cMmerennss pyHIaMeHTaJIbHON MOJIbl R-BOJIH CBA3aHbl ¢ KOHTpPACTAMU CKOPOCTH
S-Bosin. IlockonbKy sHeprust paccesnnst R-BoJIHBI cBsA3aHa ¢ OTHOIIEHUEM JIJTH-
HBbI BOJIHBI K IJTyOWHE 3aJleraHnsd, TIyOnHy 3ajeraHns MOYKHO OIEeHUTD 110 JIJIMHAM
BOJTH, COOTBETCTBYIONINM CIIEKTPaJIbHBIM n3MeHeHustM. CIeKTp CMeIeHns] 9acTo-
THI MOXKHO MTpeodpa3oBaTh B 00/1aCTh CMEIIEeHNs JJTNHBI BOJHBI, UCIOJIB3Ys COOT-
HOIIIEHIE MEXKTy JIJIMHON BOJIHBI, YaCTOTOM U (pa30BOil CKOPOCTHIO
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OJIHO W3 OCHOBHBIX HAaIIpaBJE€HUII B TEOPUU YCTOMYIMBOCTU Oa3UpyeTcs Ha
IPUHIUAIIE CPABHEHUsI, IIO3BOJIAIONIUM CBECTH 3324l 00 MCC/IeJ0BAHUU CBOMCTB
YCTOMYMBOCTHU PEIICHUI paccMaTpUBaeMbIX YPaBHEHU K OIIPeIeJICHUIO aHAJIOT Y-
HBIX CBOMCTB peIIeHUil COOTBETCTBYIOIINX ypaBHEHUl CpaBHEHUA [1,2]. B pabo-
Tax [3,4] MO 9TOMY HAIPABICHUIO TIOJyYeHbI KPUTEPUH OIPEJIC/ICHUsT MTPe/IeIb-
HBIX CBOJCTB (IPUTSYKEHUsI, ACHMIITOTUIECKON YCTOHIMBOCTUH ¥ HEYCTONINBO-
cru) jyist (PYHKIMOHATBHO- (D hEpeHITNaIbHBIX YPABHEHU HA OCHOBE (DYHKIIN
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JIsimyroBa-Pasymuxnna npu oTCyTCTBUU aHAJOTMIHBIX CBONCTB /I ypaBHEHMI
CpaBHEHUS, JINIb B MPEJIIOI0KEHNN YCTONIMBOCTI UM OIPAHUYCHHOCTH UX Pe-
mennii. Hacrostiast pabora sigjisiercst mpojoszkerueM [3,4].

ITycte h > O-mekoropoe BemniecTBeHHoe dmcygo, C— H6aHAXOBO POCTPaH-
CcTBO HenpepwBHBIX dyHKImit ¢ : [—h,0] — R" c¢ mopmoit |¢| =
max {|p(s)], —h <s<0},Cyg ={peC: ||p||<H}, H= const > 0. [dna
HenpepbiBHOI dyHKIMN * @ B — R" n xaxaoro t € R onpejenum yHKINIO
x; € C mocpejictBoM pasencTsa oy (s) = x (t +s), —h < s < 0.

[TycTh naHa cucrema GpyHKIMOHAIbHO-IN(dEpeHInalIbHbIX YPaBHEHN BIIA

i =X (t,x), X (£,0) =0,

rie © € R, t € RT, dyukuua X = X (¢,¢), X : Rt x Cyg — R", onpejienena,
BIIOJTHE HenpepbiBHa B obmactn RT x Oy

Cucreme & = X (t,24), X (t,0) = 0 mocTaBuM B COOTBETCTBHE CEMENHCTBO TIpe-
JIeJIbHBIX ypaBHeHuit Bua 5]

T :X* (t,CCt),

rie X*: R X Cyg — R"— dynkuus, npegeiabHas K X.

Paccmorpum 3ajiaday 06 ycToidamBOCTH (PYHKITMOHAIbHO-IN( (M epeHnaIbHbIX
ypaBHEHHiI Ha OCHOBe BEKTOPHBIX (byHKIMOHAIOB JIstmyHoBa-Kpacosckoro.

Jlokazana ciefyioas TeopeMa O JIOKATU3aIul KBa3HMHBAPUAHTHOIO (110
OIpeJiesIeHn o u3 |5]) OTHOCHTeIbHO ceMeficTBa peiebHbIX cucteM & = X ™ (¢, zy),
I0JIOXKUTETLHOTO MIPeJIeIbHOrO MHOXKecTBa W (x4 (v, )) perenus x (¢, «, ) cu-
crempr & = X (t,24), X (¢,0) = 0.

Teopema. Ilycts pemenne z (¢, «, @) cucrempr & = X (¢,2¢), X (¢,0) = 0
orpaHnvdeHo HeKoTopbiM KoMiakTomM K C Cy jjist Becex t > o — h, u cyriecrByer
dbyuximonan V =V (¢, @), Takoii, 4T0 UMeET MECTO COOTHOIIIEHIEe

V(o) =U(t,V (t,9) + W (L e,V (t,0)).
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Maructpasbibie TpyOOIpOBO/IBI N TPYOOIIPOBO/IBI HMIPEIPUATHI SHEPreTH e-
CKOii, HeDTEXUMIIECKON U JAPYIUX OTpacJiell IPOMBIIIJIEHHOCTH COCTABIIAIOT J10-
CTATOYHO OOJIBIIYIO YaCTh UX MaTePUATbHBIX aKTHBOB. [l perenns 3a1aqu mc-
CJIeJIOBAHNSl HAIPsAXKEHHO-/1eDOPMUPOBAHHOIO COCTOSIHIST OBLT HCIOJIB30BAH Me-
TOJI KOHEUHBIX 3JeMeHTOB |1] m KoMmIbioTepHoe MojesmpoBanne. B ocHOBY mate-
MAaTHIECKOIT MOJIE/TH CHCTEMBI MOJI0ZKEHbI NHAMIYECKIE TPEXMEPHbIE YDaBHEHUs

JINHEWHON TeOpUH BA3KOYIPYTOCTU COTVIACHO peoJiornvdeckoil Mojenn KenbBuna-
Doiirra [2]:

0*u

V'O'Jrfv:pﬁ, e =(Vu)’, o =MNE +2ue + 21,

rje, (, € - TeH30pbl HAIIPsXKeHUil 1 JedopMalinii; e - AeBHaToOp TeH3opa aedop-
Mallnit e = € — gE ; B - enmananbiit Tersop; u = u(r,t), fy = fy(r,t) - BekTOpHI
nepeMeriennii 1 3aJaiHHblX 00beMHBIX CIJI, 3aBUCAIINX OT BPEMEHU t U pajmyca
BEKTOPA TOYEK CILIONTHON CPeJIbl 1) A, [, 1) - KO punmenTsl JIsme n BI3KOCTH Ma-
TepuaJia; p - MJIOTHOCTE;#- obbeMuas jiedpopmariust;V -nauddepeHImajibHbIil ore-
patop ['ammibToHA.

[TpuBenennas nuddepeninaibias MOCTAHOBKA, 38124l TEOPUHU BI3KO - YIIPY-
IOCTH SKBHUBAJIEHTHA BapUAIMOHHON MOCTAHOBKE B BHJE MPUHIIMITA, BO3MOMKHBIX
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[epeMelreHnii:

/5u-fvdv+/5u-f5d3+/5u-fmerth:(57r,
14 S 14

rjie 0u-BEKTOP BO3MOXKHBIX II€peMeIeHuil ToUeK CILIONIHON CpeJibl; HHTerpaJibl
cJIeBa IMPEJICTABISIOT OO0l PAbOTHl BHENTHUX OObEMHBIX U MOBEPXHOCTHBIX CILI,
a Takxke cua unepryn fio... = —p%%‘ HA BO3MOXKHBIX IE€PEMEIIEeHUsIX; 07~
BUpTya/IbHasa paboTa BHYTPEHHUX CUJI IpHU JedopMannn Teta; 0m = fv de-odV
st 9aucIenHoro perenns 3TOro ypaBHeHnus TpUMeHeHa CTaH apTHas MPOIe/Ty-
pa KOHEYHO-3JIEMEHTHOH MUCKPEeTU3aIui 110 ITPOCTPAHCTBEHHBIM IEPEMEHHBIM C
rcnosb3oBanneM 20-y310B0ro n3onapaMerpraeckoro siementa [3]. C yaerom Bu-
JIa, OTIPEJIEISIIONIETO COOTHOIEHNS, 3allNCAHHOIO B MATPUIHON (hopMe, ¢ UCIIOThb-
30BaHUEM MaTPUIl YIPYTUX U BA3KUX Mouyseit DS : o = De + Sé, nonydeno
ciesytoriee MaTpuiHoe auddepennuaabHoe YpaBHEHNe 110 BPDEMeHN:
d*U dU

M— +R— + KU =F(t
dt2+ dt+ ®),

Puc. 6: Pacuernasa cxema.

rie U = U(t), F = F(t)- riobasibHbie BEKTOPBI Y3JI0BBIX EPEMEIIEeHN U y3J10-
BBIX ciJI KaK pyHmun oT BpeMmenn, K, M, R - riobaibHble MaTpuIbl »KeCTKOCTH,
MacC U JUCCUIIAIUN.

asnbHeiiee mpeodpa3zoBaHne OCHOBAHO Ha CTAHJIAPTHOM II0JIX0JIE, UCIIOJIb3Y-
eMOM B JIMHEITHON Teopun ynpyrux koJedanuii. [Ipeamonozkum, 4To BHENIHsISI Ha~
I'PY3Ka M3MEHSIeTCS BO BPEMEHH 110 IapMOHMYECKOMY 3aKOHY, UYTO MOXKET OBITb
3aIICAHO B BUJIE:

F(t) = Fe®! F € Re rue F,w- aMIumTyqa U Kpyrobasl 4acToTa CUJIbI, 4 -
MHIMast ejnaua. Pacemorpum Tpy6y (puc.l), oceBast JInHUS KOTOPOIi MpeicTaB-
JIeT YTy OKPYKHOCTH pajumyca R | mamHO#t L, ¢ IeHTPAIbHBIM YIJIOM (YTJIOM
ru6a)Py. Tpyba nmeer njieajbHO KPYTJIoe MOMEPETHOE CeUeHne Panyca 1 MpH-
aqm /R < 1/5 . Tommmna crenku h . Tpyba HaxoguTcs moj jieficTBIEM MOHO-
rapmonmnyaeckoro fgasjerust p(t) = P, (1 + 1 cosQt) , vae p,, -cpentee (pabouee)
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naBjienne, 1 = po/pm < 1 - mapamerp mysibcanuu; po u ) - aMITATY/ 8 1 KPYroBast
JaCTOTA.

CrepzkueBast (6asounast) ¢hopMa OTparKaeT MepeMeleHns, CBI3aHHbIe ¢ JIBU-
JKEHUSIMI TIOIIEPETHOr0 CedeHusI TPYObl KaK »KYCTKOT'O, IEJIOr0, 000JI0YedHbIe
dopMBbI, cBsi3aHHBIE C JleOPMUPOBAHIEM CTeHKH 000/109Ku. PaccmarpubaroTcs
n = 2,3,4,...,00 BOJIH B OKPY?>KHOM HallpaBJICHUN U OJ[HA IOJYBOJHA B OCEBOM
HAIIPABJICHU.

[IpoBenennoe mcciieoBanne IOKa3aJI0 BJHMSHUE BO3ACHCTBUII M I'PaHUIHBIX
yCJIOBHIT Ha 3HAYEHUs] YACTOT M CTATHIECKYIO YCTONINBOCTH I'a301IPOBOIOB.
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B pabore ucciepyercs 3ajada 0 pacipoCTpaHeHun COOCTBEHHDLIX BOJIH B BA3-
KOYIPYTOM CILIONIHOM IUIHHAPE. [apMOHMYECKIE BOIHDI IMJINHIPA OINCHIBAIOT-
Csl C NOMOINBIO IIPOCTPAHCTBEHHDBIX YPABHEHUIT BABKO- YIPYTOCTH B INJIMHIPU-
YeCKOil cuereMe KoOpuHAT. BHeIHdAs MOBepXHOCTL IUIMHJIPA OCBOOOXKCHA OT
yewuit (nm Hanpskenuit). st onucanust peosiorndeckux (MM BS3KOYTIPYTIHX )
CBOIICTB MaTepuaJa IPUMEHAIOTCA JIBe THUIA sIpa: aapo Pxxanunena-Kosarynosa
1 ApoOHO-3KCIOHeHInaIbHOoe s1Jipo PadborHoBa. [duddepennnaibibie ypaBHeHHIe
B PACCMATPUBACMOM CJIy4ail UMEIOT BUJI;

(k3 — 1)graddivii + Vi@ — Q%@ = 0, (1)
_UF F
rie K% = %; 02 = wQ%. Ha Brermmne moBepxHOCTH IUIHHPA CTa-

BATCs CJIEJYIONTIE YCIOBUS
r=~R:o0,=0.,=0.,=0.

Torna jucrepcuoHHOEe ypaBHEHHE JIJIsl IIPOTSYKEHHOI'O IUJINHAPUIECKOIO TeJia
MeeT CJeYIONNIl BU/

(2 — 2% Jo(a) J1(b) + 4%%abJy(b) J1(a) — 2Q%aJy(a)J1(b) = 0. (2)

3/iech a u b- BHyTpeHHUII U BHEIIHUN pajychl 000/104KN, X = X — 10, bX -
BOJTHOBOE 4Y1CJIO, 0 > 0 - KoadpDuImeHT 3aTyxanus,

1+ ! k 1—-2v k
2 2 F F
(1+v)EF’ B+ (iw)ite’ Y Y 2 [+ (iw)He

IIPU STOM OJ[HO3HAYHAS BETBb CTEICHHON (PYHKIINNU U3MEHSIETs B HHTEpBaJie —7 <

arg(iw) < m 3paech k,[ -mapamerpbl Martepuasa. JlucrepcHoHHOe ypaBHEHHE
(TpamcuenienTHOE ypaBHeHue) (2) perraercs duciaeHno - merogam Miosiepa. B
X0/ BBIUNCJIEHUS OIPEIE/ISIOTCS HECKOJIBKO MOJ| KOMILIEKCHBIX KOopHeii. Pe3yiib-
TaThl PACIETOB IIpUBeJeHbI Ha prucyHKax 1 u 2 npu k = 0,45; 8 =1,0;v = 0,25 .
3menenne MEIMOIT gacTi (pas30BoOii CKOPOCTH B 3aBUCHMOCTH OT YACTOTHI, HOJIY-
denHble JiId JByX siiep (Prxanuipina - KonaryroBa u PaborHoBa) B Hava bHbIIH
[ePUOJL OYTU OJMHAKOBO (PUCYHKAM 1 1 2 COOTBETCTBYIOT alepUOJINIeCcKIe KO-
nebanmst), 6e3 yuera Bssskoctu (puc.l). Ha puc. 2 npuseeno n3aMeHnenne MHAMOIT
gacTn (ha30BOH CKOPOCTH NMPH pas3jndHbix [dnciaax (1-5, 2-7, 3-9; 4-11) wienos
pazjIozKeHnsl crenuaabubiX pyHkiui beccesnst n Hefimana. Onu npu BbICOKHX Ya-
cTOTaxX OTaMYaeTcs aApyr-or apyra 1o 6%. CiulonHble JUHIT COOTBETCTBYIOT pe-
syabrataMm 1pu ,f = 1,0 a nyakrupsbie jgunaun - S = 1,0 . YeraHoBjaeHo, 9TO
HOBeJIeHne MHUMOI JacTu (a30BOMl CKOPOCTH CHJILHO 3aBUCUT OT CHUHIYJISPHO-
CTHU MapaMeTpa <. Pe3yabTarsl pacdeToB MOy YeHbl ¢ ITOMOIIBI0 PazpaboTaHHOIO
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=

& 5 awn - K

Puc. 7: Uzmenenue xoadpdurimenta gemidupoBaHusi, COOTBETCTBYIOIIErO IEPBOI MOJE, OT YaCTOTHI
npu o = —2/9 .

0.5 1 1.5 2 2.5 w-10°

Puc. 8: Uzmenenune xoaddurmenta memidpupoBaHusi, COOTBETCTBYIONIErO IEPBOI MOJE, OT IaCTOTHI
npu o = —1/6(n =2,3,...) .

asroputma (puc. 1 u puc.2). Pesynbrarsl nsmenenns Gha3oBoii CKOpocTu CpaBHU-
BAIOTCS ¢ pe3ysbraramu paboTsl [1].

Pesyiabrarnl pacueros oranmgaiorea 1o 10%. st BA3KOyHIpyroro HuInHapa
IIpeJI/1araloTcs CJae/IyIoNue COOTHOIIEHMS

conr = 1,3552Rgcs, conr = —1,273 - 1072 Rgcg,

rie Rg € (1— kI, 1—-T1%), 0 <k < 1 Takum obpazom, pazpaboraHHasi METO/IU-
Ka U aJITOPUTM JIJIs PEIEeHNsT TTOCTABIECHHBIX 3a/1a9, TIO3BOJISIOT HANTH JUHAMIIe-
CKHUE XapaKTePUCTUKN (COOCTBEHHBIE YaCTOTHI, KOMDMUIHEHTOB JIeMIIpUPOBAHNUSI,
IPYIIIOBbIe CKOPOCTH U (hOPMBI KOJIebaHuUil) 1 HAPsiKeHHO-1eDOPMUPOBAHHOE CO-
CTOsIHIE BOJTHOBOJIOB TIPU BO3/IECTBUN CTAIMOHAPHBIX BO3IEHCTBHUS.
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B nmanHoit pabore npoaHaIn3upoBaH Ipoiecc jedopMaliiil, BOSHUKAIOIUN B
pe3yJbTare yjapa CTaJbHOI'O CHapsijia 110 aJIOMUHUEBON ILIUTE IPU PA3JIMIHBbIX
ckopocTsix. C UCIOIBL30BAHIEM IIPOIPAMMHOIO KoMILIeKca Abaqus ncciie1oBaHo
BO3JIEICTBIE CTAJILHOTO IIapa Ha IOBEPXHOCTD ILIUTHI U MOJIY YeHbI COOTBETCTBYIO-
e rpadgudeckue pesysubrarbl. C 1e/1bi0 olpejieieHnst 0aIIncTHIecKoil IIpoIHO-
CTHU IJINTHI ObLIT ITPOBEIYH aHAIN3 JedpopMallii U TJIyOUHbI IIPOHMKHOBEHUSI IIIapa.
Pesybrars! mokasajm, 9To J1/ist aIIOMIHIEBO IJINTEI 1 CTAJLHOIO IIapa ¢ 3a,/aH-
HOIT reoMeTpreil 1 MeXaHIIeCKIMUI XapaKTePUCTHKaMU Oa/I/INCTHIeCKast CKOPOCTD
cocrasuyta 387 m/c. Ilpn cKOpoCTsIX, MEHBIINX OAJIMCTHIECKOl, B TPOIECce OT-
CKOKa IITapa OT IUIUTHI HaOJ/II0AaJI0Ch (DOPMUPOBAHUE U TIOC/IEIYIONIee 3aKPhITHE
3a30pa MeKJIy IOBEPXHOCTBIO IIapa U YIaCTKOM KOHTAKTa Ha ILJINTEe B TeUeHHUH
OIIPeIeTYHHOTO BPEMEHH.

B Hacrosiiiee BpeMsi i IIPOU3BOJICTBA, CPEJICTB MHINBHUIYaIbHOIO OPOHUPO-
BaHust (M OPOHEKMJIETOB) W BAINTHBIX MAHEIeH i TEXHUKH HCIOJIb3YeTCs
IIIPOKHUII CIEKTP MaTeprasioB, BKJIOYAIONINN B ce0sl METAJIbLI U BOJIOKHUCTHIE
KOMIIO3UTBI Ha OCHOBE BBICOKOIIPOUYHbIX MOJUITUIEHOBBIX BOJIOKOH [1,2,3]. CoBpe-
MEeHHBIE BBICOKHE TpeOOBaHHsI K Becy OpOHe IlaHe/d, YBeJudeHue J0Jii OpoHe-
OOMHBIX CHApPSIJIOB, CHAOXKEHHBIX CEPJICYHUKAMU U3 TBEPJIbIX CTaJjieil U CILIaBOB,
TpeOYIOT TaK:Ke IIPUMEHEHUs] B 3aIlIUTHON KOHCTPYKIINH JIOMOJHUTEIHLHOTO JIUIEe-
BOI'O CJIOs U3 TexHu4IecKoil kepamukn [4,5]. Biiors 1o ceropusimtero qust OCHOB-
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HBIM METOJIOM pa3pabOTKU HOBBIX THUIIOB OPOHEXKMJIETOB CJYXKUT SKCIIEPUMEHT.
Bricokasi cTOMMOCTb MaTepHuaJioB U O0JIbIION 00beM BapbUPyEMbIX ITapaMeTpPOB
IPUBOJIAT K 3HAYUTENbHBIM 3aTparaM CPEJCTB U BPEMEHHU IIPHU CO3JaHUI HOBOI
koHcTpykiuu [6,7]. B cBsa3u ¢ s1uM Bo3pacTaer nmorpebHOCTb B aHAJIUTUIECKIX
1 YKCJIEHHBIX METO/aX, TO3BOJISIONINX BBIIOJHATH JOCTOBEPHBII aHaJIM3 TUHAMUI-
YECKUX IMPOIECCOB, CBABAHHBIX ¢ MIPOOMBAHIEM IIPErpaJl co CJIOXKHOI CTPYKTYPOIi,
U IIPOrHOBUPOBATH IOBEJIeHNEe BCeil 3aIuTHON KOHCTPYKIIUN.

Paccmorpum 3agady o0 ypape cdeprudeckoro yJaapHUKa I10 Iperpaje - ToJ-
cTO¥l KpyrIJoi IiacTuHe, 1o HopMaJsu. IIporecc mpoHMKaHWs TaKUX yIapHUKOB
COIIPOBOZKIaeTCs OOIBLIINMU JilepOpMAaIUsAMI MaTepuaJsa Iperpajbl 3a cueT ero
BBITECHEHUsI. DTH JiepopMallii IMEIT HeoOpaTUMBbIii XapaKTep U CBA3aHbI C ILjIa-
CTUYECKMMU CBOWCTBAMHU cpejibl. TOpMOXKEHUE yJIapHUKa MPOUCXOJNUT IOJ Jeii-
CTBHUEM CHJIbI COIIPOTHUBJICHUSI CO CTPaHbl MaTepHuaJia Mperpajibl, THTeHCUBHOCTD
KOTOPOIl 3aBUCUT OT MHOrux (pakTopoB. K HIM OTHOCSITCsI: reOMeTpusi NOJIOBHOI
JaCTU, Macca yJapHUKa, ero NPOYHOCTHbIE XapaKTePUCTHUK, TOJIINHA IIPErpaibl,
ee IJIOTHOCTb W JIUHAMUYECKUIl 1Ipejiesl TeKydecT MarepruaJsa. Perlenne 3amaqn
O MPOHUKAHUH CHEepUIecKOro yJAapHUKa B IJIACTHHE (Pe3yJIbTaThl SKCIEPUMEHTA)
npuBe/ieHa B pabore [5|. Bygem cuurars yaaphuk kectkoii. [lapamerpsr ynapau-
Ka: Macca-m=2kr, pajunyc- R=3cm. [lapamerpsl rnperpajibl: TosuHa—h = 4.5¢M,
a = b = 1lm, wiornoctb- p = 7.85 r/cM® KoabdUIIEHT 06HLEMHOIO CHKATHS—
K = 1.7TMb6ap mouysb ciura—p = 0.8Mbap, rpaHuiia JuHaMuIecKoil TeKyIecT—
Yy = 0.0072Mo6ap.

YpaBHeHUe J[BIKEHUsI CUCTeMbI nMeer Bu/I [3]:

2
0 U; o Gaij

P (‘%2 - (9£le

+ fi)
a TakxKe yjosyeTBopsier Kputepuu JlxxoHcona - Kyxka [3]:
* £
ef=[Di+Dy- €] - (14+Dy-In—L)-(1+D5-T,

PesysibraThl pacueToB 1mojcraBjeHbl Ha puc. 1.

Puc. 9: Puc. 1. Ilporecc nedopmarinu, BOZHUKAIONUI B pe3yJibTare ylIapa CHapsijia 10 ILIUTEe
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B nacrosieit pabore KoJjiebaHusi TPyOOIPOBOIOB MOJIEINPYETCsT KaK IIHINH-
JPUYIECKOe TeJI0 ¢ BHYTPEHHUM U BHemrHuM pajmycamu (7 u R), Haxomsierocs
B Jepopmupyemoii cpeje. Cpejia 3aMeHsIeTCs BSI3KUM JIeMII(bepoM B painabHOM
1 KacaTeJabHOM HampabieHnsax. OCHOBHOM IEIbI0 PabOThI, SIBISIETCS MCCIIEI0Ba~
HIe cOOCTBEHHBIX KoJebaHuil uannapa ¢ BHerHuM TpeaneM. [Ipu nccrepoBannn
BBbIIIIE YKA3aHHOT'O, OIIPeeseHbl OIITUMAaJbHbIe 3HaUeH!sT KOI(MDPUIIUEHTOB JIeMII-
dupoBaHms, PN KOTOPBIX KoJjiedaHus TPYOOIIPOBOIOB MAKCUMAIBLHO 3aTYXAOT.

Paccmorpum 3ajiady B MUIMHApHYECcKoii cucteme KoopuHar (7, 6, z) Ilpemmo-
jlarasi, 9T0 KOOPJUHATA 7z He BJIHMSIET Ha IPOIECC KOJIEOAHMIA, ITOJyIUM CHCTEMY
VDaBHEHUIl, paciaJIalolyocs Ha JiBe He3aBucuMble 3aaadn [1,2]:

do,, 100y, 0, 82U2_ .
o Tre0 T Pae b (1)
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ou, oU,
7= = 1 or oz )
oUy  0U,
70: = (G + g )
ao_rr 1 80r9 Orz — 009 82Ur .
or r 00 + r P o = Jr
Oorg 100p9 2 0*U, L
or + r 00 + 70T P T fo;
U, ou, 10U, U,
= 2 A ~Tan — ) 2
’ M6T+(8T+7“89+7“> 2)
10U, 90Uy Uy
ro = 205 (= - - —),
ot H (fr 00 * or r )
18Ug Ur 5’Ur 18U9 Ur
— (=220 Ty - Yr
00 'u(r(99+r)+(8r+r89+r)’
¢ KpaeBbIMHU YCIOBUSMU 1pu r = R : 0. = —04188?; Org = —ag%; Opy =
—ozlaaUtZ; rie R - paanyc nuInHapa; o, oy, Qo-lapaMeTpbl BHEITHero Tperus. [lpu

ro=¢—0:

Opr < OO
Org < OO
U, < o0
Uy < o0

3

{ U, < o0, (3)
Torma nazoseM Kpaeyio 3ajady (1) - aHTUIIIOCKOI, a (2) - TWIOCKOM nin 33,141

0 IJIOCKUX KoJjiebanuii uinaapa. Tpybornposos B iebopMupyemoii cpejia 3aHuMa-

eT Bce IPOCTPAHCTBO. Perenne cucreMbl onpejieisieTcs 3aaHneM BeKTOpa Iepe-
MeIeHnit, 4 1 BEKTOPa CKOPOCTH B HaYaJIbHBIN MOMeHT BpeMmenu ¢t =ty = 0, [3] :

0u(zx,t)
ot

Takas 3amaua HaszbiBaeTcs 3aa4eil Komn. Pemenne 3agaun Ko jijist n3oTporn-

U |i=ty=to(x) U [1=4y= = vp.

HOM yIpyToii cpejibl 110 MeTojry Bosibrepa nzioxena C.A. CobosieBbiM. HacTHbIM
ciydaeM 3ajiadn Kot sipjisiercst 3a/iada 0 TOYEUHOM HCTOYHUKE B YIPYTOii cpejie
(mim 3a/129a O COCPEIOTOUEHHOI cute):

iy =g = 0; F) = P(t)H (t)5(Z — Z0)ial,
riae H(t) -dynknnsa Xesucaiijia;

(5(3?— ZI_,"()) = 5(f1 — f01) = 5(3_3"2 — Zf()g) = (5([1?3 — f()g),
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O-dyukius upaka u xy TOUKa MMPUIOXKEHNsT CUJIbL. Perrenne mocienneil Ha3bl-

BaeTcs pyHIaMEHTAJIbHBIM pelieHreM. [Ipn Haamuuy rpaHuilbl JOIOJIHUTEIBHO K

HadaIbHBIM yCIoBusIM (1) MOJIZKHBI OBITH 3a/1aHbI KPAEBbIE YCIOBHSI.
Teopema.llycTh cobcTBeHHBIE 3HAUECHUS W) KPAEBOil 3aa4n

1 1
U"—l——U'—i——szU:o; C = H;
r c p

r—a: U=0:a=coth>0, r— R: U|+iwaU=O;

npocthie. Torga cucrema QyHKIUH Yy = { rjie Up-cobcTBeHHble (DyHK-

iwkUk
i 3aja4qu (1), coorBeTcTByIONNE COOCTBEHHBIM 3HAUCHUSIM Wy, 0Opasyer basuc
Pucca B npocrpancrse L @ W3 [3]

Takum obpa3oM, U3/10zKeHa MaTeMaThdecKasi MOCTaHOBKA U METOJIbI PEHIeHUSI
3aJ1a9u KoJiebaHuii TpyOOIPOBOIOB, B3aUMOJIEHCTBYIOIIUX ¢ YIPYTOii cpetoi (wmiu
BA3KOYTIpyTOit cpeoit). [IpuBenenst obmme nuddepeHnnaibHbie ypaBHEHUS TPY-
OOIIPOBOIOB IUJIMHIPUIECKOTO MOIIEPEUHOTO CeUeHMs, a TaK»Ke HadaIbHbIEe U IPa~
HUYIHBIE yesoBus. Ha KOHTakTe JByX TeJ CTaBATCS YCJIOBHUS KECTKOTO (BBIIOJI-
HsIeTCsl YCJIOBHE PABEHCTBA TE€PEMEIIeHNe U COOTBETCTBYIONIEH HAIPSIZKEHsI) 1
CKOJIB3SIIIEro (PaBEHCTBO HYJIIO KACATE/bHBIX HAIPSZKEHIsT) KOHTAKTA.
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PacripocTpaHenne 1bLIEBBIX YacTUIl B aTMocdepe mpejicTaBiisier coboil ojHy 13
HaunboJiee aKTyaJbHBIX 9KOJOIMYECKUX M KJIMMATHYECKUX IIPOOJIEeM COBPEMEHHO-
cru. [TeieBbie BLIOPOCHI, BOSHUKAIOIIIE B PE3Y/IbTATe IIPUPOJHBIX IPOIECCOB (BET-
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poBasi 9pO3Hsi TOUB, IbLIEBbIE OYPU) U AHTPOIOIeHHBIX (hAKTOPOB (CTPOUTE/Ib-
CTBO, POMBIIIJIEHHOE TIPON3BOJICTBO, TPAHCIIOPT ), OKA3bIBAIOT 3HATUTETHHOE BJIH-
siHIEe Ha KadecTBO aTMOC(EPHOTo BO3/IyXa, 3J0POBbe HACEJEeHNUsI U YCTONINBOCTD
IKOCUCTEM.

Ocoboe 3HaUeHIE NMeeT MOJIeJIMPOBaHIE JIBUYKEHUS b BOJIN3U IIOBEPXHOCTH
3eMJIN, TaK KaK IMEHHO B 9TOM CJIoe aTMOCMEepbl KOHIIEHTPaIllsl BPEIHBIX YacTHI]
MaKCUMaJIbHa, UTO MPUBOJUT K YXY/AIIEHUIO BUIUMOCTHU, TOBBIIIEHUIO PUCKa pe-
CIIIPATOPHBIX 3a00/1eBaHUl U YCKOPEHHOMY U3HOCY MH>KEHEPHBIX COOPY KEHMIA.

Cozjlanne J0CTOBEPHBIX MaTeMaTHYeCKUX Mojeseil pacipocTpaHeHUs IbLIN
MI03BOJIFET TTPOTHO3UPOBATH 30HBI €Y HaKOILIEHWS, OIeHUBATh BO3JeiicTBUE HA
CeJTbCKOXO3AMCTBEHHDBIE YTO/Ibsl, WHPPACTPYKTYPY U SHEPreTUUeCKUe CUCTEMbI
(HampuMep, CoJIHeUYHbIe MAHEe ), a TakKyKe pa3padaThiBATh MEpbI 110 CHUYKEHUO
HEraTHBHBIX TI0CJIE/ICTBUII NBLJIEBBIX OYPh U BHIOPOCOB.

Taxkum obOpa3oM, Mccjie/loBaHuE TPOIECCOB MEPEHOCA U OCAYKJIEHUS IThLIEBBIX
JacTHIl B arMocdepe nMeeT BayKHOe HayuHOe U MPaKTUYeCcKoe 3HAYeHHe JIJIs 00ec-
HeYEHUsT SKOJIOTMIECKOil 6€3011aCHOCTH U YCTONYNBOIO Pa3BUTHS.

JL1st mceeioBanms mporiecca nepeHoca u i y3un MblJIEBbIX YacTHIl B aTMO-
cepe paccMOTpUM MaTEMATHYECKYIO MOJEb, OMUCHIBAIONLYIO Ha OCHOBE 3aKOHA
I'UJIPOMEXaHUKN C ITOMOIIBIO MHOIOMEPHOTO JnuddepeHnnajlbHOro ypaBHeHUs B
JaCTHBIX TPOU3BOMHBIX|1]:

00 00 00 00 0?0 0’0 o, 0%

a+u£+v6—y+w$ :Mx@+/lya—y2+ 82’(/{2@) —)\,

COOTBETCTBEHHO, HAYAJIbHBIE U I'PaHUIHbIE yCaoBus: O(z,y, z,0) = Oy(x,y, 2);

06 00
_:ug |x=0 - S(ee - 9) N ‘szw - 5(96 - 9) ;
00 00
_:“ya_y ’yZO =¢(0. —0); _“yg ’y:Ly = (0. —0);
00 00
—ha g 2_0_S+§(06—0), —ﬁzaz_o—f(ﬁe—ﬁ),

rie - O(x,y, z,t) KOHIEHTpAIMsT YACTUIL OUBBI, U, U, W CKOPOCTH BETPa IO Ha-
IPABJICHUSAM, [z, by~ KO3 dunment quddysun, k- KoadduipenT TypoyIenTHO
muddysnu, S- Macca MbLIN, MOJHSTAas BETPOBOi 9po3ueil ((yHKIMS UCTOTHN-
Ka), A - OTepsi YACTUIL TIbLJIN B PE3yJIbTaTe OCAXKJICHUsS WK JIPYTUX MEXaHU3MOB
(byukims moreps), &- KoabdunuenT MmaccoodbMeHa ¢ BHEIIHel cpeoil uepes rpa-
HUILy pasjena, 0.~ KOHIEeHTPAIUsI BPEIHBIX BEIIECTB 3a MpeeaMu 00JIaCTH pe-
mennst mpobsiemMsl, Oy(x, y, 2)- HadaabHasd KOHIEHTPAIUs TbLIH, L, L,~ pasMepsr
X 1 y B o0JjacTu cuera, H- BbIcOTa paccMaTpaBeMoil 00JacTH.
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Taxk Kak paspaboTaHHasi MaTeMaTHYecKasi MOJEIb MOHUTOPUHIA U IIPOrHO3U-
POBaHUSI IIPOIECcCca PaCIPOCTPAHEHNS IIbLIEBBIX YaCTUIl B aTMocdepe OIuchiBa-
eTCsl MHOIOMePHBIM JiinbdepeHInaIbHbIM YPaBHEHIEM B YaCTHBIX ITPOU3BOIHBIX
C COOTBETCTBYIOIINMU HadaJIbHBIMUI U KPAeBBbIMHU YCJIOBUSIMU, JJIsI €€ PelleHUs
pa3paboTaH YHCIEHHBIH AJropuT™M [2-3| ¢ HCHOJIb30BAHNEM HESIBHOW KOHETHO-
PaA3HOCTHOI CXEeMBDI.

[TpoBeynHOe MOJEIMPOBAHUE I10KA3a/10, YTO KJIIOYEBYIO POJIb B IIPOIECCE
II0/I'bUMA, IIBLIEBBIX YACTUIL C HOBEPXHOCTH 3€MJIM UI'PAIOT pasMep JaCTHll, CKO-
POCTb IPU3EMHOI0 BeTpa U BJIAXKHOCThH BO3jlyxa. MeJKouciepcHble JacTUIlbI
IaMeTpoOM MeHee D MKM CIIOCOOHBI IMOJHUMATLCS Ha 3HAUNTEIbHBIE BBICOTHI U
IIEPEHOCUThCsI Ha JIajIbHIe PACCTOsIHISA JlaxKe IIpu cj1aboM Berpe. Bojee KpyiiHbie
YACTUIBI OBICTPO 0CAYKJIAIOTCS O] AEHICTBUEM CHJIbI TSI?KECTH.

Bita;kHOCTH BO3/yXa CYIIECTBEHHO BJIMSIET Ha IIPOIECC: MPU BBICOKON BJIarK-
HOCTH IIbLIEBbIE YaCTHUIILI CKJIOHHBI arPErupPOBATHCS 1 CTAHOBUTHLCS TsIzKEJIee, ITO
yCKopsieT ux ocaxkjeHue. [Ipu Hu3Ko BIaKHOCTH YaCTHUIBI JOJIBIIE COXPAHAIOTCSI
BO B3BEIIIEHHOM COCTOSHHUU U IIEPEHOCATCs Ha, OOJIbIINE PACCTOAHUS. duC/IeHHbIe
pacyduThl TaK:Ke IOTBePIAIn, 910 TypOysienTHas Juddy3us yCUInBaeT BepTH-
KaJIbHOE IIepeMelINBaHIe IIbLIEBBIX Mace, a KOIPMUIIMEHT 0CaXKIeHIsT A OoIpe/ie-
JIsieT UHTEeHCUBHOCTD BBINAJIEHUsT YACTUI[ 0OPATHO Ha IIOBEPXHOCTb.

[IpakTrdecKast 1ojb3a UCCACJOBAHUS 3aKJ/II0YAETCAd B TOM, UTO IIPEII0yKEH-
HBII 110J1X0/1 TI03BOJIsSIET 3a0JIarOBPEMEHHO OIPeIe/IdATh Hanbo/1ee OlacHbIe 30HbI
HAKOILJICHNUsI TN, & TAKyKe YIUTbIBATH KIMMATHIECKIEe MapaMeTpbl (B 4acTHO-
CTH, BJIA’KHOCTDb BO3JlyXa), YTO Ja9T BO3MOKHOCTH OpraHaM SKOJOTHIECKOro MO-
HUTOPUHTA U MECTHBIM BJIACTAM IPUHUMATH MEPBI JIJIsT CMATYEHUS TI0C/Ie/ICTBUIM
IIBLJIEBBIX SIBJICHIMIA.
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CobcTBeHHbIE KOJIeDaHUSI KPUBOJMHENHBIX yYaCTKOB TPYOOIIPOBOJIOB,
B3aNMO/IEICTBYIOIIUX CO CPEaon

Vemonos BUIILYY, PaxmonoB B.C.2Y, Cadapos V. I.>¢,Cabuposa
P.A.39, Taddopos MN.1.>¢)

I TamKeHTCKII XIMIKO-TEXHOJIOTMUECKIH HHCTUTYT, TalTKeHT, Y30eKUCTaH;
2V preHucKoro rocyIapcTBEHHOTO YHIBEPCHTETA, Y Prend, Y30eKICTaH;
IByxapckuii rocynapcTBeHHbBI TeXHIUECKUH yHIBepcuTeT, Byxapa, Y30ekucTai;
%) busmonov@hotmail.com,” bah-bahodir@yandex.ru, uchqun2025@mail.ru,
drano-sobirova85@mail.ru, ©ibrohimovich1102@gmail.com

B pabore paccmaTpuBaeTcst COOCTBEHHBIE KOJiebaHNsi KPUBOJIMHEHHOTO yUIaCT-
Ka TpyOOIpoBoJa Ha OCHOBE Teopuu obosiouek. Ilosydena cucrema HeTMHEITHBIX
ypaBHeHnii KoJjiebanuii. McciieioBaHo n3MeHeHne coOCTBEHHON 9acTOThl U KO-
durmenTa 1eMiupoBaHns B 3aBUCUMOCTH OT IIapaMeTPOB CUCTEMbI TPYyOOIIPOBO/I
- OKPY2Karolrasi cpe/jia.

[1s1 pacdyera NPsIMOJIMHEHHBIX U KPUBOJMHEHHBIX TPYOOIIPOBOJIOB PaCCMOT-
pPUM ypaBHEHUE JBUKEHUS HUJIMHAPUIECKIX 000/I09€K C IIPOTEKAOIIEH »KITKOCTH
[1,2]. YpaBHeHusi paBHOBeCUs dJIeMEHTa 000JIOUKN CBEJIEM K OJIHOMY pa3peraio-
IeMy yPaBHEHHUIO B IIepeMelleHnsax. PaccMarpuBast MaJible IepeMeIeHsi, MOXKHO
0TOPOCUTH BCE HEJIMHEIHbIe cjaraeMble, B pe3yJIbTaTe dero MnpujaeM K ypaBHEHUIO

2 3 3~ 3 .
0*u 5 O <@+8vg> r-p0°Us Tp(ph—i—p* 7">.

o6 g 5% ) " Eh o Eh >
Pw. 2pr’V 9 Ow

83
ot TEn o0t oe

(__(%2 0PV N FPw " 0? | r (
o¢ %" T ocor T oo’ T o902 ER

(1)

h [Tpucrynas K perrernto (1) oTMeTHM, 9TO BCE MEPEMEIeHHsI

ry/12(1—12)
" YIJIBI IIOBOPOTa IIPEACTaBUM 9EPE3 W . PaBrZLeJIHH [HepeMeHHubIC, IIPUMEM W B BHUJIC

pdjia.

riae h! =

= Z Z fmn(f)em cosmb, (2)

IJle W -KpyroBas 4acToTa cBOOOIHBIX Kojiebanuii. Tora

oo OO

V) = Z Z %fm(g)ei”t sinmf; u=— i i %fmn'(f)em cos mb
Z Z fmn(f) “sin m#);
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0 = — Z Z %fmn'(f)em cosmb. (3)

[Togcrasrsas (3) u (2) B ypaBuenne (1) u ucrmosb3yst ajgroput™ Metosa BybHoBa-
[ayilepknna

2
/ L*coskbdd =0 (k=1,2,...,m), (4)
0

riae L*- jeBast 9acTh ypaBHeHus (4), MOJydnM CHCTEMY YpPaBHEHUil /I Ope/ie-
JIeHHsT UCKOMbIX (bYHKIU [, (§), npudem K03 DUIMEHTH 9TOi CUCTeMbI TIPH
k # m obparmaiorcs B HyJIb:

751‘7/1(50) + ammf#Ln(fO) + b r/nn(SO) + Cmmfmn(g())a (5)
3J1€Ch [nn-DyHKINA 1TepeMeHHol &y = £/ h,, I3MeHsIoNIelics a mpejaeaax

0< &<y, Ip= \/hUL/T.

Koaddunumentol cucrembl ypaBHeHuit (5) OmpeIesisiioTcs BbIpaXKeHUSIMI:

2

o Pe-T\ o AT 5 .
G = 2R, (o By ) m Bz PV P
.2]9*‘7"2“/ 4,
bmn_ZTh%m W,
2 .
Con = m*(m? —1)(m? +p, — 1) — #h% (ph + p*2 T) (m?* 4+ m*)w?,

NE
riae ps = 12(1 — Vg)% (E> :

Anajn3 1oJIydeHHbIX PE3y/JIbTATOB I0Ka3aJ/l, YTO BJIUSHIE KOPUOJIMCOBON CHUJIBI
Ha JacTOTy CBOOOJIHBIX KoJsieOanmit MaJio. [TosTomy B jgasibHeiiineM BInsHIE 3TOM
CUJIbI He yunThiBaeTcd. Torya BhIpaykeHne I ONpejie/Iennsd KBapaTa JacTOThI
NIPUHIMACT BU/I

ER X4 = mi gt (pe - V2 4 p)A2R2 + i (m® = 1)(m? + p, — 1)
r? (p+ L) (A2h, + m? + m*)

(6)

YiteHsl, cojiepzKaliuecss BO BTopoii ckoOke 3HameHaTe st (6) OTpaKaroT BIIUsTHIIE
Pa3IMYHBIX COCTABIAIONX CUJI MHepIuH. HeKoTopble pesysibTaThl, OTpaskKaomine
3aBUCUMOCTH OT BHYTPEHHEro JaBJieHust, cBejieHbl B Tabuuiy (npuusato L/d =
bm=2,n=1,V =3m/c)

IIpuBeeHHble 3HaUEHNsI YaCTOTHI B 3aBUCUMOCTH OT YTJIa,
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Yroa oy
/10 | 2m/10 | 3w /10 | 47 /10 | 57 /10 | 67 /10
0,99 | 1,32 2,62 6,59 | 17,97 | 54,75
0,89 | 1,27 1,53 5,48 | 13,85 | 52,01

PacueTbl 10ATBEp:K/IAI0T U3BECTHBIN BBIBOJL O TOM, U9TO C yBEJINYEHUEM CKOPO-
ctu V , gacTtota yMenbliaercd. [Ipu panbreiiiem yBesmdennn V oHa U3 9acTOT
MOZKET 00PAIATHCA B HYJIb, UTO TPUBOJIUT K TIOTEpe YCTONINBOCTN 000109KM. [I1s1
KOPOTKHUX U TOHKHUX TPYO ¢ pocToM V Hu3IIasi 9acTOTa IPU M = 2 yYMEHbIIaeTcs
obicTpee, dem 1ipu m = 1. Y JUIMHABIX TPYO, HAOOOPOT, HU3IINE YaCTOTHI NpU
m = 1 gocTuraioT Hyss ObICTpee, YeM nmpu m = 2 . B 3ak/iouenne oOTMeTuM, 9T
dopmysa (6), mosyueHHasT Ha OCHOBE IOJIY 0€3 MOMEHTHOIT TeOpuu, MO3BOJIIIIA
obce1oBaTh OoJiee TMUPOKHIT Kaacc TpyO M0 CPaBHEHUIO ¢ PEIIeHNIMU, OCHOBaH-
HBIMU Ha TeOpuu KoJiedbaHuil crep:KHeil.
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B mupe yyensiercs 60JbI10e BHIMAaHNE aKTyaJbHBIM IIpobJieMaM TeOpUu TYyp-
OysaeHTHOCTH, TYypOYJIEHTHOIO CTPYITHOrO BHYyTpeHHero tedeHus. VHTepec K Ta-
KM TedeHUs M OOYCJIOBJIEH YBeJIUYeHneM YUCIa TEXHUIECKNX MPUIOKEHUH, KaK
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HOTPEOHOCTH SIJIEPHON SHEPIeTUKU, CO3JAHUA PA3IUIHBIX CMECUTEJTHHBIX W TO-
MOYHBIX YCTPOMCTB, KaMep CropaHus Pa3JnIHbIX SHEPTeTHIECKNX YCTAHOBOK, 1
YMEHBIIIEHUsT BhIOPOCa BPEJIHBIX T'a30BBIX BEIIECTB B OKPYKAIOINIYIO cpejy. B To
JKe BpeMs, TIpodJieMa aJIeKBATHOTO OMUCAHUS He TOJHKO TPEXMEPHDBIX, HO U JlayKe
JIBYMEPHBIX TYPOYJEHTHBIX CTPYIHBIX TEUEHUIl Ma30BbIX CMeceil 0 HACTOSIIEro
BpEMEHN OCTAeTCA B MeXaHnKe U MPUKJIAJTHON (pU3nKe 0/IHOI M3 CaMbIX CJIOXKHBIX.
Cl102KHOCTH paccMaTpuBaeMoii pobJieMbl CBsA3aHa ¢ OJIHOI CTOPOHBI, C HE3aBEP-
IIIEHHOCTBIO TeOpUN TYPOYJIEHTHOCTH, C JPYTOil 3aKTI0UAIONINXCSA B IPE3BbIYAiiHO
CJIOYKHOM XapaKTepe B3aMMHOIO BIUSHUS ITPOIECCOB TYPOYJIEHTHOIO MEePEHOCa 1
KNHETUKHU Ha MPOIECChI TEIJI0-U MaccollepeHoca.

B paborax [1, 2| dyngamerTanbHo ¢HOPMYINPOBAHBI AKTYaJIbHOCTD, COBPe-
MEHHOE COCTOSHHUE W O0JIACTH MPUMEHIMOCTH PA3INIHBIX TOIXO0JIOB K MOJIETH-
poBaHnio TypOYJIeHTHBIX BHYTPEHHUX TEUYEHWI U 00Ias XapaKTepUCTUKa CYIIe-
CTBYIOIIUX TIOJX0J0B. BMmecTe ¢ TeM, NMPUBOJUTCSA XOPOIee BbICKa3bIBaHUe, KaK
Y OOruit nporpecc BbIMUCJIUTEIHHON adpOJIMHAMUKHI, pa3yMeeTcs, He MOI' He CKa-
3aThCA W Ha COCTOSHUH MPOOJEMbI MOJIE/INPOBaHNSA TypOyaeHnTHOCTH. B JacTHO-
CTU, B IIOCJIEHUE TOJIbI BCe OOJIbIllee NMPUMEHEHHEe HaXO/IAT TOJIXOJIbl K MOJICIU-
POBAHUIO TYPOYJIEHTHOCTU, OA3UPYIOMIMXCA Ha MEPBBIX MPUHIAIIAX a3POTUHAMUI-
KU (METOJI IPSIMOTO IHCJIEHHOTO MOJIEINPOBAHNUS - B AHIJIOS3BITHON JINTEpaType
Direct Numerical Simulation i DNS u meTo1 Mojie/inpoBaHust KpyIHbBIX BUXpeii
- Large Eddy Simulation win LES).

[lenbio mgannoit pabOTHI dABJAETCA MOJEINpoBaHuEe TYyPOYJIEHTHBIX TedeHnit
CIIYTHBIX KOAKCHAJHBIX ITOTOKOB B IIJIOCKOM KaHaJie TOCTOSHHOIO U MEePEeMEHHOTr0
cedeHnsl Ha OCHOBE JIByMepHOIl cucTtembl auddepeHnna buble HecTalmoHapHble
ypasaennit HaBbe-CTokca JijIst TedeHUsi CKUMAEMOI'o rasa u (popMyJInpOBaHIE
IrpaHUYHbIe W HAYaIbHbIE YCJIOBUA JI/IsI IUCJIEHHOTO MCCJIEIOBAHMS.

[Tpn mocTanoBKe rpaHUIHBIX YCJIOBUIT MOJIAraeTcsa, YTO Ha BXOJE B KaHaJ NMe-
IOTCST JIBA MOTOKA C (DU3HYECKUMU [apaMeTpaMu u KaHas (jauHoit L u mosy-
BBICOTOII - fy) SIBJISI€TCS CUMMETPUYIHBIM. B 9TOM cilyuae MOXKHO OIDAHHIUTHCS
paccMOTpeHNEeM TeUeHUsT B 00JIACTH MEXKJY OChI0 CHMMETPUN U OJTHON M3 CTEHOK
KaHaJ1a 1 MOXKHO Peam30BaTh ¢ TIOMOIIBIO CJIEYIONMNX HA9aIbHBIX U IPAHIIHBIX
YCJIOBUIA:

Ha4vaJIbHbIe U I'PaAHUYHbIC yCJIoBULA: T —1g:

r=0: H = 2, Pp= P2, P= P2, U= Ug, ’U:O, E:E%HPHOSySRl;
u = uy, UZO) E:Ela M:Mhp:plap:planpﬂRl<y<f07 (1)

u=0,v=0 FE=E, p=pu, P=DPu, b= [, IpU Y = f,.
O<ZI?§L UZO,'U:O, E:Eo,p:po,p:po,M:MO,HPI/IO<y<fw,

u=0,v=0, E=LE, p=py, P= Dy, b= [, Ipay = f,.
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t>ty, x=0:
u=1uy, v=0, E=E), p=p, p=p, p=p,upn0<y< Ry, (2)
u=u, v=0, E=FE, p=m, p=p1, p=p,upu Ry <y<fy, (3)
u=0, v=0, E=E, p=py,, p=p, K=, pny=f,. (4

O<z<L: u:O,v:O,E:EM,p:ﬁw,g—i:,
p= e S =0T =T, y=f, )
g—Z:U:g—f:O, npu y = 0. (6)
rx=1L: %:%zg—f:o Hﬂﬂgizzgigzgifgzo, mpu 0 < y < fo.

(7)
31ech p1, B, iy 1 po, o, [19, COOTBETCTBEHHO, BHIYUC/ISIIOTCS JIJIsT 38/IJaHHOI TeMIIe-
paTypbl M0TOKOB 11, Ty U JaBjeHust p1, Py CTPyU (MHJEKC —2) U CIIYyTHOT'O MOTOKA
(nngexc —1, mosyBeicoTol Ry). SHaueHus py, F,, P, Ew, [, BBIYUCJIAIOTCS 3a/1a-
HUEeM IPaHUYIHBIX YCI0BUI Ha CTEHKe 110 U, v, 1, p, a ug, Fq, po, po, Ty Yl HEKOTOPBIE
HavaJIbHbIE 3HAYCHUS UCKOMBIX ITapaMeTPOB.

[list auncsiennoro perienns ypasuenuit Hapbe-Crokca B (hopme 3aKOHOB coxXpa-
HEHNS ¢ HAYaJbHBIMI U Tpanndubivn yeaouamu (1)-(7) ncrmonbsyercs HesBHasg
dakTOpu30BaHHASA pa3HOCTHAs cxeMa Bruma-YopMuHra.

B nannoit pabore NpuBOIATCA YUCIECHHBIE PE3Y/IbTAThI UCCIe0BAaHNs Ha BJIUSI-
HUST 3aJaHN{T HAYaIbHBIX 3HAYEHUH HCKOMBIX [IApAMEeTPOB BHYTPH KaHaJa (BHYT-
PEHHUX PacUYTHBIX y3J1ax CeTKN) U B IPaHUIAX KaHaja U 9ucao PeiiHosbica Ha
napamMeTpbl CMelleHnsl 1 paclpoCTPaHeHnsl CIIyTHBIX ITOTOKOB B KaHaJe. Boisaniie-
HO, YTO TH HapaMeTpPhl CYIEeCTBEHHO BJIULIOT Ha TapaMeTPhbl CMEIIEHUs U CXO/ -
MOCTHU peIleHUs], a TaK»Ke B KaKUX CIydasix B HaUaJbHOM ydacTKe HaOJII01aeTcs
PENUPKYJIATTNOHHAA 30HA.
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CEKIINA 8. ITEPCIIEKTUBBI PASBUTIN A
MATEMATNYECKOI'O OBPASOBAHUAI.
SECTION 8. PROSPECTS FOR THE DEVELOPMENT OF
MATHEMATICAL EDUCATION

dpaKTajbHas reoMeTpus B IIMKOJILHOM Kypce: TeopHusi, aJJTOPUTMbI 1
OlleHUBaHUe
AbayxommumoB A.
University of Financial Management and Technologies, Tamkent, ¥Y30ekucran
abduhosimovazizbek3@gmail.com

B macrosmem Jokjaajae (GopMysmpyercss U 00OCHOBbIBaeTCs (hopMaJibHAs CXe-
Ma wuHTerpaiuu gpakraibHoil reomerpun (camononobue, IFS, pasmepnoctu
dim xH/ dim %B) B mko/bHbIH Kype 6€3 Ieperpys3Ku Teopreii: 3a/1adrcs KOMITAKT-
HBI{T TEOPETHIeCKIiT MUHIMYM, Jlajiee — ClimpajibHoe obyuenne (Tpaektopus 5-11)
1 COIJIaCOBaHHbIE MHCTPYMEHTHI olleHnBaHusi. KiitodeBast ujest — CBsi3aTh CTPOIHe
onpesesienns ¢ ajroputmamu (GeoGebra /Python) u nposepsiembivu yaeOHbIMY
pe3yabTaTaMu.

DpakTajbl eCTeCTBEHHO COEAMHSIOT CTPOrOCTb (TOJ00UsS, pasMEpPHOCTH) C aJl-
ropuTMEKOil (nTepariun/pexypcusi). UToObl 06eCednTh CBSI3HOCTh W3JI0KEHUS,
cHavdasia PUKCUPYEM TEOPETHIECKOe sIIpO, Ha KOTOPOe JaJjiee OMUPAIOTCs IeId 1
KCIMpaJIbib 3aJaHuil, a 3aTeM [OKa3biBaeM, KakK METOINKa U IHUQPOBLIE IPaK-
TUKN peaJin3yioT 9TH Wjen B Kiacce. Braad: (1) equHast quIakTHYecKas paMKa
[FS+dim «xH/ dim B xak cBsi3ka onpejenenne — ajroputM — orenusamue; (ii)
IIKOJIbHAsT TIporie/ypa usMepenus dimp ¢ perpeccueii log N-log(1/€) u pazdbopom
HCTOYHUKOB omubKuy; (iii) coracoBanHast pyOpuKa ONEHUBAHUS U HAOOD PeILIn-
UPYEMBIX [I(DPOBLIX MPAKTHK.

[Iycrs (X, d) — mosHOe MeTpudeckoe npocrpancTBo. Orobpaxkenue S!: X — X
— nogobue koabduruenta r € (0,1), ecin d(Sz, Sy) = r,d(x,y). Crporo camo-
nosobHoe MuOZKecTBO F' ynosnersopster F = | JI*; Si(F). IFS S = X; S; i = 1"
aeiicryer oneparopom Xaruuucona H(A) = J; Si(A); upu cxkumaemocru S; cy-
eCTByeT e uHCTBeHHbI arrpakrop F' ¢ H(F') = F. Kopobouhasi pasmMepHOCTD

log N:(E)

dim+«*BE = lim*e | 0
—loge

(ecm mpenent cymiectsyer); Beerna dim«HE < dim«BE. TIpu OSC cyrue-
cryer eauHcTBenHoe § > 0 ¢ Y . r” =1, u dim«HF = dim«BF = s (Mopsu-
XaTunHCoH). DTOT MUHUMYM TIPSAMO HOJIEPKUBAET (DOPMYJIUPOBKY yUEOHBIX 116
Jiell 1 KOHCTPYUPOBAHUE 33 IaHuii.
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Onupasich Ha ujien crnupaJibHoi yuebnoit mporpammbl 2k, Bpynepa, Bo3Bpara-
eMcsI K TeM 2Ke MOHSITUsIM C BO3pacTalolleil TiyOnHOM 1 aJaropuTMusalueil.

aee mepenocuM 1esin B criupaJsib 5—11, coryiacoBanuyIo ¢ aKTyaJbHbIM COTepIKa-
HUEM KYypPca; KarKJIblil BUTOK BO3BpalllaeT K TeM Ke IIOHATHAM Ha 00Jiee CTPOIroM
1 aJrOPUTMUYECKOM YPOBHE:

e 5—6 KJracchl (J0JIM TIJIOIAIN): TTOCTPOEHNE 2—3 IMAroB Ha, MUJLIIMETPOB-
Ke, MOJICYET JloJ1ell 3aKkpacKu; 0e3 pasMepHocTeiil 1 6e3 1pejIeios.

e 7-8 kJyiacchl (MaciTabupoBaHue U peKypcusi 6e3 mpejiesa): hukcn-
pyem Ko durment 1/3, npaBuio 3aMerieHust KOTpe3oK — 4 0Tpes3Ka JIJTHHbI
1/3m, pekypcusHasi mporeypa B Scratch; obey»KiaeM cOOTHOIIEHUS JITUH,
HO HEe IIpejIel.

e 9 kiacc (popMasibHble mporpeccuu; “IMIKOJTbHBII’

box-counting):
s — n

cTporuii BeIBoJ iepuMerpa cHexKuuku P, = Py(4/3)" depes reoMeTpuiecKkyto

IIPOIPECCHIO; MEXKIIPEIMETHOE yIIpazkKHeHnue 110 ornenke dimp Kak JuHeinoil

perpeccun log N na log(1/e) (6e3 yruyOrqaHON CTATHCTHKN).

e 1011 kutaccel (31emenTs! anaiau3a; IFS u Python): npenen (napajoxe
KPaCTYIIUil epuMeTp — KOHEeUHas MJIOMA/Ibb ), (DOPMYJIHPOBKa pe3y/Ibrara
Mopsua—Xaranucona npu OSC: ecou Y, 7° = 1, 10 dimy F = dimp F = s;
peaymmsanus [FS n kxaormdyeckoit urpoitss B Python.

Boibpannbie mpuéMmbl JiJisi HHTErpamnu (ppakTajgbHO MeoMeTpUu B IIKOJIbHDIN
kypc (Think—Pair-Share, Gallery Walk, Numbered Heads Together) nepesojsr
UHTYUTHBHBIE 00pa3bl B (popMaJjibHbIE PACCYKJIEHHsSI U IIpOrpaMMHbIe apTedak-
Tol. GeoGebra ciiyKuT JijIsi reOMeTpUUecKrX MOoCTpoeHnit n usmepenuit P, .S,
Python/Scratch — s peamusamun IFS u c6opa gannex (log N, log(1/e)).
MmenHO 9TH JlaHHBIE Jlajiee BXOJSAT B ONEHUBAHNME N HAyJIHYIO MPOBEPKY 3 dhek-
TUBHOCTH.

3akirouenue n 3pdeKTuBHOCTh MpuMeHeHud. /s yueHuka Moay/ib hop-
MUDPYeT yCTONUnBBI HOHsITHiHDI anmapar (camonogobue, IFS, dimy /dimp)
U CBSI3bIBAET ero ¢ 0a30BBIMU TeMaMu Kypca (1ojo0ue, Mporpeccu, mpejern).
OH pasBUBaeT aJrOpUTMHUYECKOE MBIIIJICHIE [Yepe3 pean3alliio UTeparuii B
Scratch /GeoGebra/Python n yaur mepeBouth ompe/jiesieHne B paboTalomunii aJ-
roputm. [loBblmaercs JloKazaTe/ibHasi KyJbTypa: OT BU3YaJJIbHOW WHTYUIUN — K
opmasmzanuy u npoBepke runore3 Ha gaHubX (rpaduk log N-log(1/e), oren-
Ka HakJoHA). POPMUPYIOTCST MeTaHABBIKI 0OPAbOTKY JIAHHBIX: PErPECCHsl, OIeH-
Ka IOIPEITHOCTE, BOCIIPON3BOIMMOCTD IKCIIEPUMEHTa U KOPPEKTHAs HHTEPIIpeTa-
s pe3yabTaroB. [IpoekTHbIe POPMBI 1 MI'HOBEHHAST BU3YyaJIbHAsd 0OpaTHas CBA3b
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MOBBIIIAIOT MOTUBAIIMIO U MTO3BOJIAIOT JU(HEpeHIINPOoBaThL 3a/ains 0] pa3HbIi
YPOBEHD MOATOTOBKM. J[JId yamTes s MOMyIb COKpalllaeT MOATOTOBATEIbHBIE N3-
JIepyKKI OJ1arojiaps TOTOBBIM IIAa0JI0HAM ITOCTPOEHUM, CTAHAPTHBIM CKPUIITAM 1
eJInHOI pyOpuKe, UTO obJlerdaeT 0ObeKTUBHOE U COTIOCTaBUMOe orlennBaHue. Ha-
KOHEI[, BCTPOEHHBII TPOTOKOJT 3(PPEKTUBHOCTH JIAUT TPO3PAUHYIO METOUICCKYIO
OTYYTHOCTh M apryMEHTHI JIJId MAacCHITaOMPOBaHUA HPAKTUKU Oe3 amesIsaiun K
KIIPOIIEHTAaM YJIYUIIEeHUS .
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Topologiya fanini o’qitishda interfaol metodlardan foydalanish

Akmurzayeva V. A.!, Qarordinov S. R.?

Aniq va ijtimoiy fanlar universiteti, Toshkent, O‘zbekistan;
vaziraakmurzayeva446@Qgmail.com
Buxoro Davlat universiteti, Buxoro, Uzbekistan;
s.r.qarordinov@buxdu.uz

Ushbu ishda topologiya fanini o’gitishda interfaol metodlardan foydalanish
bo’yicha to’liq tavsiyalar hamda xulosalar haqgida so’z yuritiladi. Natijada esa
bu metodlar talabalarni faol ishtirokchi qilish, mavzuni chuqurroq tushunishga
undash va mustaqil fikrlash ko’nikmalarini rivojlantirishga yordam beradi.

Dastlab biz bir nechta metodlarni qo’llash hagida ma’lumotlar berib o’tamiz.

1. Muammoli vaziyat yaratish. Har bir mavzuni boshlashdan oldin
talabalarni hayratga soladigan savol yoki muammoli masala berish tavsiya
etiladi. Masalan: "Sharning yuzasida ikki xil nuqtani kesmaydigan chiziq bilan
bog’lash mumkinmi?". Talabalar javob izlar ekan, biz topologik tushunchalarni
(bog’lanishlilik, sfera, doira) asta-sekin kiritib borishimiz foydali bo’ladi.

2. Guruhli ishlash va "Matematik debat". Talabalarni kichik guruhlarga
bo’lib, ularga turli topologik mashq va masalalar berish tavsiya etiladi. Guruhlar
o’zlarining yechimlarini bayon qiladi va yechim bo’yicha boshqa guruhlarning
savollariga javob beradi. Masalan: "Mo’bius lentalarining kesilishlari haqgida nima
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deya olasiz?". Bu metod talabalarda mantiqiy asoslash va isbotlash madaniyatini
kuchaytiradi.

3. Vizualizatsiya va modellashtirish. Abstrakt tushunchalarni geometrik
ko’rinishda ko’rsatish uchun interaktiv dasturlar GeoGebra 3D, TopoVista,
Mathematica kabilardan foydalanish tavsiya etiladi. Oddiy vositalarni ham
go’llash ham mumkin, masalan: rezina, qog’oz, iplardan sirt va fazoviy obyektlarni
yasash. Talaba Myobus yaprog’ini o’zi yasab ko'rsa, bu jarayon Myobus yaprog’i
uning xotirasida uzoq vaqt saglanib qolishiga sabab bo’ladi.

4. "O’yinlashtirish" (Gamification). "Topologik kvest"tashkil etish tavsiya
qilinadi: talabalar vazifalarni yechib, keyingi bosqichga o’tadi. Masalan: "Uy
topologiyasi"o’yini - xona ichida narsalarni joylashtirish orqali bog’lanishlilik,
kompaktlik tushunchasini tushuntirish. Natijada talabalar nazariyani amaliy
hayotda sezadi.

5. Case-study (real hayotiy misollar). Talabalarga real hayotdagi
topologik masalalarni berish tavsiya etiladi. Masalan, internet tarmoqlarini
topologik modellar orqali tushuntirish yoki GPS tizimida yo’l topish muammosini
graf topologiyasi orqali ko’rsatish.

Umumiy tavsiya: Har bir interfaol metodni maqsadli qo’llash lozim. Masalan,
abstrakt tushunchalarni yoritishda - vizualizatsiya, muammoli vaziyatda - guruhli
ishlash, real hayotga bog’lashda - case-study metodlari samaraliroq.

Adabiyotlar
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O‘zbekistonda matematika fanini rivojlanish bosqichlari va
istigbollari

Avliyoqulov A. A.

Termiz Davlat Universiteti, O‘zbekiston

Insoniyat matematika fanining paydo bo‘lishi va rivojlanish bosqichlarini,
matematika so’zining ma’nosi (etimologiyasini) matematikaning bir butun
mukammal fan bo’lib shakllanishi qanday kechganligini bilishga qiziqadilar.
O’rta asrlarda mintagamiz hududida ro’y bergan Birinchi wva Ikkinchi
Renesanslar davrida ham ilm nihoyatda qadrlangan edi. Birinchi Uyg’onish
davrida Movarounnahr va Xurosondan yuzlab buyuk allomalar, qomusiy
bilimlar sohiblari, mashhur mutafakkirlar yetishib chiqqanlar. Ularning ilmiy
ishlari va kashfiyotlari bashariyat tamadduniga mislsiz hissa qo’shdil[l; 6-b.].



188 MaTemaTndeckasd ¢u3MKa UM CMEXHHE BOIPOCH COBPEMEHHOTO aHamu3a, Byxapa-2025

O’rta Osiyoda matematikani o’rganish juda qgadim-zamonlardan boshlangan,
jumladan O’zbekiston matematikaga oid ma’limotlarni bundan bir necha
yuz yillar ilgari yashagan mashhur allomalarimizning asarlarida uchratamiz.
O’zbekistonda matematika fani hozirgi zamonaviy holatiga kelguniga qadar
ma’lum tarixiy davrlarni bosib o’tdi. Insoniyat matematika fani elementlariga
qadim zamonlardanoq murojaat qilib kelgan. Buyuk matematik A.N.Kolmogorov
matematikaninig rivojlanishini quyidagi bosqgichlarga bo’lgan:

1. Kishilik jamiyati paydo bo’lgandan so'ng milloddan oldingi VI-V asrlar.

2. Elementar matematika davri VI-V asrdan XVI asrgacha.

3. O’zgaruvchi miqdorlar matematikasi XVII asrdan XIX asrning birinchi
yarimigacha.

4. Hozirgi zamon matematikasining rivojlanish davri XIX asrning 2-yarimidan
to hozirgacha bo’lgan davr.

Birinchi davrda kishilar dastlabki matematik tushunchalar va tasavvurlarga
ega bo’lgan. Birinchi davrda asosiy tushunchalardan biri bo’lgan son tushunchasi
shakllandi va asta-sekin rivojlanib bordi. Mashhur matematik olimimiz, akademik
T.A.Sarimsoqov Fanimizning ravnaq yo’llari nomli maqolasida matematika
fanining taraqqiyotini to’rt bosgichga bo’lib ko'rsatgan.

Birinchi bosqich "matematikaning qadimgi Gretsiya (Yunoniston)da
rivojlanish bosqichi bo’lib, unda Ptolomey, Aflotun (Platon), Arastu (Aristotel),
Yevklid, Pifagor, Arximed kabi olimlarning nomlari tilga olingan. Shunday
qilib, matematika atamasining kelib chiqgishi ham qadimgi Gretsiyada fan
sifatida shakllanishiga bog’liq bo’lib, grekcha mathematik"fan, bilim ya'ni
fanlarni bilish demakdir. Ikkinchi bosqgich matematikaning O’rta Osiyoda
rivojlanish bosqichi bo’lib, bu bosqgichda buyuk bobokalonlarimiz al-Xorazmiy
(780-850), Abu Nasr Forobiy (873-950), Umar Xayyom (1048-1131), Abu
Rayhon Beruniy (973-1048), Ibn Sino (980-1037), Mirzo Ulug'bek (1394-1449)
va boshqalar ilmiy asarlarida matematika fanini yangi bosqichga ko’tarildi.
Uchinchi bosqichi G’arbiy Yevropa va Rim imperiyasida (XVII-XVIII asrlar)
matematikaning rivojlanishiga to’g’ri keladi. To’rtinchi bosqichi "XIX asrdan
shu kunlargacha bo’lgan davrni o’z ichiga oladi. Bu bosqichni xususan,
O’zbekistonda ham ilm-fanning gayta rivojlanish bosqgichi deb atash mumkin.
Bu bosqgichda O’zbekistonda matematika va boshga aniq fanlar maktablari
yuzaga keldi. T.Qori-Niyoziy, T.Sarimsoqov, S.Sirojiddinov, H.Abdullayev,
0O.Sodiqov, B.Qobilov, Y.Toraqulov, H.Rahmatulin, T.O’rozboyev, Sh.Alimov,
S.Azimov, R.Habibullayev, M.Salohiddinov, T.Jo’rayev, T.Azlarov, N.Satimov
kabi ko’plab olimlar yetishib chigqan. O’tgan davr mobaynida matematikani,
umuman ilm-fanni va ta’limni yangi sifat bosqgichga olib chigishga qarata qator
tizimli ishlar amalga oshirildi. Shuningdek, Matematika sohasida buyuk asarlar
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yaratgan, ulkan dunyoviy ilmni meros qoldirgan ajdodlarimiz haqida ham ko’proq
ma’lumotlarga ega bo’lish bugungi avlodlar oldidagi ham qarz ham farzdir? [2;
6-b.].

O’zbekiston Respublikasi Prezidentining 2020-yil 7-maydagi Matematika
sohasidagi ta’lim sifatini oshirish va ilmiy-tadqiqotlarni rivojlantirish chora-
tadbirlari to’g’risidagi PQ-4708 sonli qarori, 2020-yil 9-iyuldagi Matematika
ta’limi va fanlarini yanada rivojlantirishni davlat tomonidan qo’llab quvvatlash,
shuningdek, O’zbekiston Respublikasi Fanlar akademiyasining V.I.Romanovskiy
nomidagi matematika instituti faoliyatini tubdan takomillashtirish chora-~
tadbirlari to’g’'risida gi PQ-4387 sonli qarori shular jumlasidandir. 2020-yilda
Matematika institutiga ilmiy darajalar berishda mustaqillik berildi. O’zbekiston
Respublikasi Prezidentining Ilm-fan sohasini 2030 yilgacha rivojlantirish
konsepsiyasi to’g'risidagi farmoni gabul qilindi. Mamlakatimizda ta’lim sohasini
rivojlantirish va amalga oshirilayotgan keng qamrovli islohotlar matematika fanini
o’qitish jarayoniga xalgaro tajribalarni samarali tatbiq etish, o’quvchilarning
intellektual qobiliyatini rivojlantirishda integrativ ta’lim metodologiyalaridan
foydalanish darajasini oshirdi.

Tariximizga yana bir nazar tashlasak, O’rta Osiyoda matematikani o’rganish
juda qadim zamonlardan boshlangan, jumladan O’zbekiston matematikaga
oid ma’lumotlarni bundan bir necha yuz yillar ilgari yashagan mashhur
allomalarimizning asarlarida uchratamiz. Miloddan avvalgi II asrda tuzilgan
Matematikaning to’qqiz kitobi degan asar diqgqatga sazovordir. Qadimda
matematikaning asoslari tushuntirilib berilgan. Bu kitob, dehqon, olim,
hunarmand, tarixchi, astronom, chorvodor va me'morlar uchun uzoq vaqtgacha
go’llanma bo’lib xizmat qilgan. Hozirgi davrda matematika fani shartli ravishda
ikkiga ajraladi:

1). elementar matematika. 2). Oliy matematika.

Prezidentimiz tashabbusi bilan Matematika fani va ta’limini rivojlantirishni
go’llab-quvvatlash jamg’armasi tashkil etildi. Jamg’arma mablag’lari hisobidan
matematika sohasidagi olimlar va yosh tadqiqotchilarning xorijdagi xalqaro ilmiy-
amaliy tadbirlarda ishtiroki ta’'minlanmoqda. Matematika ta’lim yo’nalishlarida
ta’lim olayotgan talabalar va tadqiqotchilar uchun akademik T.Sarimsoqov
nomidagi stipendiya ta’sis etildi.
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Zamonaviy raqamli vositalar yordamida fazodagi tekislikni
o’rgatishning samaradorligi
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Mazkur ishda analitik geometriyada tekislik tushunchasini o’rganishda raqamli
texnologiyalardan, xususan GeoGebra dasturidan foydalanish imkoniyatlari ko’rib
chiqiladi.

So’nggi yillarda ragamli texnologiyalar ta’lim jarayonining ajralmas qismiga
aylandi. Aynigsa, analitik geometriya kabi fazoviy tafakkurni talab qiluvchi
kurslarda interaktiv vositalardan foydalanish o’quvchilarning mavzuni chuqur
anglashiga yordam bermoqda. Raqamli vositalar murakkab tushunchalarni
ko’rgazmali ko’rinishda tasvirlash, parametrlarni o’zgartirish orqali natijani tezda
kuzatish, hisoblashlarni avtomatlashtirish imkonini beradi.

Maple, Wolfram Mathematica va GeoGebra kabi dasturlar fazoviy obyektlarni
o'rgatishda keng qo’llanilmoqgda. Aynigsa, GeoGebra 3D Graphing moduli
fazodagi to’g’ri chiziq va tekisliklarni ko'rgazmali tarzda ko’rsatishda samarali
vosita hisoblanadi.

GeoGebra 3D Graphing muhitida tekislikni yaratish uchun Input bar qgismiga
quyidagi buyruglar yoziladi. Masalan, x+2y+ 3z —6 = 0 tekisligini chizish uchun

Plane[x + 2y + 3z = 6]
buyrug’idan yoki uch nuqta orqali o’tuvchi tekislik tenglamasini chizish uchun
Plane[(1,2,3), (2,0,1), (0,1,4)]

buyrug’idan foydalanamiz. Natijada bizga GeoGebra 3D muhitida tekisliklar
ko’rinadi.

A nugta orqali o’tuvchi p tekislikka perpendikulyar bo’lgan tekislik
tenglamasini chizish uchun dastlab p tekislik tenglamasini, keyin A nuqtani
kiritamiz. So'ngra Plane[A, p] buyrug'ni kiritamiz, ya'ni

p = Plane[x+2y+3z=6]
A= (1,2,3)
Plane[A, pl

Natijada bizga parallel tekisliklarni chizib beradi.

Analitik geometriyada parallel tekisliklar bir xil normal vektorga ega bo’ladi.
Agar Av + By +Cz+ D; = 0 va Ax + By + Cz + Dy = 0 ko'rinishida
berilgan bo’lsa, bu ikki tekislik o’zaro parallel bo’ladi. GeoGebra muhitida parallel
tekisliklarni chizishning ikki asosiy usuli mavjud: Birinchisi tenglama orqali:
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6]
10]

Plane([x + 2y + 3z
Plane[x + 2y + 3z

Ushbu buyruglar (1,2,3) normal vektoriga ega bo’lgan ikkita parallel tekislikni
quradi. Ikkinchisi esa nuqta va tekislik orqali:

p = Plane[x+2y+3z=6]
A=(,2,3)
Plane[A, p]

Bu yerda p tekisligiga parallel va A(1,2,3) nuqgtadan o’tuvchi yangi tekislik
quriladi. Parallel tekisliklarni qurish orqali talabalar tenglama va geometrik
tushuncha o’rtasidagi bog’liglikni yanada aniqroq anglaydi.
GeoGebrada tekislikni fazoda aylantirish uchun Rotate funksiyasidan
foydalaniladi:
Rotate[ Object, Angle, Axis]

Masalan, p : x + 2y 4+ 3z = 6 tekisligini z oqi atrofida 45° ga aylantirish:

p = Plane[x+2y+3z=6]
Rotate[p, 45Be, zAxis]

Agar aylanish 0’qi muayyan nuqtadan o’tishi kerak bo’lsa, masalan A = (0,0, 1)
va vektor (1,0, 0) orqali:

A= (0,0,1)
v = Vector[(1,0,0)]
Rotate[p, 90Be, Line[A, v]]

Talabalar uchun vizual ko’rgazmalilikni kuchaytirish maqsadida Slider
qo’shib, tekislikni interaktiv aylantirish mumkin:

a = Slider[0Be, 360Be]
Rotate[p, a, zAxis]

Bu usul orqali tekislikni 0° dan 360° gacha erkin aylantirish imkoni yaratiladi.
Yuqoridagilardan shuni ko’rsatdiki, GeoGebra dasturidan foydalanish:

(i) talabalar uchun nazariy formulalarni vizual ko’rinishda tasavvur qilish imkonini

beradi;

(ii) tekislik va chiziglarni fazoda joylashuvi haqida aniq tasavvur uyg otadi;

(iii) parametrlarni o’zgartirib, natijani tezda ko’rishga imkon beradi;

(iv) animatsiya yordamida fazodagi obyektlarning dinamik xossalarini ko’rsatadi.
Ragamli texnologiyalar fazoviy geometriya elementlarini o’qitishda samarali

vosita hisoblanadi. Tekislik va chiziglarning algebraik tenglamalarini grafik
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ko'rinishga keltirish, parametrlarni o’zgartirish, ularni harakatlantirish yoki
aylantirish orqali talabalarning mavzuni chuqurroq tushunishi ta’'minlanadi. Shu
bois, raqamli texnologiyalarni ta’lim jarayoniga kengroq tatbiq etish zarur va bu
kelajakda matematika o’qitish samaradorligini yanada oshiradi.
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The current stage of engineering education is marked by the rapid integration
of digital technologies, the internationalization of the educational environment,
and a shift toward a competency-based model of training specialists. Under these
conditions, the transformation of teaching fundamental disciplines particularly
higher mathematics becomes an urgent necessity in order to meet the demands of
the 21st century and to enhance the practical relevance of the course. Mathematics
is traditionally perceived by students as an abstract and weakly applicable field of
knowledge, which decreases motivation and hinders the formation of engineering-
oriented thinking. One of the most effective responses to this challenge is the
integration of the case-study method into the structure of mathematical education
for future engineers.

The case method, as a form of active, context-based learning, shifts the
focus from formal theoretical exposition to the solving of complex, multifaceted
problems rooted in professional reality |1, 2|. Unlike fragmented practical tasks,
case studies encourage students to engage in independent analysis, scenario
modeling, and reasoned interpretation of results. This fosters not only subject-
specific competencies, but also a broad range of transversal skills from digital
literacy and critical thinking to teamwork and self-regulation [3].
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This paper presents a model for integrating the case-study method into
the higher mathematics curriculum, implemented in three technical universities
in Uzbekistan through a pedagogical experiment. The program covered topics
such as analytic geometry, linear algebra, mathematical analysis, and elements
of mathematical modeling. A total of 12 case scenarios were developed and
introduced, adapted to the specificities of various engineering fields: logistics,
structural design, energy systems, and information technology. Each case included
a real-world problem, a dataset, visualization tools (graphs, tables, diagrams), and
instruments for digital processing.

The experimental sample consisted of 307 second-year students, divided
into control and experimental groups. The research methodology employed
both quantitative and qualitative methods: surveys, testing, observation, and
interviews. Key indicators included academic performance, cognitive activity
dynamics, development of digital skills, and the degree of interdisciplinary
integration. Compared to the control group, students exposed to the case-study
approach demonstrated a 14

A particularly noteworthy finding was the enhancement of students ability
to transfer mathematical knowledge across contexts: they began to confidently
apply mathematical methods to real-world engineering problems, use terminology
and symbolic notation appropriately, and construct well-founded hypotheses and
interpretations. Thus, the case-study method helped shape a meta-disciplinary
view of mathematics as a language for describing and transforming engineering
reality.

Special attention during the study was given to mathematical literacy and the
communicative culture of future engineers. The case method made it possible
to organically integrate formulas, diagrams, and terminology into coherent
professional discourse, aligning mathematical reasoning with the demands of
engineering communication. This is especially important in the digital age,
where the ability to interpret numerical, graphical, and algebraic data is a core
component of functional literacy.

It is also worth noting that the introduction of case studies sparked increased
interest in mathematics among students. Increased attendance, active classroom
participation, and a willingness to collaborate in pairs and small groups were
observed. Cases involving real problems from regional economies, urban planning,
traffic optimization, energy efficiency, and logistics were particularly well received.
As a result, mathematics ceased to be perceived as a detached abstraction and
came to be viewed as a meaningful and powerful problem-solving tool.

The findings confirm the relevance of the proposed model for the modern
demands of digital and engineering education. This aligns with international
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research emphasizing the effectiveness of active learning in improving academic
and professional outcomes in STEM fields [1, 3]. Moreover, the experiment
demonstrates the potential for scaling the approach both nationally and across
the broader Eurasian educational space. The implementation of the case method
does not require abandoning theoretical foundations, but rather rethinking how
material is structured and emphasized.

Thus, the case-oriented model of teaching higher mathematics can be
considered a promising strategy for addressing the strategic challenge of training
next-generation engineers. The integration of rigorous mathematical content with
practical and digital components ensures not only effective learning outcomes but
also helps students develop holistic engineering thinking, which is essential for
success in the context of digital economies and technological transformation. The
empirical evidence obtained supports the inclusion of the case-study method in
educational standards and its large-scale adoption across engineering universities
in the CIS region.
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Biologik jarayonlarni tahlil qilishda matritsalar va chiziqli
tenglamalar sistemasining qo’llanilishi

Bozorov Z.R.!, Davlatova D.S.?

V.I.Romanovskiy nomidagi Matematika instituti Buxoro bo‘linmasi, O‘zbekiston
zavqiddinbozorov2011@mail.ru

Buxoro davlat universiteti, O‘zbekiston
dilobar.davlatova@gmail.com

Matritsa tushunchasi biologiyada ko‘p o‘lchovli ma’lumotlarni tartibga solishda
muhim ahamiyat kasb etadi. Masalan, o‘simliklarning o‘sish ko‘rsatkichlari,
hayvonlarning turli sharoitdagi o‘zgarishlari yoki hujayra bo‘linish jarayonlariga
oid statistik ma’lumotlar matritsa ko‘rinishida ifodalanib, keyingi hisob-kitoblarni
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soddalashtiradi. Biologik modellashtirishda keng qo‘llaniladigan matritsalardan
biri Leslie matritsasi bo‘lib, u populyatsiyani yosh guruhlarga ajratish orqali har
bir guruhning demografik ko‘rsatkichlarini matematik tarzda ifodalaydi.

Leslie matritsasi- n x n o‘lchamli kvadrat matritsa bo‘lib, u quyidagi ko‘rinishga
ega:

fi fooor faot
si1 0 --- 0 0

L= 0 s - 0 0], n>2
O 0 --- s,-1 O

Ushbu matritsa ikki asosiy parametrga tayanadi: f; - ko‘payish darajasi,
y’ani ¢-yosh guruhidagi individlarning nechta yangi tug‘ilishiga sabab boalish
ehtimoli; s; - tirik qolish ehtimoli, yaani ¢-yosh guruhdagi individlarning keyingi
yosh bosqgichiga necha foizi omon yetib borishi mumkinligini ifodalaydi. Bu
kvadrat matritsa populyatsiyaning yosh guruhlari bo‘yicha tuzilishini ko‘rsatadi.
U boshlang‘ich populyatsiya vektoriga ta’sir etib, kelajakdagi individlar sonini
quyidagi tenglama orqali prognozlaydi:

x(t+1)=L-x(t),

bu yerda z(t) - hozirgi vaqtdagi individlar soni bo‘yicha vektor, z(t + 1) - keyingi
yil uchun prognoz gilingan individlar sonlari [2].

Masala. Oq kit populyatsiyasini modellashtirishni qaraymiz.

Oq kitlar populyatsiyasi uch guruhdan tashkil topgan: n - yangi tug'ilgan
individlar (yosh kitlar); v - voyaga yetgan, ammo hali ko'paymaydigan
(reproduktiv bo‘lmagan) individlar; p - voyaga yetgan reproduktiv individlar
(ko‘payish imkoniyatiga ega).

Dastlabki oq kitlar soni quyidagicha berilgan:

n(t) = 12, v(t) = 18, p(t) = 25.
Quyidagi topshiriglarni bajarish kerak:
1. Oq kit populyatsiyasining matritsali modelini tuzish.

2. Ushbu ma’lumotlarga asoslangan holda populyatsiya yo‘qolish xavfini
baholash.

Yechish: Oq kitlar populyatsiyasining dinamikasi o‘tish (transitsiya)
matritsasi ya'ni Lesli matritsasi orqali ifodalanadi. Bu matritsa har bir yosh
guruhining keyingi bosqichga o‘tish ehtimolini ko‘rsatadi:
0 0 0.3
L=102 05 04
0 03 0
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Keyin oq kit populyatsiyasining matritsali modeli quyidagicha bo‘ladi:

n(t+1) 0 0 03 n(t)
v(t+1) 1 =102 05 04 ]| v(t)
p(t+1) 0030 )

Endi populyatsiyaning 5 yil mobaynidagi dinamikasini kuzatib, yo‘qolib ketish
xavfini baholaymiz: 1-yildan keyin 34,4 ta; 2-yildan keyin 22,4 ta; 3-yildan
keyin 16,303 ta; 4-yildan keyin 11,458 ta; 5-yildan keyin 8,08 ta individ qgoladi.
Bundan ko‘rinib turibdiki, har yili populyatsiya sezilarli ravishda kamayib
bormoqda. Dastlabki 55 ta individ 5 yil ichida deyarli 7 baravarga kamayib,
8 ta atrofida qoladi. Bu shuni bildiradiki, hozirgi sharoit va ko‘payish omillari
bilan populyatsiya barqgaror emas, balki yoaqolib ketish xavfi ostida. Agar bu
tendensiya davom etsa, 10-12 yil ichida populyatsiya butunlay tugab ketishi
mumkin. Quyidagi grafikda buni yaqqol ko‘rishimiz mumkin.

Chiziqli tenglamalar sistemasi biologik jarayonlarni modellashtirishda keng
goallaniladigan samarali vositadir. U yordamida ozig-ovqat zanjiri elementlari
orasidagi o‘zaro bog‘liqlikni aniqlash, genetik jarayonlarni bir nechta omillar
ta'sirida tahlil qilishda yoki ekologik muhitda turli populyatsiyalar o‘rtasidagi
munosabatlarni matematik shaklda ifodalash mumkin. Bunday usullar murakkab
biologik jarayonlarni soddalashtirilgan matematik model ko‘rinishida ifodalashga,
ularni yanada oson tahlil gilishga imkon beradi|3].

Masala. Chorvachilik fermasida sigirlar uchun ozuqa ratsioni uch turdagi
yemlardan iborat: pichan,yashil yem va donli yem. Har bir yechim 1 kg da gancha
ogsil(g), kalsiy(g) va vitamin (mg) mavjudligi A matritsa shaklida berilgan:

50 60 150
A= 8 6 4
0.002 0.003 0.001

Bu yerda: 1-qator-ogsil(g), 2-qator-kalsiy(g), 3-qator-vitamin(g). Sigir kuniga
1700 g ogsil, 170 g kalsiy va 65 mg vitamin olishi kerak. Har bir yem turidan
kuniga necha kilogram isteamol qilinsa,sigirning barcha oziq moddalarga bo‘lgan
ehtiyoji qondiriladi? Ushbu masala Kramer usuli yordamida chiziqli tenglamalar
sistemasini yechish orqali hal gilinadi.
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Linear algebra is a fundamental subject in mathematics and physics, yet it
presents considerable conceptual difficulties for students. In many traditional
instructional settings, emphasis is often placed on procedural tasks such as solving
systems of linear equations, computing determinants, and performing matrix
operations. Falk and Levenberg (1993) emphasize that such procedural approaches
dominate linear algebra instruction, which may result in superficial learning and
hinder the development of conceptual understanding.

To address these pedagogical challenges, various interactive and student-
centered teaching methods have been investigated. Among them, Peer
Instruction, as described by Crouch and Mazur (2001), has proven effective
in fostering conceptual change. Their model involves a two-step process: students
first consider a conceptual question individually, then discuss it with peers before
revising their answers. This structured interaction creates cognitive conflict, which
prompts students to re-evaluate their understanding and construct more accurate
mental models.

Another promising approach is Case-Study which connects theoretical
knowledge with practical, real-world scenarios. Herreid (2007) characterizes case-
study pedagogy as a method that encourages students to apply learned theories to
complex, often interdisciplinary problems situated in realistic contexts. Although
Herreid does not specifically focus on linear algebra, the principles of case-based
instruction can be adapted to topics such as vector spaces or matrix rank by
embedding them in applied problem contexts, such as engineering systems or
physical modeling tasks.

In addition, Blended Learning, examined by Means et al. (2014), offers a
flexible instructional format that combines digital, self-paced learning with active
in-class engagement. Their research demonstrates that blended environments
accommodate diverse learning styles and allow students to engage with material
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both independently and collaboratively. This dual-mode learning environment
supports deeper engagement and retention of abstract concepts by offering
multiple opportunities for reinforcement and application.

Building on these foundations, the CaPeB model integrates Peer Instruction,
Case-Study Based Learning, and Blended Learning into a unified framework. The
alm is to promote active learning, facilitate deeper conceptual understanding,
and enhance learner motivation. By combining structured peer discussions,
contextualized problem-solving, and flexible digital engagement, CaPeB creates
a rich learning environment in which students can meaningfully connect theory
with practice. In the context of linear algebra education, this approach supports
the development of both abstract reasoning and real-world application skills BI'Y
outcomes that are often lacking in more traditional pedagogical models.

Initial interviews and diagnostic surveys conducted with students revealed a
high interest in modern, real-life integrated teaching methods. Taking this into
account, lessons in the experimental groups were designed using the CaPeB model.
Each lecture session was organized by connecting it to real-life problems and
events. As an example, we can take the topic of vector spaces.

Example: During the Apollo 13 mission, in an emergency situation, the
astronauts had to use the available Lunar Module (LM) thrusters to generate
the required force direction for reorientation in space. The question is as follows:
Is it possible to generate the necessary force direction using the three available
thruster directions?

The three active LM RCS thrusters provide force in the following directions:

7=(1,1,1), %=(1,1,2), ¥ =(1,23).

The total force direction the astronauts want to generate is given by:

—

F.=(6,9,14).

Can this be formed as a linear combination of the given vectors? That is:

—

F, = M0 + Aty + A3t

The lesson began with a real-life scenario the Apollo 13 mission which captured
students attention and significantly increased their motivation to learn. Through
the use of concept maps and peer instruction, students engaged in deeper analysis
of the topic. Particularly during the guided problem-solving stage, students
developed the following skills:

e Performing operations on vectors;

e Constructing linear combinations;
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e Modeling systems in 3D space;
e Identifying concepts of rank and basis;
e Understanding boundaries based on the concept of span.

The experimental results showed that lessons based on the CaPeB model
improved not only students’ conceptual understanding but also their practical
mathematical skills. Students began applying their knowledge in real-world
contexts, rather than relying solely on memorization.

REFERENCES

1. Crouch, C. H., Mazur, E., Peer instruction: Ten years of experience and results.
American Journal of Physics, 2001.

2. Egara, F. O., Mosimege, M. D., Effect of blended learning approach on
secondary school learners mathematics achievement and retention. Education and
Information Technologies, 2024.

3. Falk, G., Levenberg, S., The function concept in college students: Linearity and
homogeneity. Journal of Research in Science Teaching, 1993.

Mantiqiy va olimpiada masalalarining o‘quvchilar fikrlash qobiliyatini
rivojlanishiga ta’siri

Do‘stova Sh. B.!, Mahmudova R. M.?

Buxoro davlat universiteti, Buxoro, O‘zbekiston;

Ushbu tezisda nostandart, mantiqiy va olimpiada masalalarini yechish usullari
haqida ko‘rsatma va tavsiyalar ko‘rsatilgan. Ba’zi masalalarning yechilish usullari
tushintirilgan.

Bizga ma’lumki matematika fanini o‘rganish jarayonida biz mnoan’anaviy
yechish usullari-ga ega bo‘lgan mantiqiy fikr yuritib yechiladigan masalalarga
duch kelamiz. Matematika fani paydo bo‘lgan dastlabki asrlardanoq muammoli
masalalar matematika fanini rivojlani-shiga asos bo‘lgan. Bu masalalar juda
gadimdan mavjud va ular yildan-yilga, asrdan asrga o‘z-o‘zini rivojlantirib
kelmoqgda. Mantiqiy va nostandart olimpiada masalalari o‘zining serqirraligi va
mantiqan fikrlashga undashi bilan boshqa oddiy masala va testlardan farq qgiladi.
Matematika fanini o‘gitishda masalaning ahamiyati juda katta bo‘lib, bunda
o‘quvchilarda matematikaga bo‘lgan qizigishni orttirish, tayanch va fanga oid
kompetensiyalarni shakllantirish uchun ta’lim jarayonida amaliy va nostandart
xarakterdagi masalalardan foydalanish magsadga muvofiq. Ayrim hollarda amaliy
va nostandart xarakterdagi masala-larning yechimi darhol topilmasdan, bir necha
bor urinishlar natijasidagina aniglanishi mumkin. Nostandart masalalardan ayrim
turlarini yechish uslublarini ko‘rib o‘tamiz.
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"Oxiridan boshlab"usuli bilan yechish.

1- masala. Dehqgon birinchi xaridorga qopdagi guruchning yarmini va yana 1
kg guruch sotdi. Ikkinchi xaridorga qolgan guruchning yarmini va yana 1 kg guruch
sotdi. Uchinchi xaridorga qolgan guruchning yarmini va yana 1 kg guruch sotdi.
Shundan so‘ng qopda 14 kg guruch qoldi. Dastlab qopda necha kg guruch bo‘lgan.
Yechish. Masalani "Oxiridan boshlab"usulini go‘llab yechamiz. Qopda uchinchi
xaridorga qo‘shimcha 1 kg guruch sotgandan keyin qopda 14 kg guruch qolgan.
Demak, undan oldin qopda (14+1)=15 kg guruch bo‘lgan. Bu esa o‘z navbatida
3-xaridor kelishidan oldingi qopdagi guruchning yarmisi bo‘lgan. Bundan esa 3-
xaridor kelishidan oldingi qopdagi guruchning 15-2=30 kg ekanligini bildiradi.
Endi 2-xaridor kelishidan oldingi guruch miqdorini topamiz. Avval ikkinchi xaridor
qo‘shimcha 1 kg guruch olgandan keyin qopda 30 kg guruch qolganini hisobga
olsak, undan oldin qopda (30+1)=31 kg guruch bo‘lganligini kelib chiqadi. Bu
esa 0'z navbatida 2-xaridor kelishidan oldingi qopdagi guruchning yarmisi bo‘lgan.
Bundan esa 2-xaridor kelishidan oldingi qopdagi guruchning 31-2=62 kg ekanligini
bildiradi. Endi xuddi shunday dastlab qopda gancha guruch borligini hisoblash
uchun avval uning olgan qo‘shimcha 1 kg guruchini hosil gilgan natijamizga
qo‘shamiz. (62+1)=63 bo‘ladi. Bu esa dastlabki guruchning yarmi hisoblanadi.
Demak, dastlab qopda 63-2=126 kg guruch bo‘lgan.

"Shartlarga ko‘ra gismlarga bo‘lib yechish"usuli bilan yechish.

2-masala. Uchta uychada 3 ta: oq, qora, jigarrang mushuklar yashaydi.
Birinchi va ikkinchi uychada yashaydigan mishiklar qora emas bo‘lib, oq rangli
mushuk birinchi uychada yashamasa, qaysi mushuk qaysi uychada yashashini
aniglang. Yechish. Masalani "Shartlarga ko‘ra qismlarga bo‘lib yechish"usulini
qo‘llab yechamiz. Masalaning birinchi sharti hisoblangan "Birinchi va ikkinchi
uychada yashaydigan mishiklar qora emas"degan shartga ko‘ra, qora mushukning
3- uychada yashashi kelib chigadi. Endi 2-shartga o‘tamiz. Ikkinchi shartga ko‘ra
"oq rangli mushuk birinchi uychada yashamasa demak uning 2-uychada yashashi
kelib chigadi. Va bu o‘z navbatida 1-uychada jigarrang mushuk yashaydi degan
xulosani keltirib chigaradi.

Javob: 1l-uychada jigarrang, 2-uychada oq va 3-uychada qora mushuklar
yashar ekan.
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Talabalarning ijodiy tafakkurini rivojlantirishda oddiy differensial
tenglamalar sistemalarini muammoli texnologiyalar yordamida
o’qitishni takomillashtirish

Durdiyev D.Q.!, Abdusalomova A. 2

V.I. Romanovskiy nomidagi Matematika instituti Buxoro bo‘linmasi, Buxoro,
O‘zbekistan

d.durdiev@mathinst.uz

Navoiy davlat universiteti, Navoiy, O’zbekistan;
:abdusalomovaaziza@gmail.com

Zamonaviy ta’lim jarayonida talabalarning faolligi, mustaqil fikrlashi va ijodiy
tafakkurini shakllantirish masalasi eng dolzarb vazifalardan biri hisoblanadi.
Xususan, matematika fanini o’qitishda nafagat nazariy bilimlarni yetkazish, balki
talabalarni mustaqil izlanishga, yangicha yechimlarni topishga, matematik model
yaratish va uni tahlil gilishga yo’'naltirish muhimdir. Ta’limning an’anaviy usullari
bunday magsadlarni to’liq gamrab ololmaydi. Shu bois bugungi kunda muammoli
ta’lim texnologiyalari pedagogik jarayonning ajralmas gismiga aylanmoqda.

Differensial tenglamalar sistemalari matematik tahlil, fizika, texnika,
igtisodiyot va biologiya kabi ko’plab sohalarda murakkab jarayonlarni ifodalash
va ularni modellashtirishning asosiy vositasi hisoblanadi. Mazkur mavzuni
talabalarga o’rgatish jarayoni, agar fagat an’anaviy ma'ruza va amaliy
mashg’ulotlarga tayanilsa, ko'pincha murakkab, quruq va abstrakt ko’rinishi
mumkin. Talabalar ko’pincha tenglamaning nazariy mazmunini anglamasdan,
formulalar va algoritmlar yodlash bilan cheklanib qoladi. Bu esa ularning ijodiy
tafakkurini rivojlantirmaydi, mustaqil tahliliy faoliyatini rag’batlantirmaydi.

Muammoli o’qitish esa aksincha, talabalarda fikrlash jarayonini faollashtiradi,
ularda nega?, qanday qilib?, qaysi usul eng maqgbul? kabi savollarni
uyg’otadi.Bunday xolatda professor-o’qituvchi o’quv jarayonida oldindan
rejalashtirilgan muammoli vaziyatlarni taqdim etadi, talabalarni uni yechishga
undaydi va shu orqali ijodiy tafakkur elementlarini shakllantiradi. Misol
uchun, differensial tenglamalar sistemasini yechishda talabaga turli yondashuvlar
(analitik, sonli, grafik, taqribiy)usullar berilib, qaysi biri samaraliroq ekani hagida
mustaqil xulosa chigarishga undaladi.

Muammoli o’qitish talabaning kreativ tafakkuri, tanqidiy fikrlashi va
innovatsion qarashlarini rivojlantirish masalasida quyidagi tamoiyillarga tayanadi:

e Muammoli o’qitishning nazariy asoslari va uning pedagogik tamoyillari;

e differensial tenglamalar sistemalarini o’qitishda muammoli vaziyatlarni
yaratish misollari;
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e o’quv jarayonida ijodiy topshiriglar, Case-study va loyihaviy yondashuvlar;
e tajriba-sinov ishlari asosida muammoli o’qitish samaradorligini aniglash.

Yuqoridagi tahlillar shuni ko’rsatadiki, differensial tenglamalar sistemalarini
muammoli o’qitish talabalarning ijodiy tafakkurini rivojlantirishda muhim
o'rin tutadi. An’anaviy o’qitish usullaridan farqli ravishda, muammoli ta’lim
texnologiyalari talabalarning faolligini oshiradi, ularda yangicha fikrlash,
muammoni turli tomondan ko’rib chiqish, alternativ yechimlarni taqqoslash
ko’nikmalarini shakllantiradi.Shu bilan birga, muammoli o’qitish asosida tashkil
etilgan darslar talabalarda matematik bilimlarni ongli ravishda o’zlashtirish,
ijjodiy fikrlash va mustaqil garor qabul qgilish madaniyatini shakllantirishga olib
keladi. Bu esa tas €lim sifatini oshirish bilan bir qatorda, jamiyatning intellektual
salohiyatini rivojlantirishga ham xizmat qiladi.
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Oliy ta’limda matematika fanini o’qitishning zamonaviy
yondashuvlari

G’affarova D. !

Navoiy davlat universiteti tayanch doktaranti;
gafforovadilfuza@mail.ru

XXI asrda ta'lim tizimida ro’y berayotgan global o’zgarishlar matematika
fanini o’qitishda ham yangi yondashuvlarni joriy etishni talab etmoqda.
Matematika, texnika, iqtisodiyot, axborot texnologiyalari, tabiiy fanlar va
pedagogika uchun umumiy metodologik asosdir. Shu bois, oliy ta’limda ushbu
fan samaradorligini oshirish jamiyat taraqqiyoti uchun hal qgiluvchi ahamiyatga
ega. Jahon tajribasi shuni ko’'rsatadiki, ta’lim samaradorligini oshirishning muhim
shartlaridan biri talabaning o’z bilim faoliyatini boshqarishiga yo’naltirilgan
kompetensiyaviy yondashuvdir. Xorijiy reytingig yuqorir universitetlarning
tavsiyalarida matematik savodxonlik XXI asr ko’nikmalari ichida eng muhim
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o'rinlardan birini egallaydi. Shu jumladan barcha oliy ta’lim muassasalarida
matematika fani ko’plab sohalar uchun ham poydevor bo’lib xizmat qiladi.
Shu bois ta’lim jarayonidagi islohotlar, ragamlashtirish va kompetensiyaviy
yondashuvlar matematika fanini o’qitish metodikasini tubdan qayta ko’rib
chigishni talab etmoqda. oliy ta’lim tizimida matematika fanini samarali
o’qitish, metodik yondashuvlar va innovatsion texnologiyalarning o’'rni o'z
ahamiyatini yo'qotmaydi. Oliy ta’lim tizimida matematika fani chuqur nazariy
asosga ega bo’lib, talabadan fikrlashni, ijodkorlikni talab qiladi. Talabada
mantiqiy tafakkurni, ijodkorlikni shakllantirishda bugungi kunning zamonaviy
o’'qituvchisidan katta ma’sulyat izlanish talab etiladi. Zamonaviy matematika
o’qituvchisi nafaqat fan bilimdoni, balki metodika va pedagogik texnologiyalarni
qo’llay oluvchi shaxs bo’lishi kerak. U interaktiv metodlardan foydalanib, talaba
gobilyati darajasiga mos materiallardan hamda baholash mezonlaridan samarali
foydalana olishi muhim ahamiyat kasb etadi. Oliy ta’lim tizimida matematika
fanini o’qitishning ta’lim sifatini oshirishda quyidagi asosiy bosqichlarda ta’lim
shakllarini tashkil etish samarali natijalarga olib keladi.

e Nazariy va amaliy uyg'unlashuv. Matematika chuqur mantiqiy asosga ega
bo’lib, talabalarda tanqidiy va ijodiy fikrlashni shakllantiradi. Shu bilan
birga, fan amaliy jarayonlarga uyg’unlashishi kerak;

e kompetensiyaviy yondashuv. Talabada nafagat nazariy bilim, balki real
muammolarni yechish, tahlil qilish, qaror qabul qilish konikmalari
shakllanishi zarur;

e ta'limning raqamlashtirilishi. Onlayn platformalar, elektron darsliklar, sun’iy
intellekt yordamida ta’limni individuallashtirish imkoniyati kengaymoqda.

Oliy ta’'limda matematika fanini o’qitishning zamonaviy yondashuvlari ta’lim
sifatini oshirishning muhim omilidir. Muammoli va aralash ta’lim metodlari, AK'T
vositalari va fanlararo integratsiya orqali talabalar nafagat nazariy bilim, balki real
hayotiy kompetensiyalarga ega bo’ladilar. Jahon tajribasini milliy ta’lim tizimiga
uyg'unlashtirish, o’qituvchining ilmiy-metodik kompetensiyalarini oshirish va
raqamlashtirish jarayonini chuqurlashtirish oliy ta’limni yangi bosqichga olib
chiqadi.
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Igtisodiy ta’lim va shaxsning iqtisodiy madaniyatini rivojlantirish
masalalari

G’ulomov U.
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Zamonaviy globallashuv sharoitida iqtisodiy ta’limning ahamiyati keskin
ortib bormoqda. Aholining ehtiyojlarini qondirish uchun ishlab chiqarish va
ishlab chigarish munosabatlarini rivojlantirish ijtimoiy taraqqiyotning asosiy
omili hisoblanadi. Inson taraqqiyoti, avvalo, intellektual mahsulotlar va
moddiy ne’matlarda mujassamlangan qadriyatlarni saqlash va to’plash orqgali
ta’minlanadi. Shu jarayonda igtisodiy madaniyat shaxsning jamiyatdagi ijtimoiy
rolini belgilab beruvchi muhim ko'rsatkichga aylanmoqda. Bozor siyosatini
qgayta tashkil etish jarayonida iqtisodiyot, siyosat, san’at va madaniyat bilan
bir gatorda ta’lim tizimi ham tub o’zgarishlarga duch kelmoqgda. Davlat
siyosatining muvaffagiyati ta’lim sohasidagi islohotlar, ilm-fan va madaniy
qadriyatlarning rivoji, shuningdek, mamlakat ijtimoiy-igtisodiy ahvolining
barqarorligiga bevosita bog'liqdir. Ta’lim tizimi shaxsning jismoniy, axloqiy
va psixologik qiyofasini shakllantiruvchi asosiy institutdir. Aynigsa, iqtisodiy
ta’lim insonda iqtisodiy fikrlash, resurslardan oqilona foydalanish, iqtisodiy
manfaat va ijtimoiy mas’uliyat uyg'unligini shakllantiradi. Shu bois, ta’limni isloh
qilish bo’yicha ishlab chiqgilayotgan kontseptual yondashuvlar shaxsiy iqtisodiy
madaniyatni umuminsoniy qadriyat sifatida rivojlantirish masalalarini yoritib
beradi. Xalgaro tajriba shuni ko’rsatadiki, kichik va o’rta biznes iqtisodiy
taraqqiyotning eng istigbolli yo’nalishlaridan biridir. Masalan, Germaniya va
Yaponiya modelida igtisodiy bilimlar maktabdan boshlab beriladi va oliy
ta’limda amaliy tajriba bilan uyg’unlashadi. Yurtimizda ham bu yo’nalishda
sezilarli yutuqlar bo’lsada, amaliy faoliyatga yo’'naltirilgan ta’lim mexanizmlarini
kuchaytirish zarur. Kichik va o’rta biznes egalari nafagat korxona egasi
va boshqgaruvchisi, balki konstruktor, menejer, texnolog, buxgalter, iqtisodchi
va marketolog sifatida ham faoliyat yuritadi. Shuning uchun ular yuqori
intellektual daraja, keng ko’lamli ko'nikmalar va mustahkam iqtisodiy bilimga
ega bo’lishi talab etiladi. Iqtisodiy ta’lim shaxsning bilim darajasini oshirish bilan
birga, jamiyatning umumiy madaniy rivojlanishiga ham katta hissa qo’shadi.
Ta’lim olgan inson iqtisodiy jarayonlarni chuqur anglab, resurslardan ogqilona
foydalanishni, moliyaviy risklarni boshqarishni, shaxsiy va ijtimoiy manfaatlarni
uyg’unlashtirishni o’rganadi. Bu esa jamiyatda iqtisodiy ongning shakllanishi va
igtisodiy madaniyatning yuksalishiga olib keladi. Shuningdek, iqtisodiy ta’lim
jamiyatda tadbirkorlik ruhini mustahkamlash, yoshlarni innovatsion faoliyatga
jalb qilish, igtisodiy xavfsizlikni ta’'minlashda muhim omil hisoblanadi. Iqtisodiy
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bilimlar nafagat bozor jarayonlarini tushunishga, balki mamlakat taraqqiyoti
uchun mas’uliyatli gqarorlar qabul qilishga ham yordam beradi. Hozirgi davrda
igtisodiy ta’limni rivojlantirishda innovatsion texnologiyalar va metodlardan
foydalanish muhim ahamiyatga ega. Masofaviy ta’lim platformalari, elektron
darsliklar, interaktiv testlar va simulyatsion dasturlar talabalarda iqtisodiy
jarayonlarni chuqurroq anglashga yordam bermoqda. Xalgaro tajribaga asoslanib
aytish mumkinki, iqtisodiy fanlarni o’qitishda "case-study"(amaliy vaziyatlarni
tahlil qilish), loyihaviy ta’limi va o’yin texnologiyalari samarali natija bermoqda.
Bu usullar talabalarni nazariy bilim bilan cheklanib qolmasdan, uni amaliy
faoliyatda qo’llashga undaydi. Shuni e’tirof etish kerakki, zamonaviy ta’lim
muhitida ta’lim tizimining rivojlanishi va evolyutsiyasi bo’yicha yetarli nazariy
tadgiqotlarga bo’lgan ehtiyoj dolzarbligini yo’qotmaydi. Xulosa qilib aytganda,
igtisodiy ta’lim va iqtisodiy madaniyatni rivojlantirish jamiyat taraqqiyotining
muhim sharti hisoblanadi. Bu jarayon davlat siyosati, ta’lim tizimidagi islohotlar,
xalgaro tajriba va ilmiy izlanishlar bilan bevosita bog’liq. Mamlakatning
igtisodiy barqarorligi uchun iqtisodiy ta’limni nazariy va amaliy jihatdan
rivojlantirish, kichik va o’rta biznesni qo’llab-quvvatlash hamda zamonaviy ta’lim
texnologiyalarini joriy etish zaruratiga ehtiyoj sezadi.
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Median teoremasi
Muhitdinov D. F.

Buxoro davlat universiteti, Buxoro, O’zbekiston

Ma’lumki, uchburchaklar mavzusi geometriya fanining asosiy boshlang’ich
bo’limlaridan biri bo’lib, uning elementlari ko’plab teoremalarga zamin yaratadi.
Medianani topish masalasi ham shular jumlasidandir.

Ushbu teoremada uchburchak medianasining uzunligi shu mediana tushgan
tomon va ma’lum burchaklar orqali ifodalanadi hamda yangi natija taqdim
etiladi. Isbot davomida oddiy trigonometrik formulalardan foydalaniladi, shu
bois fagat asosiy gqadamlarning isboti keltiriladi. Teorema jarayonida esa yangi
tushuncha median burchagi kiritiladi. Bu tushuncha medianani ifodalash
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formulasini soddalashtirishda muhim rol o’ynaydi va geometriyada yangi tadqiqot
imkoniyatlarini ochib beradi.

TEOREMA. Uchburchakning « burchagidagi uchidan chiquvchi va
garshisidagi a tomoni bilan  burchak tashkil qgiluvchi m, medianasi quyidagicha

topiladi:
_a . (oza)
ma—_c - .
5 8\

Bu yerda «, burchak uchburchakning a median burchagi deyiladi. Median
burchagi teoremadagi burchaklar bilan quyidagi munosabat orqali bog’langan:

Ushbu teorema bundan keyin Median teoremasi deb ataladi.

Isbot. Uchburchakning o burchagidan boshqa burchaklarini o va o deb
olamiz (a + o +a = 1807). Ma’lumki, teoremadagi berilganlardan foydalansak
uchburchak S yuzini quyidagicha yozish mumkin:

a2

S = =35 a . . 1
2(ctg o/ 4 ctgal) 4 sin § (1)

Shuningdek, quyidagilar o’rinli bo’ladi:

1 —ctga -ctga” ctg o — ctg
ctga = , ctg f = :
ctga’ + ctga 2
Biz quyidagi tenglikni o’rinli deb ishlaymiz:
t / t 2
cgoz—gcgoz +ctga = /14 ctg?a + ctg? 8. (2)
Haqiqatan ham yuqoridagilardan foydalansak (2) tenglik o’rinli bo’lib qoladi:
ctga + ctg 2 + ctg? o/ + ctg? o
+ ctga =
2 2(ctg o + ctg )

V1+ctg2a + ctg? f =

. 1 —ctga-ctga 2 L+ ctga/ — ctga 2
ctg o/ + ctg o 2 '
V1+ctg2a + ctg? f =

ctgt o/ + ctgta” +4 + 2(2ctg? o + 2ctg? o’ + ctg? o - ctg? o)
(2(ctg o + ctg o/’))2 .

V1+ctg2a + ctg? f =
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2+ ctg2 o + ctg? o\ _ 2+ctg?d 4 ctg® o
2(ctg o/ 4 ctga) ~ 2(ctga’ +ctga)
Endi (1) va (2) formulalardan foydalanib, quyidagini hosil gilamiz:

my = gsin6<0tga—|—\/1—|—ctg204—|—ctg2ﬁ).

Soddalik magsadida
ctg a, = sin f ctg o
munosabatni kiritib,
a .. %
mg = = ctg —
2%

keltirib chiqaramiz. Teorema isbotlandi.

Natija. Median teoremasi va Apollon teoremasidan foydalanib quyidagi natija olinadi:

Ly a?
sin — = 4 [ ——.
2 2(b% + ?)

ADABIYOTLAR

1. A.P. Kiselyov, Geometriya. Planametriya-Moskva:Prosveshchenie, 2018. 2.
.®. Hlapbirun, 3ajaqn 1o mianumerpun. Mockpa: Hayka, 1986.

Topologik fazolarning zichlik tipidagi xossalarini o’qitishda ilmiy
izlanishlar metodidan foydalanish

Muxamedkulova A. A.', Qarordinov S. R.?

'Aniq va ijtimoiy fanlar universiteti, Toshkent, O‘zbekistan;
asiyadilzara@gmail.com

2Buxoro Davlat universiteti, Buxoro, O‘zbekistan;
s.r.qarordinov@buxdu.uz

Ushbu ishda topologiik fazolarning zichlik tipidagi xossalarini o’qitishda ilmiy
izlanishlar metodidan foydalanish bo’yicha to’liq tavsiyalar hamda xulosalar
hagida so’z yuritiladi. Natijada esa bu metodlar talabalarni faol ishtirokchi
qilish, mavzuni chuqurroq tushunishga undash va mustaqil fikrlash ko'nikmalarini
rivojlantirishga yordam beradi.

topologiik fazolarning zichlik tipidagi xossalarini o’qitishda ilmiy izlanishlar
metodidan foydalanish o’gitishda juda samarali hisoblanadi, chunki bu metod
orqali nazariy tushunchalarni nafagat qayta bayon qilish, balki yangi natijalar
kashf etish ham mumkin.

Biz to’liq tavsiyalarni bosgichma-bosqich keltiramiz:
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1. Metodni qo’llashning boshlang’ich bosqichi.

Mavzuni aniqlash: Zichlik, kuchsiz zichlik, lokal zichlik va lokal kuchsiz zichlik
kabi tushunchalar ko’p xil yo'nalishda o’rganiladi. Ya'ni fazoning minimal bazalari
soni (separabel bo’lish yoki bo'lmasligi), to’plamlarning zich, kuchsiz zich, lokal
zich va lokal kuchzis zich bo’lish shartlari, maxsus fazolarda (metrik, Tikhonov,
Stone-Chech kompaktifikatsiyasi) zichlik tipidagi xossalari. Metodni qo’llashni
qaysi tushunchani o’rgatishga garatishni aniq belgilab olish tavsiya etidali.

2. Adabiyotlar sharhi.

Klassik  manbalar:  Engelking "General Topology Arkhangel’skiy va
Shapirovskiy kabi olimlarning ishlarini o’rganish Yangi maqolalar: "Topology
and its Applications "Houston J. Math. "Fund. Math."kabi jurnallardan mavzuga
oid magqolalarni tanlab olib o’rganish. Bundan magsad - mavjud natijalarni
umumlashtirish va ulardan o’qitishda samarali foydalanish.

3. Ilmiy izlanishlar metodlari.

1. Nazariy (deduktiv) usul: mavjud teoremalardan yangi xulosalar chiqgarish,
masalan, separabel fazolarda zich to’plamning konstruksiyasi haqidagi
ma’lumotlar yordamida;

2. Qiyosiy metod: turli sinf fazolar, xususan metrik, normallangan, lokal kompakt
kabi fazolarning zichliklarini o’zaro taqqoslash;

3. Model qurish: konkret fazolarda, masalan Yevklid fazolari, Hilbert fazolari,
funksional fazolar kabilarda zich to’plamlarni topish;

4. Aksiyomatik usul: to’plamda nazariy asosda yangi shartlar kiritish, masalan,
MA, CH gipotezalari ostida zichlikning o’zgarishi;

5. Konstruktiv metod: zich, kuchsiz zich, lokal zich va lokal kuchsiz zich kabi
to’plamlarni aniq qurish, masalan, natural, ratsional, irratsional va haqiqiy sonlar
to’plamlari yordamida Yevklid fazosida zichlik, kuchsiz zichlik, lokal zichlik va
lokal kuchsiz zichlik kabilarni hisoblash.

Adabiyotlar

1. Diego Vizcal'uno, Victor Vargas, Adriana Huertas, Teaching of Topology and
its Applications in Learning: A Bibliometric Meta-Analysis of the Last Years from
the Scopus Database, Mathematics teaching research journal. 2023. Vol. 15, No.
1. P. 198-222.

Topologik fazolarning turli salmoqlarini o’qitishda algebraik
metodlardan foydalanish

Muxamedkulova G. A.!, Qarordinov S. R.?

'Aniq va ijtimoiy fanlar universiteti, Toshkent, O‘zbekistan;
gulnurkz25@gmail.com
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2Buxoro Davlat universiteti, Buxoro, O‘zbekistan;
s.r.qarordinov@buxdu.uz

Ushbu ishda topologiik fazolarning turli salmogqlarini o’qitishda algebraik
metodlardan foydalanish bo’yicha to’liq tavsiyalar hamda xulosalar haqida so’z
yuritiladi. Topologiik fazolarning turli salmoqlarini, xususan salmoq, to’rli salmoq,
k-salmoq, cs-salmoq kabilarni o’qitishda algebraik metodlardan foydalanish
haqidagi tavsiyalarni bosqichma-bosqich keltirib o’tamiz:

1. Asosiy tushunchalarni aniqlash.

Topologik fazolarning salmoglarini to’plamlar nazariyasi elementlari va
topologik fazolarning kardinal invariantlari yordamida aniglash hamda baholash.
Masalan: Zichlik (d(X)) - eng kichik zich to’plamning kardinali, salmoq (w(X)) -
bazaning eng kichik kardinali, quvvat (| X|) - fazoning to’plam sifatidagi kattaligi,
Suslin soni, Lindelyof soni, w-salmoq, x(z, X) xarakter kabi invariantlar.

Algebraik metodlarni qo’llashdan oldin, bu o’rganilayotgan salmoqlarni
kardinal invariantlar yoki to’plamlar nazariyasi elementlari yordamida ifodalab
olish zarur bo’ladi.

2. Algebraik metodlarning o’rni.

Algebraik metodlar deganda, ko’pincha quyidagilar nazarda tutiladi:

1. Algebraik topologiya vositalari: gomotopiya, gomologiya, kogomologiya
kabilardan foydalanish;

2. Universal algebradan foydalanish: fazoni yarimgruppa, gruppa yoki halqa
strukturasi bilan boyitish;

3. Bo’linishlar va faktor-konstruktsiyalar: algebraik guruhlashlar orqali
topologik invariantlarni tahlil gilish;

4. Kardinal arifmetika: |X|, d(X), w(X), nw(X), kw(X), csw(X) kabi
kardinallar o’rtasidagi algebraik tengsizliklarni tekshirish.

3. Amaliy metodik tavsiyalar.

a) Kardinal tengsizliklardan algebraik usulda foydalanish:

al) To'plamning (fazoning) quvvatini baholash: | X| < 24X)x(X);

a2) Zichlik va salmoq o'rtasidagi munosabatni tadbiq qilish: d(X) < w(X) <
| X|.

b) Topologik fazoni algebraik strukturaga keltirish:

bl) Agar fazo yordamida topologik gruppa hosil gilish mumkin bo’lsa, unda
salmoqlar gruppa strukturasi bilan bog’lanadi va ifodalanadi (masalan, zichlik
bazaning zichligiga teng bo’lishi).

b2) Halga yoki algebra ustida qurilgan topologik fazolarning kardinal
invariantlarini algebraik operatsiyalar bilan baholash.

Adabiyotlar
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1. Diego Vizca-no, Victor Vargas, Adriana Huertas, Teaching of Topology and its
Applications in Learning: A Bibliometric Meta-Analysis of the Last Years from
the Scopus Database, Mathematics teaching research journal. Vol. 15, No. 1. P.
198-222, 2023.

Integrativ yondashuv asosida talabalarning matematik savodxonlik
ko’nikmalarini shakllantirish metodikasini takomillashtirish

Sadullayeva 1.

Navoiy davlat universiteti, Navoiy, O‘zbekiston;
sadullayevairoda@mail.ru

Globallashuv va raqamli igtisodiyot sharoitida matematik savodxonlik jamiyat
taraqqiyotining strategik omillaridan biri hisoblanadi. XXI asrda inson kapitali
sifatini belgilovchi asosiy ko'rsatkichlardan biri bu - matematik fikrlash darajasi
va matematik bilimlarni amaliy faoliyatga tatbiq etish qobiliyatidir. Shu bois,
O’zbekistonda olib borilayotgan ta’lim islohotlarining muhim yo’nalishlaridan
biri - matematik ta’lim sifatini oshirish, talabalarda matematik savodxonlikni
shakllantirish va uni xalqaro standartlarga moslashtirishdan iborat. Shu
jarayonda integrativ yondashuv alohida ahamiyat kasb etadi. Integratsiya
nafagat matematikaning ichki bo’limlarini, balki uni boshga fanlar bilan
uyg’'unlashtirish orqali o’quvchi va talabalarni real hayotiy muammolarni
yechishga tayyorlaydi. Integrativ yondashuv - bu ta’lim jarayonini turli fanlar
o'rtasida uyg’'unlikda tashkil etish, bilimlarni yaxlit tizim sifatida shakllantirish
tamoyilidir. U matematik bilimlarni biologiya, fizika, iqtisodiyot, informatika va
ijtimoiy fanlar bilan bog’lash orqali talabalarning ko’nikmalarini kengaytiradi.
Matematik savodxonlik tushunchasi PISA (Programme for International
Student Assessment) talginida "Matematik bilimlarni real hayotiy vaziyatlarda
go’llash, muammoni aniqlash, matematik modellashtirish va yechim topish
qobiliyati"sifatida izohlanadi. Shu ma'noda, integrativ yondashuv nafaqat
matematik bilimlarni mustahkamlash, balki ulardan foydalanish madaniyatini
shakllantirish vositasi hamdir. Rivojlangan davlatlar ta’'lim tizimida matematik
savodxonlikni rivojlantirish fanlararo integratsiya orqali amalga oshirilmoqda.
Masalan:

e Finlyandiya modelida matematika fizika va igtisodiy bilimlar bilan bog’liq
loyihalar orqali o’qitiladi;

e Singapur tajribasida STEM (Science, Technology, Engineering, Mathematics)
konsepsiyasi asosida o’quv dasturlari ishlab chiqiladi;

e AQSh va Buyuk Britaniyada esa “case-study” va “project-based learning”
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metodlari keng qo’llanilib, matematikaning amaliy hayotdagi qo’llanilishi
ko'rsatiladi.

Ushbu tajribalar O’zbekiston ta’lim tizimida ham bosgichma-bosqich joriy
etilmogda. Matematik savodxonlikni oshirishda quyidagi integrativ metodik
yondashuvlarni takomillashtirish muhim hisoblanadi: -Fanlararo loyihalar asosida
o’quv jarayonini tashkil etish;

e Case-study usuli orqali talabalarga real hayotiy iqtisodiy va texnik
masalalarni yechish topshiriglarini berish;

e axborot texnologiyalaridan, xususan, simulyatsiya dasturlari va matematik
modellashtirish paketlaridan (Maple, Mathematica, MATLAB) foydalanish;

e interfaol metodlar (klaster, akvarium, brainstorming) orqali matematik
tushunchalarni o’zlashtirishni yengillashtirish.

Integrativ.  yondashuv  asosida talabalarning matematik savodxonligini
shakllantirish zamonaviy ta’lim jarayonining dolzarb vazifasidir. Ushbu metodika
nafagat matematik bilimlarni chuqurlashtiradi, balki ularni real hayotiy
vaziyatlarda qo’llash madaniyatini ham shakllantiradi. Talabalarning matematik
savodxonligini oshirish orqali jamiyatda innovatsion tafakkur, igtisodiy faollik va
ijtimoiy barqarorlikni ta’'minlash mumkin.

ADABIYOTLAR

1. T'opoynosa H.B. Hudposusaiius Kak IpHOPUTETHOE HAIIPABJIEHUE MOJIEPHI3a-
1uu poccuiickoro obpazoBanus: MoHorpadus, o pegaxkmnueit H.B. ['opOyHoBoii
u jip. Caparos, 2019. 152 c.

2. Bunorpajiosa H.®@., Kouyposa E.9., Ky3znenosa M.I. u np. ®yHKIMOHAIbHAS
IPaMOTHOCTD MJIAJIIIEro MKoJabnuKa, moa pea. H. @. Bunorpamosoit. M.: Poccuii-
ckuit yaeonuk: Benrana-I'pad, 2018. 288 c.

FGOMeTpI/I‘IeCKOG MeCTO TOYEK B IIPOCTpPaHCTBeE

Typaea H. A.

Byxapckuil rocy1apcTBeHHBII YHIBEPCUTET
nabiyaturaeva48Qgmail.com

['eomeTpryeckuM MeCTOM B IIPOCTPAHCTBE Ha3bIBACTCsI (PUI'ypPa, KOTOpasi CO-
CTOUT M3 BCEX TOYEK IPOCTPAHCTBA, 00/IaIAI0IIIX ONPEICTIHHBIM CBORCTBOM.
[lepedancanm HECKOJIBKO MeOMETPUIECKIX MECT TOYEK B IIPOCTPAHCTBE:

1. I'eoMeTprdyecKnM MECTOM TOYEK, PABHOYIAJIUHHBIX OT JIBYX JAHHBIX TOUEK A
1 B, siBJIsieTcsl IJIOCKOCTD (v, TePIEHINKYIApHast IpsiMoii AB 1 Ipoxo/siiast
yepes cepennny orpeska AB.
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2. I'eomeTpuyecknM MECTOM TOYEK, OTCTOAIINX OT JIAHHON IIJIOCKOCTH (v Ha Pac-
CTOSTHUU d, SIBJISIIOTCS JIB€ ILJIOCKOCTH, IapaJiieibHble JAaHHONI IJIOCKOCTH U
HAXOJSIIIEecs: OT Hed, Ha paccTOossHuN d.

3. IeoMmeTpuuecKuM MeCTOM TOYEK, YJIAJIHHBIX Ha JAHHOM PacCTOSHUU d OT
nanaoit Toukn O, gaBjsiercs cdepa ¢ meHTpoM B Touke O 1 pajanycoMm d.

ITpumep 1. HaitfTu B mpocTpaHCTBE TeOMETPUUECKOEe MECTO TOYeK, PaB-
HOYJIQJIEHHBIX OT TPEX JIAHHBIX TOYEK, He JIeXKaIlnX Ha OJHOU TPAMOIL.

Pewenue (1-1 cnoco6). Tpu naunbie
Touku A, B u C omnpenensior Iioc-
KOCTb «, B KoTopoil jexur AABC.
MBI 3HAEM, 9TO NEOMETPHIECKOE MECTO —
TOYEK, PABHOYIAJTIHHBIX OT TO9eK A 1

B, ectb miockocThb P, nepreHInKyJisip-
Hast oTpe3Ky AB u mpoxosiiast yepes
cepenuny D croponbl AB. Ananorndno, mjisg Todek B u C' takum reomerpmde-
CKIM MECTOM TOYeK OYyJIeT ILJIOCKOCTH ().

Touku, npunajiexaiine juaun nepecedernust M N 1inockocreit P u (), Haxo-
JsITCsT Ha ofmHAaKoBoM paccrosiaun oT Touek A, B u C. Ilpsmas M N- nckomoe
reoMeTPUYIeCKOe MeCTO TOYEK.

Touka O mnepecedenns: npsimoii. M N ¢ IJIOCKOCTBIO (v SBJISIETCSA IEHTPOM
OKPY2KHOCTH, OHHUCAHHON 0KoJio Tpeyrojbanka ABC. CjemoBare/ibHO, IPsSIMast
M N neprnenIuKyagpHa IJIOCKOCTH (¢ W IIPOXOUT Yepe3 IEHTP OMUCAHHON OKPY K-
HOCTH.

BpiBoa: nckoMoe reoMeTpruiecKoe MecTO TOUEK - NpsiMas, ePIeHIUKYIsIpHast
ILJIOCKOCTH, onpeensgeMmoii Toukamu A, B, C', 1 mpoxoasias depes MeHTP OKPY K-
HOCTH, onmcanHoit oko0 NAABC.

Pewenue (2-t cnoco6). Ilycrs M - oia n3 TOUEK HCKOMOTO T€OMETPHIECKOTO
mecta, T.e. MA=MB = MC,un MO 1L «. Haknouasie M A, M B, MC pashbl,
cJIeI0BaTe/IbHO, PABHBI U UX IPOEKIINN Ha ILIOCKOCThL «, T.e. OA = OB = OC.

Orcrosa ciejyer:

1. O-ueHTp OKPYKHOCTH, onucannoit okoso NAABC,

2. BCe TOUKU IeOMeTPUIECKOr0 MeCTa JiexKaT Ha HMEePHeHIUKY/ISIpe K ILIOCKOCTH
«, IpoxojsiieM depe3 Touky O.

IIpumep 2. HaiiTn B mpocTpancTBe reOMeTPUYIeCKOe MEeCTO TOUYEK, PaAaBHOY/IATIH-
HBIX OT JABYX JAHHBIX IIePECEKAIONINXCs MPAMBIX.
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Pewenue. Ilycte AC' u BD - jan-
Hble NpsaMble, 1 P - IJIOCKOCTh, UMHI
onpejensgemasd. [Iycts M - Touka ncko-

moro muoxkectsa: MF 1 AC, ME L
BD uw MF =ME.

Onyctum  neprnengukynap MN  Ha
miockoctb P. Tornma NF = NE, kak npoeKun paBHbIX Hak/JIOHHBIX MF' nu ME
Ha ILJIOCKOCTHL P.

Kak u3BecTHO, reOMeTPUIECKIM Me-
CTOM TOYEK, PaBHOYJIAJTIHHBIX OT JIBYX
IEPECEKAIONINXCA TTPAMBIX Ha TTJI0CKO-

cru, sBjsioTC e ouccekTpuchl KO o
u HL, nensiue yribl, oOpa3oBaHHbIE
AC u BD, nonosiam.

Bee Toukm mneprenmukyiasgpa M N
IPUHAJIEXKAT TeOMETPHIecKOMy MecTy Todek. llocTtponm rmrockocTs () depes
upambie MN 1 KO. DTa 1I0CKOCTh HNEPHEHINKYJ/ISIpHa IockocTu P. Anasio-
IUIHO JIOKA3bIBAETCsI CYIIECTBOBAHME ILIOCKOCTH K.

BbiBo1: 11CKOMOE reoMeTprIecKoe MeCTO TOYeK - JBe IIocKocT () n R, mep-
[EeHIUKYJIPHBIE TJIOCKOCTH P, KOTOpbIe Tak»Ke MepIeHnKYJIsIPHBL JIPYT APYTY 1
JeJIAT yrubl Mexk iy npsaMbiMa AC' u B D nomoJiam.

JINTEPATYPA

1. Anexcangapos B.M. u np., ITocobue o maTemaTnke Jjist MOCTYHAIOIIIX B BY3bI.
M.: N3n-Bo MI'V, 1972, 608 c.

2. Bepecosa E.E., Jlerucosa H.C., IToisikosa T.H., [IpakTukym 1o periesunio Ma-
temaTndeckux 3azaad. M.: [Ipocsemenne, 1979, 239 c.

3. I'epacumona U.C., I'yces B.A., Macosa I'.I". u ap., CoopHEUK 3a1a1 110 reoMeT-
pun. M.: IIpocsemenue, 1977, 190 c.

Didaktik birliklarni yiriklashtirish texnologiyasi asosida o‘qitish
metodikasi

To‘rayev Sh. F.

Buxoro Davlat Universiteti, Buxoro, O‘zbekiston
turaevshuxratjon@gmail.com
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Zamonaviy ta’lim tizimi ta’lim sifatini oshirish, o’quvchining mustaqil fikrlash
va amaliy faoliyat ko’nikmalarini rivojlantirishga qaratilgan ilg’or pedagogik
texnologiyalarni joriy etishni talab etadi. Shunday texnologiyalardan biri -
Didaktik birliklarni yiriklashtirish texnologiyasi bo’lib, u bilimlarni uzviy,
tizimli va yirik bloklarda o’zlashtirishga asoslanadi. Aynigsa, akademik litsey
matematika darslarida bu yondashuv o’z samarasini beradi.

P. M. Erdniyev tomonidan ishlab chiqilgan bu texnologiya quyidagilarga
asoslanadi:

e Bilimlarni yirik, mantigan bog’langan birliklarda berish;
e O’quvchilarni umumlashtirish va tahlil gilish ko'nikmalarini rivojlantirish;
e O’qitishning ixcham va samarali tashkil etilishi.

Mazkur yondashuv orqali fanning asosiy g’oyalari chuqur o’zlashtiriladi va
takrorlashga kamroq vaqt sarflanadi.

Akademik litseylar matematika darslarida eng qiyin mavzulardan biri bu
Irratsional tengsizliklar yechish mavzusi hisoblanadi. Irratsional tengsizliklar
xilma-xil va ularni alohida formulalar orqali o’rganish uzoq vaqt talab qiladi
va shunda ham o’quvchi mavzuning tub mohiyatiga yetmagani uchun ayrim
misollarni yechishda xato qiladi. Irratsional tengsizliklar Didaktik birliklarni
yiriklashtirish texnologiyasi asosida o’qitishdan esa biz o’quvchiga bu mavzuni
bir butun ko’ra olishiga erishamiz. Albatta, bu o’quvchida katta e’tibor va qunt
talab qiladi, lekin odatda bu texnologiyada ta’limning natijaviyligi, samaradorligi
yuqori bo’ladi.

Akademik litsey matematika darslarida "Irratsional tengsizliklar” mavzusini
"Didaktik birliklarni yiriklashtirish” texnologiyasi asosida o’qitish sxemasi.

Tengsizliklar va yechimlar
1. Tengsizlik:
N (@) > g(x)

f(@) > g (x)

Vad =30 +3> 2 -1

2? —3x+3> 2z —1)°
2? —3x 43> 8x% — 122° + 62 — 1
(x—1)(72° —b5r+4) <0, r < 1

Yechish usuli:

Misol yechimi:
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Javob: z < 1
Mustahkamlash: /23 — 32+ 3 >

2. Tengsizlik:
Vf(x) > g(x)

Yechish usuli:

Misol yechimi:

>0, 22<2’>—2—110 N x>0, < -—110
r<0, 22—2—-110>0 r<0, x<-10,z>11

= yechimga ega emas, =z < —10

Javob: z < —10
Mustahkamlash:

2r —3 < 2vVa? -9, x —3 < Va2 —dx

Irratsional tengsizliklar mavzusini  Didaktik  birliklarni  yiriklashtirish
texnologiyasi asosida o‘qitish o’quvchilarning mavzuni puxta egallashiga,
mantiqiy fikrlash va analiz qilish ko'nikmalarini rivojlantirishga xizmat qiladi.
Bu metodik yondashuv murakkab mavzularni oddiy, tizimli, bosqichma-bosqich
o'rganishga yordam berishi tajribalarda yaqqolroq ko'rinadi.

ADABIYOTLAR

1. Meliqulov A, Qurbonov P, Ismoilov P, Matematika II gism, 2003.
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Hozirgi kunda ta’limning, ayniqgsa, oliy ta’limning asosiy vazifasi ta’lim
oluvchilarning intelektual darajasini, ijodkorligini takomillashtirish bilan birga
mustaqil izlanishga va yaratuvchanlikka bo’lgan qiziqishini qo’llab-quvvatlashdan
iborat. Shuning uchun, kreativ pedagogik ta’lim bugungi keng axborot maydoniga
ega dunyo uchun yanada dolzarbdir.

Ta’lim tizimi taraqqiy etgan davlatlar tajribasi shuni ko’rsatdiki, eng
ahamiyatlisi biz egallayotgan bilimlar, birinchi navbatda ayni davr uchun
dolzarb bo’lib turgan masalalarga qaratilishidir. Tizimdagi o’zgarishlar, davlat
ta’lim standartlari va o’quv dasturlarini zamonaviy ehtiyojlarga ko'ra qayta
ko'rib chiqish, o’zgartirishlar kiritib borish bu tabiiy va o’ta ma’suliyatli
jarayondir. Umuman olganda, oliy ta’limda talabalarga o’z tanlagan kasbiy
faoliyati uchun eng ahamiyatli bo’lgan bilimlarni berilishi va tavsiya qilinishi,
mustaqil o’zlashtirishga keng imkoniyatlar yaratib berilishi hamda talabaning
ijodkorligining qo’llab-quvvatlanishi ta’lim sifatiga ulkan ijobiy ta’sir qiladi.

Respublikamiz oliy ta’lim muassasalarining kredit-modul tizimiga o’tishi,
talabalarga ko’plab imkoniyatlar, qulayliklar yaratib berish bilan birga, ularning
shaxsiy javobgarligini yanada oshirdi. Buni kredit-modul tizimida, birgina
mustaqil ta’lim soatlari to’liq ta’lim soatlarining bakalavriat bosqichida 60%,
magistratura bosqichida esa 70% ligidan ham anglash mumkin. Demak, bu tizim
talabalar mustaqil ta’limiga asosiy e’tiborni qaratuvchi tizim. Bu tizimda to’g’ri
tashkillashtirilgan mustaqil ta’lim ta’lim samaradorligini oshiradigan asosiy omil

hisoblanadi [1].

Hozirgi rivojlangan davrda ko’plab platformalar (masalan, Hemis), qidiruv
tizimlari, telegram kanallaridagi guruhlar orqali talabalarning mustaqil
ta’lim olishiga keng imkoniyatlar yaratilgan. Shunga qaramay, olib borgan
tadqgiqotimizda talabalarning mustaqil ta’lim olish va guruhdagi boshqa talabalar
bilan hamkorlikda o’zlashtirish imkoniyati, shu bilan birga o’z-o’zini nazorat
qilaolishi uchun bitta manzildagi saytdan foydalanishi samarali ekanligini
angladik. Yuqoridagilarning barchasi inobatga olingan holda, Innovatsion
mustaqil ta’lim web ilovasi deb nomlanuvchi yangi, ta’lim web ilovasini ishlab
chiqdik va ta’lim jarayoniga tadbiq qildik.

[stalgan veb  brovzer yoki qidiruv tizimlariga orqali, http://mt-
turayev.uz/admin/ ilovasiga o’tiladi va bu saytning yaratuvchisi tomonidan
o’qituvchi sifatida belgilangan foydalanuvchilar o’zining masus nom va parollari
orqali kiradilar. Natijada quyidagi Innovatsion mustaqil ta’lim web ilovasiga
kirish bosqichi ishga tushadi [2].

Saytni ko'rish bandi orqali biz o’qgituvchi sifatida talabalardan farqli ravishda
fan qo’shish, guruhlarni tahrirlash yoki qo’shish, ixtiyoriy fanlarni ma’lumotlar
bilan boyitib borish kabi qo’shimcha imkoniyatlarga ham ega bo’ldik. Agar bu
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web ilovaga talaba kirsa quyidagi talaba guruhida o’tiladigan fanlarga va bu
orqali o’sha fanga doir barcha asosiy ma’lumotlar: kursning me’yoriy hujjatlari,
har bir mavzuga doir materiallar, qolaversa boshqa talabalar bu mavzularga doir
joylashtirgan ma’lumotlar va bu haqgida qolgan talabalarning fikrigacha hamda eng
asosiysi mavzuga doir test sinovidan foydalanish imkoniyatlariga ega bo’lamiz.

https://mt-turayev.uz ilova orqali o’qituvchi tomonidan biriktirilgan talaba
ushbu web ilova uchun belgilangan o’zining maxsus nomi va parolini kerakli
satrlarga kiritadi va Kirish piktogrammasini kursor yordamida bosish orqali
yuqoridagi ilovaga kiradi. Natijada quyidagi Innovatsion mustaqil ta’lim web
ilovasiga kiradi.

Shunday qilib, bu Web ilovamizda talabalarning o’zaro muloqotini yo’lga
qo’yish orqali ularning mustaqil ta’limining samaradorligiga yo’l ochib berilgan.
Bu holatda o’qituvchi jarayonni nazoratsiz qoldirmasligi albatta foydali, ammo
jarayonga biroz passiv aralashishi talabalarni yanada erkin fikr almashishiga
yo'l ochib beradi. Bu aynigsa, amaliy mashg’ulotlarda o’z aksini topadi. Ya'ni,
talabalar mavzuga doir masalalarni yechib, hamma uchun taqdim etadi va xato
yechgan bo’lib chigishidan kamroq xavotir oladi. O’qituvchi asosiy, mazmunan
xato joylarda aralashsa bo’ladi, elementar xatolar guruhdagi boshqa talabalar
tomonidan tuzatilib borilishi ko’p kuzatildi [3].

Tajriba-sinov  natijalarining statistik  tahlilidan  tajriba  guruhining
samaradorligi nazorat guruhiga qaraganda 11,3% ga yuqori ekanligi ma’lum
bo’ldi. Pedagogik tajribalarning yakuniy bosqichi natijalari (tajriba va nazorat
guruhining tajriba oxiridagi natijalari) va ularning matematik-statistik tahlili
kredit-modul tizimida talabalar mustaqil ta’limini tashkil etishda innovatsion
texnologiyalardan foydalanishning ta’lim samaradorligiga ta’siri yetarlicha ijobiy
ekanligini isbotladi.
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This study examines the methodological approaches required for effective
engagement with mathematical texts in higher education. Mathematics, as a
discipline, encompasses definitions, theorems, proofs, examples, and rules, and
thus demands specialized strategies for comprehension and application. The
article systematizes teaching and learning methods of working with educational
mathematical information and analyzes their role in fostering students’s analytical
thinking, creativity, and competence. The findings highlight that the integration
of both groups of methods enhances students’s independent learning strategies
and supports the development of higher-order cognitive skills.

In contemporary higher education, students are expected not only to absorb
ready-made knowledge but also to act as independent seekers of information,
capable of analyzing, processing, and applying it in practice[5,6]. This expectation
is particularly salient in mathematics education, where learning material extends
beyond formulas to include definitions, theorems, proofs, and rules, which
constitute a holistic body of knowledge.

Working with such texts requires structured methodological approaches.
Previous research emphasizes the role of active learning strategies (Polya, 1945;
Schoenfeld, 1985; Vygotsky, 1978)[1,2,3] and highlights the necessity of teaching
students how to engage with mathematical information critically and reflectively.
Within this framework, methods can be broadly divided into two categories:
teaching methods, applied by instructors to guide, motivate, and structure
students’s activities; and learning methods, applied by students in their direct
engagement with mathematical texts.

In this paper, the methods are classified into two categories: teaching methods,
applied by instructors to guide and structure the learning process, and learning
methods, employed by students in their direct engagement with mathematical
texts.[11]

Teaching methods serve as external tools for managing and directing
students’s learning. They include motivational methods (creating problem
situations and real-life examples), guiding methods (clarifying objectives and
supporting outlines), operational methods (applying theory through problem-
solving), control and corrective methods (Q&A, tests, feedback), organizational
forms (lectures, seminars, group work), and resources (textbooks, study guides,
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digital tools)[4,8,10].

Learning methods reflect the student’s internal strategies for working with
texts. They can be classified into: text-based methods (reading and retelling,
analysis and synthesis, logical-structural analysis, question-and-answer reading,
note-taking, comparison, and application) and independent learning methods
(active reading, extracting conditions and conclusions, constructing schemes and
graphs, reflection).

The application of these methods in the learning process produced several
outcomes. Teaching methods improved students’s motivation, guided their
attention to objectives, and enabled them to evaluate outcomes effectively.
Learning methods also helped students extract main ideas, simplify complex
concepts, reformulate and explain knowledge, and apply definitions and theorems
in practice. Integration of both sets of methods fostered analytical thinking,
reflective practices, and creativity, thereby raising the overall level of student
mastery.

The distinction between teaching and learning methods allows for a more
structured and efficient organization of the educational process. Teaching methods
operate as external managerial tools that ensure direction, focus, and monitoring,
whereas learning methods stimulate the internal cognitive activity of the learner,
promoting comprehension, transformation, and application of knowledge.

Furthermore, aligning these methods with Bloom’s modified taxonomy (to
remember’to understandto apply to analyze evaluate to create ) provides
a hierarchical framework that ensures both progression and coherence in
the acquisition of mathematical knowledge. This alignment reinforces higher-
order thinking skills and cultivates students’s ability to bridge theory with
practice[5,7,8].

Dividing methods of working with mathematical information into teaching
and learning methods enhances the logical structure of the educational process.
Teaching methods represent the guiding and managerial function of the instructor,
while learning methods embody students’s independent strategies for acquiring
knowledge. The integration of both groups supports analytical thinking, reflection,
creativity, and the application of theory in practical contexts. Findings confirm
that the systematic implementation of these methods effectively strengthens
students’s competencies in working with mathematical information.
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[lmiy izlanishlarda real hodisalarni o‘rganishning ikki asosiy usuli mavjud:
klassik tajriba va kompyuter modellashtirish. Har ikkisi o‘ziga xos metodologiyaga
ega bo‘lib, ular bir-birini to‘ldiruvchi yondashuvlar hisoblanadi. Klassik tajriba
- bu fizik, kimyoviy yoki biologik jarayonlarni maxsus laboratoriya sharoitida
real asbob-uskunalar yordamida o‘rganish jarayonidir. Tajriba vaqtida o‘lchovlar
amalga oshiriladi, natijalar kuzatiladi va tahlil gilinadi. Klassik tajriba empirik
uslubga asoslanadi va to‘g‘ridan-to‘g‘ri voqelikda yuz beradigan hodisalarni
sinovdan o‘tkazish imkonini beradi.

Kompyuter modellashtirish esa tabiiy yoki texnik tizimlarning matematik
modelini tuzish va uni kompyuterda dasturiy vositalar yordamida sinash
jarayonidir. Bu usulda real tajriba emas, balki uning matematik ifodasi orqali
hodisaning rivoji, natijalari, muqobil holatlari va oqgibatlari simulyatsiya qilinadi.
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Modellashtirishda parametrlar istalgancha o‘zgartirilishi, turli senariylar sinab
ko‘rilishi mumkin.

Mazkur ikki usulning umumiy magsadi - hodisani chuqur tahlil qilish,
gonuniyatlarni aniqlash va natijalarni baholashdir. Biroq ularni amalga oshirish
uslubi, texnik imkoniyat- lari va qo‘llanilish sohasi turlicha. Tajriba ko‘proq real
mubhitda natijalarni aniglashga yo‘nal- tirilgan bo‘lsa, modellashtirish murakkab
tizimlarni soddalashtirilgan model orqali o‘rganishga imkon yaratadi.

Shunday qilib, kompyuter modellashtirish va klassik tajriba ilm-fan va ta’limda
muhim o‘rin tutadigan, bir-birini to‘ldiruvchi vositalardir. Ularning har biri
turli holatlarda sama- rali qo‘llanilishi mumkin va har ikki yondashuvning
imkoniyatlarini to‘g‘ri anglash zamona- viy tadqgiqgotlar uchun muhim ahamiyat
kasb etadi.

Kompyuter modellari turlari: matematik, fizik, grafik modellarga orqali
tushuntiriladi. Kompyuter modellashtirishda real obyekt yoki hodisa o‘rniga uning
soddalashtirilgan, formal ifodasi - modeli quriladi. Ushbu model voqelikning
muhim tomonlarini aks ettiradi va kompyuter yordamida tahlil qilinadi.
Kompyuter modellari vazifasiga, ifoda shakliga va qo‘llanish doirasiga qarab turli
toifalarga bo‘linadi. Ulardan asosiylari quyidagilardir:

Matematik modellashtirish - Bu modellar real jarayonlarning matematik
tenglama- lar, formulalar, funksiyalar va tengsizliklar orqali ifodalanishiga
asoslanadi. Ular odatda differen- sial tenglamalar, statistik modellar, matritsalar
yoki algoritmik shaklda tuziladi. Masalan, issiqlik o‘tkazuvchanlik jarayoni Furye
tenglamasi bilan modellashtiriladi.

Afzalliklari: nazariy tahlil uchun qulay; analitik yechimlar topish imkonini
beradi; yaxshi soddalashtirish va umumlashtirish imkonini beradi.

Fizik modellashtirish-bu real obyektlarning kompyuterda fizik qonunlarga
asoslan- gan simulyatsiyasi. Bu turdagi modellashtirishda modellar tabiiy muhit
sharoitini real vaqtga yaqinlashgan tarzda taqlid qiladi. Masalan, suyuqlik oqimini
modellashtirishda Nave-Stoks tenglamalari asosida fizika modellar tuziladi.

Afzalliklari: jarayonni real sharoitga yaqin tarzda aks ettiradi; ko‘plab
parametrlarni hisobga olish imkonini beradi; amaliy masalalarni yechishda
foydalidir.

Grafik (vizual) modellashtirish-bu obyekt yoki jarayonning kompyuter
grafikasi vositalarida tasvirlanishidir. Ushbu modellar foydalanuvchi uchun qulay
interfeys yaratadi va ko‘rish orqali tahlil gilish imkonini beradi. Masalan, PHET
simulyatsiyalari, AutoCAD modellar, 3D biologik hujayra modellar.

Afzalliklari: vizual ko‘rinishi tushunarli va ta’sirchan; ta’lim jarayonida
samaradorlikni oshiradi; interaktiv ishlash imkonini beradi.

Xulosa: matematik, fizik va grafik modellar bir-birini to‘ldiruvchi vositalar
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bo‘lib, ularning to‘g'ri tanlanishi modellashtirilayotgan hodisaning xarakteriga
bog‘liq. Ko‘pincha bu modellarning bir nechtasi birgalikda kompleks yondashuv
sifatida qo‘llaniladi.

Modellashtirish bosqichlari. Kompyuter modellashtirish-bu real tizim yoki
jarayonni o‘rganish uchun uning soddalashtirilgan, formal shaklini qurish va
tahlil qilish jarayonidir. Bu jarayon bir necha muhim bosgichlardan iborat
bo‘lib, har bir bosqich modellashtirish sifatiga bevosita ta’sir ko‘rsatadi. Quyida
modellashtirishning asosiy bosqichlari bayon etiladi:

Muammons tahlil qilish va magsadni aniglash. Modellashtirishdan avval
o‘rganiladigan jarayon yoki obyekt haqida to‘liq tasavvur hosil qgilinadi. Real
obyekt yoki jarayonni formallashtirish. Bu bosqichda real tizimning muhim
xususiyatlari ajratib olinadi va ularni matematik yoki mantiqiy shaklda ifodalash
boshlanadi. Matematik modelni tuzish. Jara- yonni ifodalovchi matematik
formulalar, tenglamalar yoki algoritmlar tuziladi.

Kompyuter dasturini yaratish (modelni algoritmlashtirish). Modelga mos
keluvchi das- turiy algoritm tuziladi va u maxsus dasturiy platformalarda
(MATLAB, Python, PHET, Simulink va boshqalar) kodlanadi.

Modelni tekshirish (verifikatsiya). Yaratilgan model texnik jihatdan to‘g'ri
ishlayotganini aniqlash: Modelni tajriba ma’lumotlari bilan solishtirish
(validatsiya). Model real hayotdagi ma’lumotlar bilan solishtiriladi. Agar
model natijalari haqigatga yaqin bo‘lsa, u haqiqiy hisoblanadi. Aks holda, u
takomillashtiriladi.

Tajriba  o‘tkazish  (simulyatsiya qilish). Model asosida turli holatlarni
kompyuterda sinash, o‘zgaruvchilar ta’sirini tahlil gilish, natijalarni vizual tarzda
ko‘rish.

Natijalarni tahlil qilish va zulosa chigarish. Olingan simulyatsiya natijalari
tahlil qilinadi, grafik va jadvallar tuziladi. Natijalar asosida ilmiy yoki amaliy
xulosalar chiqariladi.

Bugungi kunda eng ko‘p qof‘llaniladigan amaliy dasturlar:
PHET Interactive Simulations (University of Colorado Boulder), MATLAB
(MathWorks), COMSOL  Multi- physics, GeoGebra, ANSYS, Python
(kutubxonalar bilan: NumPy, SciPy, Matplotlib, SimPy),

Xulosa. Modellashtirish bosqichlari bir-biri bilan uzviy bog‘liq bo‘lib, ularning
har birida aniqglik va to‘grilik talab etiladi. Har bir bosgichda yuzaga keladigan
xatolik butun modelning ishonchliligiga salbiy ta’sir ko‘rsatishi mumkin.

LITERATURE

1. Karimov, A., Soliyev, B. . Zamonaviy fizika laboratoriya mashg‘ulotlari.
Toshkent: Fan va Texnologiya, 2020.



MaTemaTrnueckas ¢u3MKa UM CMEeXHHE BOIPOCH COBPEMEHHOTO aHaim3a, Byxapa-2025 223

ODDIY DIFFERENSIAL TENGLAMALAR SISTEMASINI
O’QITISHDA MUAMMOLI TA’LIM TEXNOLOGIYALARIDAN
FOYDALANISH

Xolikov S.,', Absalomova A.?

Navoiy davlat universiteti, Navoiy, O‘zbekiston;
xolikovsuyunjon@gmail.com

Navoiy davlat universiteti,Navoiy, O‘zbekiston;
absalomovaaziza@gmail.com

Oddiy differensial tenglamalar sistemasi zamonaviy fan va texnikaning ko’plab
sohalarida muhim o’rin tutadi. Ular orqali turli fizik, biologik, kimyoviy, iqtisodiy
va texnologik jarayonlarning matematik modellari tuziladi va ularning dinamik
xatti-harakatlari tahlil gilinadi. Aynigsa, vaqtga bog’liq o’zgaruvchan tizimlarni
tavsiflashda keng qo’llaniladi. Shu jumladan quyidagi jarayonlarni misol keltirih
mumKkin:

e Fizikada - elektr zanjirlar, mexanik tebranishlar, issiqlik tarqalishi kabi
jarayonlar;

e biologiyada - populyatsiyalar o’sishi, epidemiyalar tarqalishi, ozig-ovqat
zanjiri;

e kimyoda - reaksiya tezligi, konsentratsiya almashuvi;

e igtisodiyotda - kapital oqimi, iste’'mol va investitsiya tizimlari, ishlab
chiqarish-moddiy muvozanat.

Shunday qilib, real hayotdagi murakkab tizimlarni soddalashtirilgan matematik
model shaklida ifodalashga, ularni chuqur tahlil gilishga va amaliy garorlar qabul
qilishga imkon yaratadi. Bu esa nafaqat nazariy, balki amaliy jihatdan ham o’ta
dolzarb va samarali vosita sifatida e’tirof etishga asos bo’ladi.Hozirgi davrda
ta’lim jarayonida muammoli ta’lim texnologiyalaridan foydalanish o’quvchilarning
mustaqil fikrlashini rivojlantirish, matematik tafakkurni kengaytirish va nazariy
bilimlarni amaliy masalalar yechishda qo’llash ko'nikmalarini shakllantirishda
muhim ahamiyat kasb etmoqda. Ayniqgsa, oddiy differensial tenglamalar sistemasi
kabi murakkab mavzularni o’rgatishda muammoli vaziyatlar yaratish orqali
talabalarni ilmiy izlanishga yo’naltirish samarali natija beradi. Muammoli
ta¥limning asosiy g'oyasi shundan iboratki, talabalarga dmashg'ulot vaqtida
oldindan ishlab chiqilgan maxsus muammoli vaziyatlarni yaratadi va talabalar
ushbu vaziyatni hal etishda yangi bilimlarni o’zlashtiradilar. Oddiy differensial
tenglamalar sistemasini o’qitishda bu yondashuv quyidagilarga asoslanadi:
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e Muammoli savollarni qo’yish. Berilgan differensial tenglamalar sistemasining
yechimi mavjudmi? mavjud bo’lsa yagonami? kabi savollar orqali talabaning
digqatini jalb etish;

e ilmiy izlanishga yo'naltirish: talabalar —mustaqil izlanib, nazariy
tushunchalarni o’zlari kashf qiladilar;

e amaliy ahamiyatini ochib berish: iqtisodiy, fizik, biologik modellar orqali
oddiy differensial tenglamalar sistemasining qo’llanishini tushuntirish.

Oddiy differensial tenglamalar sistemasini o’gitishda muammoli ta’lim
texnologiyalaridan foydalanish talabalarning nafaqat nazariy bilimlarini
chuqurlashtiradi, balki ularni ilmiy izlanishga, ijodiy fikrlashga ham yo’naltiradi.
Muammoli vaziyatlar asosida tashkil etilgan mashg’ulotlar talabalarni dars
jarayonida faol ishtirok etishga undaydi, ularning qiziqishini oshiradi hamda
kasbiy faoliyatida zarur bo’lgan matematik modellashtirish ko'nikmalarini
shakllantiradi. Shu bois, mazkur metodika aniq fanlarni o’qitishda samarali
yondashuv sifatida keng qo’llanishi maqgsadga muvofiqdir.
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A visual-genetic approach to studying trigonometric formulas
involving inverse trigonometric functions
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Introduction. Educational practice shows that many school students
experience difficulties in solving trigonometric problems whose arguments involve
inverse trigonometric functions. One of the main reasons for this is the lack of
a deep understanding of the properties of inverse trigonometric functions [1,2].
The visual-genetic approach we propose enables a profound understanding of the
essence of trigonometric functions and supports more meaningful learning.

Methods. The practical modification of the visual-genetic approach is
based on constructing and understanding the genetic (origin and development)
aspects of trigonomet-ric formulas-whose main parts and arguments are inverse
trigonometric functions such as

y = Arcsinz, y = Arccosz, y = Arctgx, y = Arcctgx

- through visual (demonstrative-graphical, in particular, right triangles, the unit
circle, vectors, rotations, and inversion) tools.

Results. The essence of the visual-genetic method is presented below. The
function y = Arccos x is a multivalued function defined on the interval xz € [—1, 1].
The portion of the function corresponding to y € [0, 7] is called the principal
branch of the Arccos z function and is denoted as arccos x. The remaining values
of the function can be derived from the principal branch using the following
formula:

Arccosx = 2mk — arccosz, k € Z. (1)

Let us consider trigonometric functions with arguments Arccosz and arccosx
(Fig.1). From an arbitrary point « € [—1,1] on the OX AB and A'B parallel

to the OY axis, where |(T>4| = z. Let ZAOB = «. Then o = LZAOB =
2m — «, so computations are made relative to the OX axis. Hence, cos o = x and
cos(2m — ) = cos @ = z. Taking full rotation around the unit circle into account,
all angles corresponding to points B and B’ whose cosine equals x can be found
using the formula:

K = {/AOB + 41k} U{/AOB' + 4lk}, ke Z.

Where [ represents one quarter of the unit circle. The radian measures of these
angles form the following set:

K* = Arccosz = (o + 2rk, o' +27k), k€ Z. (2)
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Puc. 10:

Since cos @ = x and cos(2m —«) = z, and arccos x = «, it follows that arccosx =
o' = 2m — a. Thus, we derive 2r — arccosz = «, confirming that formula (1)

S
is valid from equation (2). The vectors AB and A'B' determine the range of

the function sin(Arccos x), where the length of ﬁ gives the exact value of the
function sin(arccos x). From triangles AOAB and AOA’B’ we have:

1@:\/1—12, ﬁ:—\/1—$2

Therefore,
sin(Arccos ) = +v/1 — 22, z € [—1,1];

sin(arccos z) = /1 — 22, r e [—1,1].

s
The magnitudes of the vectors ﬁ and KT represent the values of the function
tan(Arccos x), while the vector KT alone represents the value of tg(arccosx).
From the triangles AOTK, AOKT', and AOAB we get:

e IR Vi—a

—
KT'=-Y""" 2¢€[-1,00U(0,1].
€T X

Here x # 0. If x = 0, these triangles do not exist. Therefore,

V1 — 12
tg(Arccosx) = :I:—x, r € [-1,0)U(0,1];
x

V1 — 12
tg(arccosx) = —x, xz € [—1,0) U (0,1].
x
: e :
The magnitudes of the vectors @ and C'D' represent the values of the function
ctg(Arccos x), while the vector CD gives the value of ctg(arccosz). From the

triangles AODC, AO'DC', and AOAB we get:
T — T
@:—, CD = ———, x € (—1,1).
V1 — a2 V1— 22 ( )
Here x # +1. If x = +1, the triangles do not exist. Therefore,
x

V1— 22

ctg(Arccosx) = + z € (—1,1);
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x
V1—2a?
Conclusion. The visual-genetic approach complements traditional techniques

by revealing the process of concept formation (proof of the formula), its origin,
geometric basis (as the core cognitive tool), and the interrelationships between its

ctg(arccos ) = re(—1,1).

visual representations.
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Ehtimollar nazariyasi va matematik statistika fanini o‘qitish
jarayonida tabaqalashtirilgan yondashuv

Yusupova A.K.!

Farg‘ona davlat universiteti, Farg‘ona, O‘zbekiston ;

Professor-o‘qituvchining asosiy vazifasi har bir talabani fan bo‘yicha
o‘zlashtirishda  muvaffaqiyatga  erishishga  yordam  berishdir.  Talaba
muvaffagiyatga erishish uning o'z kuchiga bo‘lgan ishonch beradi, yana
yangi yutuqlarga erishishishga undaydi.

Ta’lim berish jarayoni talabaning shaxsini rivojlantirishga garatilgan bo‘lishi
kerak, har bir talabaning o‘ziga xos faoliyat uslubini shakllantirishini ta’minlash
lozim. Fanning mazmuni, shakllari va usullarining xilma-xilligi prinsipi har
bir talabaga o‘zining shaxsiy imkoniyatlari va qizigishlariga muvofiq o‘quv
materialini tanlash imkoniyatini beradi. Metodist olimlarning [1] ilmiy izlanishlari
va tajribalarini inobatga olib, talabalarning qobiliyatlarini shakllanish darajasiga
ko‘ra ularni uchta guruhlarga bo‘lish amaliyotini qo‘llayman.

Birinchi guruhga kirgan talabalar dastur materiali bo’yicha bilimlarga ega
emaslar, qoidalar mazmunini masalalarni hal qilishda va qo’llashda xatolarga
yo'l qo’yadilar, mustaqil ravishda masala va misollarni hal qila olmaydilar.
Murakkabroq masalalarni hal qilishga urinmaydilar ham, har doim ham
muvaffagiyatga erishmaydilar.

Ikkinchi guruhdagi talabalar fan bo’yicha yetarli bilimga ega, standart
masalalarni hal qilishda ulardan foydalanishlarii mumkin. Yangicha turdagi
masalalarni hal qilishda qiyinchiliklarga duch keladilar, ammo ularni yechish
usullarini o‘zlashtirgach, murakkab masalalarni hal gilish bilan shug‘ullanishadi.
Bu talabalarda evristik fikrlash usullari shakllanmagan, ular masalalarni hal
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qilish jarayonida oraliq yechim va yakuniy yechimlar haqida fikr yuritishda
qiyinchiliklarga duch kelishadi.

Uchinchi guruhni qiyin masalalarni oddiy qgismga ajratish, yechimni izlash
jarayonida yechish yo‘llarini topish, yangi usullarni kiritish va asoslash, olingan
bilimlarni yangi sharoitga,yani yangi turdagi masala va misollarni yechishda
qgo‘llash qobiliyatiga ega talabalar tashkil giladi. Bu talabalar bir xil turdagi
masalalarni yechish usullarini tez va oson umumlashtiradilar.

Birinchi guruh talabalari fagat oddiy masalalarni yechishi kerak, deb
hisoblayman. Ammo uchchala guruh talabalari oddiy masalalar bilan birga
murakkab masalalarni ham yechishga undash kerak. Uchchala guruh talabalari
bir xil masalalarni yechishlari mumkin, lekin har bir guruh uchun topshiriglar va
o‘qituvchi beradigan yordam talabalarning guruxiga qarab turlicha bo‘ladi.

Ushbu darajalar masalalarni hal qilishning beshta bosqichining xususiyatlari
bilan belgilanadi:

1. Yechimga tayyorgarlik;

2. Yechim rejasi izlash;

3. Yechim rejasini tuzish;

4. Yechimni amalga oshirish;

5. Topilgan yechimni muhokama qilish. Talabalarga tabaqalashtirilgan
yondashuv asosida beriladigan topshiriqlarga namunalar

l-guruxga

1. Uchta kub tashlashda kublarni ustida tushgan sonlar yig‘indisini 16 dan
ortiq bo‘lmaslik ehtimP«lini toping.

2. Idishda 10 ta shar bo‘lib, ulardan 6 tasi oq, qolganlari qora rangda. Ketma-
ket ikkita shar olinganda ikkinchisini oq rangli bo‘lish ehtimolini toping.

3. Nishonga ketma-ket o°q otishda o‘q tegishlar sonini nisbiy chastotasi 0,6 ga
teng bo‘lib 12 marta o‘q nishonga tegmagan bo‘lsa necha marta o‘q otilgan.

4. Agar & va & bog'ligsiz tasodifiy miqdorlar bo'lib, D (&) = 3, D (&) = 4,
bo‘lsa, D (2& — 3&;) ni toping

5. Agar P(A)>0 bo‘lsa, B hodisaning A hodisasi ro‘y bergandagi shartli
ehtimoli qanday topiladi?

2-guruxga

1. Chekli giymatli diskret tasodifiy miqdorning matematik kutilmasi nimaga
teng?

2. [a, b] oraliqda tekis tagsimlangan tasodifiy migdorning matematik kutilmasi
va dispersiyasini toping.

3. & tasodifiy miqdorlar mos ravishda k(k = 1,2,,n) parametrli Puasson
tagsimotiga ega bo‘lsa M (£1 + ... + &,) hisoblansin.
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4.5,2,1,4,2,2.4,2,3,3,4,5 larning o‘rta giymati 3 ga teng bo‘lsa, x ni toping.
5. 0,1 parametrli geometrik tagsimotga ega tasodifiy miqdorning dispersiyasini
toping.

3-guruxga

1. Idishda nomerlangan 5 ta bir hil sharlar bo‘lib, ulardan ketma BI'Y ket 3 tasini
olish (takrorsiz tanlanma) tajribasiga mos kelgan €2 ning elementlari sonini toping.

2. Kubni 50 marta tashlashda tushgan sonlar yig‘indisi matematik kutilmasini
toping.

3.5,2,1,4,2,2,4,2,3,3,4,5 larning o‘rta qiymati 3 ga teng bo‘lsa, x ni toping. 4.
Agar & va & bog'ligsiz va har biri mos ravishda (2;1) hamda (1;2) parmetrlar
bilan normal tagsimlangan bo‘lsa, D (& — &) ni toping. 5. £ va n tasodifiy
miqdorlarning kovariasiyasi formulasini yozing
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[IpeobpazoBanue Jlammaca — MOIIHBII MHCTPYMEHT pelieHus auddepeHim-
aJIbHBIX ypaBHenwuil. [lesbio npernogaBanus npeobpazoBanuil Jlammaca — cdop-
MUPOBaTh y CTYJIEHTOB IIOHUMAaHUe Iepexoja oT JuddepeHnuaibHbIX ypaBHeHN
K ajredpamdecynM ypaBHEHHUSIM, a TaKyKe HABBIKH IIPUMEHEHI 1peo0pasoBaHI
I aHaJIm3a JuHaMudecknx cucreM. [Ipeobpazoanue Jlamaca siBasieTcst OJHIM
13 OCHOBHBIX HHCTPYMEHTOB PellleHns JTUHEeNHBIX JuddepennnaabHbIX ypaBHeHn
C IIOCTOTHHBIMU KO3 DUIeHTaM, 0COOEHHO PU HAJIUYINN HAYaIbHBIX YCJIOBHIA.
OHo 1epeBoIUT 3321y 13 BpeMeHHOiT 06J1acT ¢ B 00J1aCTh KOMILJIEKCHOIT ITepeMeH-
HOU 8, rjie judbepeHinaibHble YPaBHEeHUsT TIPEBPAIIAIOTCA B aszebpauseckue|l]-

13].
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[Tepesn usyuennem npeodbpasoBanng Jlammaca cTy/IeHT JOKEH YBEPEHHO BJia-
JIeTh UHTerpajamMu, 06a30BbIMEI HpuaMamu pemnienusd Jjuneidnnix OJLY, a Takxke
UMETDH IIpejiCTaB/IeHne O KOMILIEKCHBIX [TePEMEHHBbIX 1 UX CBOCTBaX. DTH 3Ha-
HUsT 00ecTednBaloOT MOHUMAaHUEe CYTH METO/a W MO3BOJISIIOT COCPEIOTOUYNThCS Ha
PUMEHEHUSTX.

OcHoBHas 1Jies1 MeTo/Ia 3aK/I09aeTcs B caeayiomem: st byaximn f(t), ¢ > 0,
npsiMoe 1mpeobpasoBanue Jlamiaca onpemgensercs Kak

Y(s) = /000 e S f(t) dt.

Ecmu y(t)— pererne ncxoHoro ypaBaenns, 1o Y (S) yJI0BIETBOPSIET ajreOpan-
YECKOMY yPaBHEHHIO, KOTOPOE IPOIIE PeliaTh.

[Tpu pemennu qudpdepennmaibHbIX ypaBHEHU ¢ MCIIOIb30BaHIEM TTPeodpa3o-
Banuil Jlammaca peKOMeHIyeTcs MpUIepKUBATHCA CJIEIYIONIM TTPUHITUTIAM:

1) nenath akieHT Ha (bU3MIECKOM CMBIC/IE KOMILIEKCHOMN MEepeMEeHHOM S;

2) UCIOJIb30BATH IPUMEPBI U3 9JIEKTPOTEXHUKH , MEXAHUKH KOTOPBIE CBOJISITCST
K pertennio muddepennuaabubIX ypaBHEHNI];

3) UCTIOJIL30BATH KOMITBIOTEPHBIX CPEJICTB JIIsl IPOBEPKI BBIUUC/IEHNIT, a TaKKe
COCTABUTDH MPOIPAMMBbI JIJIsI perieHust nuddepeHInajlbHbIX YPaBHEHMI.

[Tpeobpazopanue Jlamaca 1o3BoJisieT MPEBPATUTh CJOXKHYIO 3a/1a1y PElIeHUsT
nnddepeHIaIbHOro ypaBHeHns: B 0oJiee MpoCTyio ajaredpandeckyrto, 9To jesa-
eT ero He3aMeHUMbIM WHCTPYMEHTOM B IPHUKJIAIHON MaTeMaTuKe W NHZKEHEePHBIX
HayKax.
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Pemenne guddepennnaibHbIX ypaBHEHII sABIIeTC BayKHelas 3a/1adeii mpu-
KJIQJHOI MaTeMaTUKM, MEXaHUKHM W eCTeCTBEHHbIX HayK. [TomMuMo KiaccmaecKmx
METOJIOB, TAKIX KaK pa3jie/ieHne IIepeMeHHbIX, MeTO/] BapUAIUHI TOCTOSTHHBIX U Me-
TOJI HEOIIPEJICTICHHBIX KOIM@MUIIMEHTOB, CYIIECTBYIOT U HECTAHIAPTHBIC METOJIbI,
KOTOpPbIe TPUMEHSIOTCS B 60JIee CJI0KHBIX UM 0COOEHHBIX caydasx. B yacTHoCcTH
B paborax |1]-[2| mpuBosITCS HEKOTOPDBIE METOIBI perieHus audddepeHImaibHbIX
ypaBHEHIIT HeCTaHIAPHBIMEI CIIOCOOAME. DTU METOJIbl 0COOEHHO AaKTyaJbHbI MPU
HAJIMYUN HEJIMHEHHOCTHU, 0COOBIX TPAHUYHBIX YCJIOBHIT, PA3PHIBOB W OTCYTCTBUA
SIBHOI'O aHAJIMTUYECKOrO pelleHnsd. K 3TuM MeTojilaM OTHOCSITCSI CJIeLyIOIIe:

- METOJI OCOOBIX PEIICHUI;

- METOJI HHTEI'PUPYIOIIEr0 MHOXKHUTES € IIePEeMEHHBbIMI KO DUIINEHTAMI;

- MeToJ1 00paTHOI 3a/1a4H;

- METOJ UHTEI'PAJIbHBIX YPaBHEHMUII;

- BapUaIMOHHbIE METO/IbI;

- YHCJIEHHbIE U TPUOJIMZKEHHbIE METOJIbI U JIP.

B nannoili paboTe peub OyAeT UATH O METO/e NMHTEerPaJIbHbIX YPaBHEHU, KOTO-
pBIil 3aK/II0UaeTCs B IpeodpaszoBaHun JinddepeHInabHOrO ypaBHEeHN B 9KBUBa-
JIEHTHYIO HHTErpaJibHYI0 (DOPMY, ITOCJIE Yero perraeTcs yyKe HHTerpajbHOe ypaB-
HEeHre. ITO OCOOEHHO TTOJIE3HO TTPU HAJTUINN HAYaJIbHBIX NI TPAHUIHBIX YCJIOBUI.

PaccMmorpum 0ObIKHOBeHHOE Aud hepeHnnaabHoe YpaBHEHIEe BTOPOIro MOPsiIKa,
C HaYaJIbHBIMI yCJIOBUSIMU:

y'(x) = f(z), yla)=w, yla)=uy.

Uurerpupyst ypaBuenue JIBazK/ibl NUMEEM:

y(2) =3 + / f(s)ds,

y(z) =yo +yi(z —a) + /I /:f(t) dt ds.

Takum obpazoMm, mosydaeM WHTerpajbHOe YpaBHEHNE, SKBUBAJIEHTHOE NCXO/I-
Hoit 3aj1a4e. B psijie ciydaeB yji00Hee peniaTh WHTErPAJILHBIX YPaBHEHUII.
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